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PREFACE TO THE SIXTH EDITION 


I ilOR the present edition the text has been carefully revised, 
and some useless Articles have been omitted. 

In the chapter on the Stability of Equilibrium of Floating 
Bodies considerable additions have been made, including a treat- 
ment of the subject, based on the principle of energy. 

In the chapter on Tension of Flexible Surfaces, an alternative 
method is given for obtaining the general equation connecting 
the tensions with the curvatures. 

In the chapter on Capillarity, the laws of capillarity have 
been deduced by the principle of energy from the assumption 
of the existence of forces between the molecules. 

A number of examples, which have become of no value, have 
been omitted; and a large number of examples, from recent 
University and College Examination papers, have been inserted. 

We are much indebted to Mr W. Welsh of Jesus College for 
some valuable suggestions ; and we venture to hope that, in its 
amended form, this treatise will continue to be useful to the 
student of Applied Mathematics.* 


March, 1904 . 


W. H. B. 
A. S. R. 



PREFACE TO THE SEVENTH EDITION 


T HIS edition is mainly a reprint of the last, but results in- 
volving Elliptic Functions have been reduced to the notation 
of Weierstrass and the chapter on the Equilibrium of Revolving 
Liquid has been partly rewritten and contains some notice of recent 
research. Readers of text-books have too long been allowed to 
regard Maclaurin’s Spheroids and Jacobi’s Ellipsoid as a kind of 
mathematical accident, somewhat resembling examples that are 
made “to come out”; and though it is impossible to reproduce here 
the extensive work of Poincar6 and others on this subject, we have 
drawn attention to the fact that these forms of equilibrium are 
only special cases in sequences of possible forms, and we have given 
some references that will be useful to those who desire to pursue 
the subject further. 

In some of the other chapters additional references have been 
given in footnotes in the hope of increasing the utility of the 
boot 


October, 1911 . 


W. H. B. 
A. S. R. 
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HYDROSTATICS 


CHAPTER I. 

1. We learn from common experience that such substances 
as air and water are characterised by the ease with which portions 
of their mass can be removed, and by their extreme divisibility. 
These properties are illustrated by various common facts ; if, for 
instance, we consider the ease with which fluids can be made 
to permeate each other, the extreme tenuity to which one fluid 
can be reduced by mixture with a large portion of another fluid, 
the rarefaction of air which can be effected by means of an 
air-pump, and other facts of a similar kind, it is clear § that, 
practically, the divisibility of fluid is unlimited: we find, 
moreover, that in. separating portions of fluids from each other, 
the resistance offered to the division is veiy slight, and in general 
almost inappreciable. By a generalization from such observations, 
the conception naturally arises of a substance possessing in the" 
highest degree these properties, which exist, in a greater or less 
degree, in every fluid with which we are acquainted, and hence 
we are led to the following 

Definition of a Perfect Fluid. 

2. A* perfect fluid is an aggregation of particle* which yield 
at once to the slightest effort made to separate them from, each 
other . 

If then an indefinitely thin plane be made to divide such 
a fluid in* any direction, no resistance will be offered to the 
division, and the pressure exerted by the fluid on the plane 
will be entirely normal to it ; that is, a perfect fluid is assured 
to hayo no ' viscosity/ no property of the nature of friction. 

fe.H. 
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The following fundamental property of a fluid is therefore 
obtained from the above definition. 

The pressure of a perfect fluid is always normal to any surface 
with which it is in contact. 

As a matter of fact, all fluids do more or less offer a resistance 
to separation or division, but, just as the idea of a rigid body 
is obtained from the observation of bodies in nature which only 
change form slightly on the application of great force, so is the 
idea of a perfect fluid obtained from our experiences of substances 
which possess the characteristics of extremely easy separability 
and apparently unlimited divisibility. 

The following definition will include fluids of all degrees of 
viscosity. 

A fluid is an aggregation of particles which yield to the slightest 
effort made to separate them from each other , if it he continued long 
enough. 

Hence it follows that, in a viscous fluid at rest, there can be 
no tangential action, or shearing stress, and therefore, as in the 
case of a perfect fluid, 

The pressure of a fluid at rest is always normal to any surface 
with which it is in contact. 

Thus all propositions in Hydrostatics are true for all fluids 
whatever be the viscosity. 

In Hydrodynamics it will be found that the equations of motion 
are considerably modified by taking account of the viscosity of 
a fluid. 

3. Fluids are divided into Liquids and Gases ; the former, 
such as water and mercury, are not sensibly compressible, except 
under very great pressures; the latter are easily compressible, and 
expand freely if permitted to do so. 

. Hence the former are sometimes called inelastic, and the latter 
elastic fluids. 

4 . Fluids are acted upon by the force of gravity in the same 
way as solids ; with regard to liquids this is obvious ; and that air 
has weight can be shewn directly by weighing a closed vessel, 
exhausted as far as possible: moreover, °che phenomena of the tides 
shew that fluids are subject to the attractive forces of the sun and 
moon as well as of the earth, and it is assumed, from these and 
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other similar facts, that fluids of all kinds are subject to the law of 
gravitation, that is, that they attract, and are attracted by, all 
other portions of matter, in accordance with that law. 

Measure ef the Pressure of Fluids. 

5 . Consider a mass of fluid at rest under the action of any 
forces, and let A be the area of a plane surface exposed to the 
action of the fluid, that is, in contact with it, and P the force which 
is required to counterbalance the action of the fluid upon A. If 

P . 

the action of the fluid upon A be uniform, then -j is the pressure 

on each unit of the area A. If the pressure be not uniform, it 
must be considered as varying continuously from point to point 
of the area A, and if cr be the force on a small portion a of the 

w 

area about a given point, then - will approximately express the 
rate of pressure over a . When a is indefinitely diminished 
let ~ ultimately = p, then p is defined to be the measure 

of the pressure at the point considered, p being the force which 
would be exerted on an unit of area, if the rate of pressure f over 
the unit were uniform and the same as at the point considered. 

The force upon any small area a about a point, the pressure at 
which is p, is therefore pa -f 7, where 7 vanishes ultimately in 
comparison with pa when a (and consequently pa) vanishes. 

v 6. The pressure at any point of a fluid at rest is the same in 
every direction. 

This is the most important # of the characteristic properties 
of a fluid ; it can be deduced from the fundamental property of a 
fluid in the following manner : 

If we consider the equilibrium of a small tetrahedron of fluid, 
we observe that the pressures on its faces, and the impressed force 
on its mass, form a system of equilibrating forces. 

The former forces depending on the areas of the faces vary as 
the square, and the latter depending on the volume and density 
varies as thS cube of one of the edges of the solid, which is 
considered to be homogeneous, and therefore supposing the solid 
indefinitely diminished, while it retains always a similar form, tBe 
latter force vanishes in comparison with the pressures on the 
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4 MEASURE OF THE PRESSURE OF FLUIDS 

faces; and these pressures consequently form of themselves 
a system of forces in equilibrium. 

Let p, p' be the rates of pressure on the faces ABC, BCD , and 
resolve the forces parallel to the edge AD\ 
then, since the projections of the areas 
ABC, BCD on a plane perpendicular to 
AD are the same (each equal to a suppose), 
we have ultimately, 

r pa—p'a, 

or p -p'. 

And similarly it may be shewn that the pressures on the other 
two faces are each equal to p or p\ 

As the tetrahedron may be taken with its faces in any 
direction, it follows that the pressure at a point is the same in 
every direction. 

This proposition is also true if the fluid be in motion, for by 
D’Alembert’s Principle the reversed effective forces and the 
impressed forces which act upon the mass of fluid must balance 
the pressures on its faces, and the effective forces are of the same 
orde$ of small quantities as the impressed forces and vanish in 
comparison with the pressures. 

7. The following proof of the foregoing proposition is taken 
from Cauchy’s Exercices*. 

Let P and Q be two points in a fluid at a finite distance from 
each other; about PQ as axis describe a cylinder of very small 
radius, draw a plane through Q perpendicular to QP , draw any 
plane through P, and consider the equilibrium of the mass PQ. 

The pressures on it*s ends and on its curved surface, and the 
impressed forces which act upon it, form a system of balancing 
forces. 

. Let p, p be the pressures at Q and P, a the afea of the 

section Q of the cylinder, and 

a ' of the section P; then the /y* 

pressure p'a' on the end P, 

resolved parallel to the axis of the cylinder, is equal to p'a, and 
therefore 

• p'a -pa = the impressed force, resolved parallel to QP, 



Seconde Annie, 1827, p. 28. 
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Now whatever be the direction of the plane through P , this 
impressed force, when the radius of the cylinder is indefinitely 
diminished, is ultimately equal to the impressed force on the 
portion QP of the cylinder cut off by a plane through P perpen- 
dicular to the axis*, that is, to 



where mf is the force on a particle m of the fluid at a distance 
x from Q. Hence 

fPQ 

P' = P+ pf dx » 

J o 

or p is constant for all positions of the plane through P. 

Transmission of Fluid Pressure. 

8- Any pressure , or additional pressure , applied to the surface 
or to any other part of a liquid at rest , is transmitted equally to all 
parts of the liquid. 

This property of liquids is a direct result of experiment, and, 
as such, is sometimes assumed. It is however deducible from the 
definition of a fluid. 

Let P be a point in the surface of a liquid at rest, and # Q any 
other point in the liquid; about the straight line PQ describe 
a cylinder, of very small radius, bounded by the surface at P and 
by a plane through Q, perpendicular to QP. 

If the pressure at P be increased by p, the additional force on 
the cylinder, resolved in the direction of its axis, is pa, a being the 

* The following considerations may complete this part of the proof : 

Let AB, A'B* be the two planes 
through P ; p, p the mean densities 
of APA\ BPB'; and /, /' the Q 
accelerations of the forces which 
are acting on these portions of fluid. 

Then the difference of the forces on QAB and QA'B' (the volumes of whioh are 
equal) • 

=the difference of the forces on APA' and BPB 1 
= {pr-pf).vo\.APA' 

= &{pf).^aAA\ 

[QP 2 

and therefore p'=p + I pfdx+—AA'.d{pf). 

Jo 

The loroes being continuous, the last term is obviously evanescent compared 
Wth the other quantities in the equation, and p' is therefore constant. 
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area of the section of the cylinder perpendicular to its axis, and 
this must be counteracted by an equal force pa at Q in the 
direction QP t since the pressure of the liquid on the curved 
surface is perpendicular to the axis. The pressure at Q is 
therefore increased by p. 

If the straight line PQ do not lie entirely in the liquid, P and 
Q can be connected by a number of straight lines, all lying in the 
liquid, and a repetition of the above reasoning will shew that the 
pressure p is transmitted, unchanged, to the point Q. 

9. In consequence of this property, a mass of liquid can be 
used as a ‘ machine * for the purpose of multiplying power. 

Thus, if in a closed vessel full of water two apertures be made 
and pistons A, A ' fitted in them, any force P applied to one piston 
must be counteracted by a force P' on the other piston, such that 
P': P in the ratio of the area A': A, for the increased rate of pressure 
at every point of A is transmitted to every point of A\ and the 
force upon A' depends therefore upon its area*. 

The action between the two is analogous to the action of a lever, 
and it is clear that by increasing A' and diminishing A, we can 
make the ratio P' :P as large as we please. 

10. The pressure of a gaseous fluid is found to depend upon 
its density and temperature, as well as upon the nature of the 
fluid itself. 

When the temperature is constant, experiment shews that the 
pressure varies inversely as the space occupied by the fluid, that 
is, directly as its density. 

This law was first stated by Boyle, but it is a consequence of 
the more general law that the pressure of a mixture of gases that 
do not act chemically on each other is the sum of the pressures 
the gases would exert if they filled the containing vessel separately. 
For doubling the quantity of gas in the vessel would double the 
.pressure, and a similar proportionate change of pressure wfluld take 
place for any other change of quantity. 

Hence if p be the density of a certain quantity of a gaseous 
fluid, and p its pressure, then, as long as the temperature remains 
the same, 

p = kp, 

Bramah's Press is an instance of the practical nse of this property of ltyntts* 
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where k is a constant, to be determined experimentally for the 
fluid at a given temperature. 

If v be the volume of the gas at the pressure p, and t>' the 
volume at the pressure p' y 

pv^p'v', 

or pv is constant for a given temperature. 

7 11. The Elasticity of a fluid is measured by the ratio of 
a small increase of pressure to the cubical compression produced 
by it. 

dv* 

If v be the volume, the small cubical compression is - — , and 
the measure of the elasticity is 



In the case of a gas at constant temperature pv is constant, 
and .\p + u~ = 0, 


so that the measure of the elasticity is equal to that of the 
pressure. 

If the relation between the elasticity and the pressure is given, 
we can deduce the relation between the pressure and the vojume. 

For instance, if we can imagine the existence of a fluid in 
which the elasticity is double the pressure, we have 



= 2 p, 


from which it follows that pv 2 is constant. 


Measures of Weiglft, Mass, and Density. 

12. The weight, mass, and density oif a fluid are measured in 
the same way as for solid bodies. 

If W be the weight of a mass M of fluid, then, in accordance 
with the usual conventions which define the units of mass and 
force, 

W = Mg. 

If V be the volume of the mass M of fluid of density p , then 
. M= P V, 

and W=gpV. 
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For the standard substance, p = 1, and therefore the unit of 
mass is the mass of the unit of volume of the standard substance. 

If the unit of mass is a pound, the equation, W = Mg, shews 
that the action of gravity on a pound is equivalent to g units of 
force. The unit of force is therefore, roughly, equal to the weight 
of half an ounce, and it is called the Poundal. 

13 . In the previous articles no account has been taken of 
fluids in which the density is variable ; but it is easy to conceive 
the density of a mass of liquid varying continuously from point to 
point, and it will be hereafter found that a mass of elastic fluid, 
at rest under the action of gravity, and having a constant 
temperature throughout, is necessarily heterogeneous: the density 
at a point of a fluid must therefore be measured in the same way 
as the pressure at a point, or any other continuously varying 
quantity. 

Measure of the density at any point of a heterogeneous fluid. 

Let m be the mass of a volume v of fluid enclosing a given 
point, and suppose p the density of a homogeneous fluid such that 
the mass of a volume v is equal to m, or such that 
* fa = pv ; 

then p may be defined as the mean density of the portion v of the 
heterogeneous fluid, and the ultimate value of p when v is in- 
definitely diminished, supposing it always to enclose the point, is 
the density of the fluid at that point. 

J 14 . To find the work done in compressing a gas . 

Let v be the volume of a gas at the pressure p, dS an element 
of the surface of th^. vessel containing it, and dn an element of the 
normal to dS drawn inw&rds. 

Then the work done in a small compression 
=*p'idSdn = —pdv, 

and the work done in compressing from V to V' 

= -Jpdv = - f if pv = C, 

V V 

- Clog y,=pv log y,. 

*Jf the compression takes place in a vessel surrounded by the 
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atmosphere, as for example if the gas is confined in a cylinder 
by a piston, the pressure of the atmosphere assists in the work of 
compression. Thus if the initial volume is V at atmospheric 
pressure II, the external work done in compressing it to volume 

V 

r 

= —J (pr-n)dv, where pv = UV 

= nvio g ~-n(F- V). 

EXAMPLES. 

(In these Examples g is taken to be 32, when a foot and a second are units.) 

1. ABCD is a rectangular area subject to fluid pressure; AB 
is a fixed line, and the pressure on the area is a given function (P) 
of the length BG (x) ; prove that the pressure at any point of CD 

is ~ , where a = AB. 
a ax 

If A be a fixed point, and AB, AD fixed in direction, and if 

d?P 

AB = x and AD = y, the pressure at 

axay 

2. In the equation W=gpV, if the unit of force be 100 lbs. 
weight, the unit of length 2 feet, and the unit of time Jth of a 
second, find the density of water. 

3. If a minute be the unit of time, and a yard the unit of 
space, and if 15 cubic inches of the standard substance contain 
25 oz., determine the unit of force. 

4. In the equation, W=gpfy the number of seconds in the 
unit of time is equal to the number of feet iu tRe unit of length, 
the unit of force is 750 lbs. weight, and a cubic foot of the standard 
substance contains 13500 ounces ; find the unit of time. 

5. A velocity of 4 feet per second is the unit of velocity; 
water is the standard substance and the unit of force is 125 lbs. 
weight ; find the units of time and length. 

6. The number expressing the weight of a cubic foot of 
water is -j^th*of that expressing its volume, Jth of that expressing 
its mass, and ffoyth 0 f the •number expressing the work done ip 

t lifting it 1 foot. Find the units of length, mass, and time. • 
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7. If the pressure of the atmosphere be the unit of pressure, 
the velocity of sound the unit of velocity, and the acceleration 
due to gravity the unit of acceleration, find roughly the unit of 
force, 

8. If a feet and b seconds be the units of space and time, and* 
the density of water the standard density, find the relation be- 
tween a and b in order that the equation, W^gpV, may give the 
weight of a substance in pounds. 

.9, A velocity of 8 feet per second is the unit of velocity, the 
unit of acceleration is that of a falling body, and the unit of mass 
is a ton ; find the density of water. 

10. The density at any point of a liquid, contained in a cone 
having its axis vertical and vertex downwards, is greater than the 
density at the surface by a quantity varying as the depth of the 
point. Shew that the density of the liquid when mixed up so as 
to be uniform will be that of the liquid originally at the depth of 
one-fourth of the axis of the cone. 

11. From a vessel full of liquid of density p is removed 1/nth 
of the contents, and it is filled up with liquid of density <r. If 
thiq operation be repeated m times, find the resulting density in 
the vessel. 

Deduce the density in a vessel of volume F, originally filled 
with liquid of density p, after a volume U of liquid of density <r 
has dripped into it by infinitesimal drops. 

12. The density of a fluid varies from point to point; con- 
sidering directions proceeding from a given point, prove that the 
density varies most rapidly altng the normal to the surface of 
equal density containing the point; and of directions in the 
tangent plane to this surface, the tangents to its principal sections 
are those in which the rate of variation of density is greatest and 
least. 



CHAPTER II. 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS. 

15 . Taking the most general case, suppose a mass of fluid, 
elastic or non-elastic, homogeneous or heterogeneous, to be at rest 
under the action of given forces, and let it be required to deter- 
mine the conditions of equilibrium, and the pressure at any 
point. 

Let x , y , z be the co-ordinates referred to rectangular axes, of 
any point P in the fluid, and let Q be a point near it, so taken 
that PQ is parallel to the axis of x . 

Take x -f Bx, y , z as the co-ordinates of Q ; about PQ describe 
a small prism or cylinder bounded by planes perpendicular to 'PQ. 

Let a be the area of the section of the cylinder perpendicular 
to its axis, p the pressure at P, and p + Bp the pressure at Q. 

Then, a being very small, the pressure at any point of the 
plane P will be very nearly equal to p, and the pressure upon it 
will therefore be 

(p + 7) 

where 7 vanishes in comparison* with p when* a is indefinitely 
diminished. 

We can therefore consider a so small that 7 may be neglected 
in comparison with p, and the pressure on the end P of the 
cylinder may be taken equal to pa, and similarly the pressure on 
the end Q equal to 

( p + bp) a. 

If p be the mean density of the cylinder PQ, its mass=pa&B, 
and XpaBx Will represent the force on PQ parallel to its axis, if 
XBm, YBm, ZBm be the components of the forces acting on 
ipartiole Bm of fluid at the point xyz. 
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Hence, for the equilibrium of PQ , 

(p + Sp)a—pa. = Xpadx, 
or &P ~ pXhx. 

Proceeding to the limit when Sx, and therefore Sp, is in- 
definitely diminished, p will be the density at P, and we obtain 


d P _ 


dx 


= P X*. 


By a similar process, 




dp _ 


dz 


= pZ. 


But 


i = ^dx + ^dy+^dz\ 
dx dy * dz 

dp = p (Xdx + Ydy + Zdz) (a), 

the equation which determines the pressure. 

/ 16. The pressure is clearly a function of the independent 
variables x, y, and z, and we know that 

d 2 p d 2 p d 2 p _ d 2 p d 2 p _ d 2 p 

dydz ~~ dzdy * dzdx dxdz * dxdy dydx ’ 

Hence we obtain from the preceding equations, 


5 




Performing the operations indicated we have 
r 0p /0F dZ\ 
~‘ p \dz dy)' 


pdp _ y . 

“dy 3 * 


Y dp „dp (dZ cX\ 

X £- Z £ =p [di-Tz)' 

(dX JY\ 

P \dy dx)' 


7 r- x P' 

dx dy 


* In the above proof, a is taken so smaH^h&t its. linear dimensions may be 
neglected in comparison with ; that is, the change in p, corresponding to a’ change 
fa in x t is considered undisturbed by any alterations in y and t. 
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IS 


Multiplying by X] F, Z, and adding, we obtain 



as a necessary condition of equilibrium. 

The geometrical interpretation of this equation is that the 
lines of force, 

dx dy dz 
X “ Y ~ Z ’ 

can be intersected orthogonally by a system of surfaces. 

17. Homogeneous Liquids. If the fluid be homogeneous 
and incompressible, Xdx + Ydy + Zdz must be a perfect dif- 
ferential in order that equilibrium may be possible. 

In other words, the system of forces must be a conservative 
system, and the forces can be represented by the space-variations 
of a potential function. 

We then have, if V be the potential function, 
dp- — pdV, 


and - + V = C. 

9 

18. If, for instance, the forces tend to or from fixed centres 
and are functions of the distances from those centres, we have 

F=2^(r)^j, 

where (a, b, c) are co-ordinates of the centre to which the force 
tends. 

Now r 2 = (x — a) 2 + ($ — 6) 2 + (z - c) 2 ^ 

Xdx + Ydy + Zdz= Xff>(r)dr ) 
and dp = pl<<f> (r) dr. 

In thia case, since 
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PRB8SUBE OF FLUIDS 


When the density is constant, the equations (ft) become 
a ZJY dX m dJ dX dY 
dy dz , dz dx* dy dx ' 

which are in this case always satisfied, and therefore the equi- 
librium of a homogeneous fluid under the action of such forces is 
always possible. 

J 19. Elastic Fluids. When the fluid is elastic, an additional 
condition is introduced, for, if the temperature be constant, 

p = Jcp; 

’ * Ydy + Zdz) (5). 

If the forces are derivable from a potential V f i.e. if 
Xdx+ Ydy + Zdz 
be a perfect differential -dV, 



••• *log§=-F, 

- - c -~ 

or p = Ce k , and P = ^ e k * 

When the forces tend to fixed centres and are functions of the 
distances, Art. (18), this equation takes the form 

k ~=M( r ) dr , 

and p can be determined. 

If the temperature be variable, the relation between the 
pressure, density, ,and temperature is found to be 
p = kp(l + at), 

where t is the temperature, measured by a Centigrade Thermo- 
meter, and a = 003665. 

From this we obtain 

p = Jcpa ^ J 30 KpT } 

where K=ka, and T= - + 1. 

0L 

l 

• T is called the absolute temperature, the zero of whiqh is 

-S73°C. 
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_ . . dp Xdx+Ydy + Zdz 

In this case ~ , 

and therefore T must be a function of x , y, p. 

In any of these cases, if the pressure at any particular point be 
given, the constant can bq determined. 

In the case of elastic fluids, if the mass of fluid and the space 
within which it is contained be given, the constant is determined. 


y 20. The equation for determining p may also be obtained in 
the following manner. 

Let PQ be the axis of a very small cylinder bounded by planes 
perpendicular to PQ. 

Let p and p + 8p be the pressures at P and Q , a the areal 
section, and 8s the length of PQ. Then, if S8m be the component, 
in the direction PQ, of the forces acting on an element 8m, 

(p + 8p)a-pci = paS8s, 
and therefore, proceeding to the limit, 
dp - pSds. 

That is, the rate of increase of the pressure in any direction is 
equal to the product of the density and the resolved part of the 
force in that direction. 


If x, y , z be the co-ordinates of P, and X, Y, Z the com- 
ponents of 8 parallel to the axes, 


S ~ X ds + Y ds + Z ds’ 


and .*. dp = p(Xdx+Ydy + Zdz) as in Art. (15). 

If the position of P be given by the cylindrical co-ordinates r, 
6 , and z , and if P, T , Z be the components of S in the directions 
of r, 6 , s, 


pdr m VdO „dz 
S = P d8 + T ~di + Z d;' 


and the equation for p becorHes 


dp = p [Pdr + TrdO + Zdz). 

Again, if the position *>f P be given by the ordinary polar 
co-ordinates r, 6, <f > , and if the components of the force be R t £T, 
and T, in the directions of r, of the perpendicular to the plane of 
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the angle 0 , and of the line perpendicular to r in that plane, it will 
be found that 

y = Rdr + Nr sin 6d(f) + TrdO. 

In a similar manner the expression for dp may be obtained for 
any other system of co-ordinates. 

y 21. Surfaces of equal pressure. In all cases, in which 
the, equilibrium of the fluid is possible, we obtain by integration 

p = <j>(x,y,z). 

If p be constant, ^(x f y,z)=^p (A) 

is the equation to a surface at all points of which the pressure 
is constant, and by giving different values to p we obtain a series 
of surfaces of equal pressure, and the external surface, or free surface, 
is obtained by making p equal to the pressure external to the 
fluid. 

If the external pressure be zero, the free surface is therefore 
<f>(x,y,z) = 0. 

The quantities 

d<f> d<f> d(f) 
dx* dy* dz* 

which are proportional to the direction-cosines of the normal at 
the point ( x , y, z) of the surface (A), are equal to 
dp dp dp 
dx* dy * dz* 

respectively, i.e. to pX, p Y, pZ, and are therefore proportional to y 
X, Y } Z. 

Hence the resultdnt force at any point is in direction of 
the normal to the surface of equal pressure passing through the 
point. 

The surfaces of equal pressure are therefore the surfaces inter- 
secting orthogonally the lines of force. 

It follows from this result that a necessary condition of 
equilibrium is the existence of a system of surfaces orthogonal to 
the lines of force, a conclusion derivable also from the equation (y) 
<j£ Art (16), for that equation is the known analytical condition 
requisite for the existence of such a system. 
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22 . If the fluid be a homogeneous liquid, that is, if p is 
constant, Xdcc 4- Ydy 4* Zdz must be a perfect differential, or 
in other words, the system of forces must be a conservative 
system. 

In general, when the force-system is conservative, p must be a 
function of the potential V. 

For dp = -pdV, and, dp being a perfect differential, p must be 
a function of V ; hence V, and therefore p , is a function of p, and 
surfaces of equal pressure are equipotential surfaces, and are also 
surfaces of equal density *. 


If the fluid be elastic and the temperature variable 

dp__dV 
p ~ KT 

Hence by a similar process of reasoning T is a function of p, and 
surfaces of equal pressure are also surfaces of equal temperature. 

If however Xdx + Ydy 4- Zdz be not a perfect differential, these 
surfaces will not in general coincide. 

Let 'the fluid be heterogeneous and incompressible; then 
the surfaces of equH pressure and of equal density are given 
respectively by the equations 


or 


dp = 0, dp — 0, 
Xdx 4- Ydy + Zdz = (h 

%**+% ^ + l d7=0 J 


(B). 


* These results may also be obtained in the following manner : 

Consider two consecutive surfaces of eqsial pressure, containing between them a 
stratum of fluid, and let a small cirole be described about a p&int P in one surface, 
and a portion of the fluid cut out by normals through the^ircumference. The portion 
of fluid is kept at rest by the impressed force, and by the pressures on its ends and qp 
its circumference. Being very nearly a small cylinder, and the pressures at all points 
of its circumference being equal, the difference of the pressures on its two faces 
must be due to the foroe, which must therefore act in the same direction as these 
pressures, i.e. in direction of the normal at P. 

If the forces are derivable from a potential, the resulting force is perpendicular 
to the equipotential surfaces, and the surfaces of equal pressure are therefore 
identical with the equipotential surfaces. 

Again, considering the equilibrium of the elemental cylinder, thef force noting 
upon it, per unit of mass, is equal to the difference of potentials divided by the 
distance between the surfaces of e^hal pressure, and as the mass of the element 
ilireotly proportional to this distance, it follows that the density must be constant 
fyhat is, the surfaces of equal pressure are also surfaces of equal density. 

% 


B..H. 
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SURFACES OF EQUAL PRESSURE 


These then are the differential equations of surfaces which 
by their intersections determine curves of equal pressure and 
density. 

From (B) we obtain 


dx _ dy _ dz 

dy dz dz dx dx dy 

But from the conditions of equilibrium we have 
dx, x dp = dj, y dp 
P dy dy ^ dx dx 1 


dV , v dp dZ y dp 
p te + Y dr p ty +Z dy' 

M.ydp dX „dp 
p dx dx P dz dz ’ 


and therefore the equations (C) become 

dx dy dz ^ 

dZJdV~dX_-dZ ~ dY_di u ’’ 

dy dz dz dx dx dy 

the differential equations of the curves of equal pressure and 
density. 


7 23. We shall now shew how to obtain the fundamental 
pressure equation by considering the equilibrium of a finite mass 
of fluid. 


Let S be any closed surface drawn in the fluid, and l , m, n the 
direction-cosines of the normal at any point drawn outwards. 
The conditions of equilibrium of the mass of fluid within the 
surface S are summarised in the statement that the normal 
pressures on the boundary must counterbalance the effect of the 
given forces acting 'throughout the mass. Thus by resolving 
parallel to the axes we get three equations of the type 

JjlpdS=JffpXdxdydz (1); 

and by taking moments about the axes we get three other equations 
of the type 

// P ( n V — mz ) 555 flip (yZ— *Y) dxdydz (2), 

where the double integrations extend to the whole surface 8 and 
the triple integrations are throughout the space enclosed. 

New consider the integral jjj^dxdydz with the same range 
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of integration. Taking a thin prism parallel to x which necessarily 
crosses the surface an even number of times, and cuts out elements 
dS u dS 2> dS 3 , ... at the points P u P 2 , P 8 ..., and integrating along 
this prism, we get 

///|f dxdydz =JJ pdydz (3) 

taken between the limits P x to P 2 , P 3 to P 4 , &c. 

But if 6 U 6 S ... are the inclinations to the axis of x of the 
outward-drawn normals at P u P 2 , P 3 ... , we have 

dydz = - dS x cos 6 X = dS 2 cos 0 2 = - dS 3 cos 0 3 = 

= - , 

the sign being minus or plus according as the angle is obtuse or 
acute, that is according as the prism is entering or leaving the 
region of integration. 



Hence by putting in the values at the limits (3) becomes 

III % dxd v dz =// (ftWS, + pMS, + p,l,dS, + . . .) 

^JflpdS ofer the whole surface (4). 

Using this value in (1) we get 

III {fa ~ px ) dxd y d * = 0 

and two similar equations, and as these integrals must vanish for 
all ranges of integration, in the fluid, their integrands must be zero 
at every point ; hence 

i-of- t- pY ‘ w 

leading to dp = p ( Xdx + Ydy + Zdz) 

as before. 


2—2 
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We have made no use of the equations of moments of type ( 2 ) 
but we can shew that they also are satisfied by equations (5). 
Thus consider for example 

jjfy^dxdydz- 

if we integrate along the same prism as before, observing that y is 
constant along the prism, we get 

SI ypdydz 

between the limits P x to P 2 , P 3 to P 4 , &c., and as above this can 
be seen to be equal to JJ'plydS taken over the whole surface ; that 
is, the equation (4) is still true if we insert a factor y (or z) in the 
integrand on either side of the equation. By similar arguments 
it follows that 

fjp (ny - mz) dS = HI (y ^ dxdydz, 

and if we substitute from (5) this becomes 
/// p(yZ-zY)dxdydz, 
thus verifying equation ( 2 ). 

'24. We can also prove that p(Xdx+ Ydy + Zdz) must be a 
perfect differential, by considering the equilibrium of a spherical 
element of fluid. 


For the pressures of the fluid on the surface of the element are 
all in direction of its centre, and therefore the moment of the 
acting forces about the centre must vanish. 


Let x , y, z be co-ordinates of the centre, and x + a, y + & 
2 + 7 of any point inside the small sphere. 

. ^ — 

Then, p being the density at the centre, the expression 
1dm (Zfi - F 7 ) becomes 

//J^ 7 ( P+ ^« + ^+| 7 ){y3(z+^« + | / 3+ 0 | 7 ) 


Now Sfjoidadfidy = 0, the centre of the sphere being the centre 
of gravity of the volume, jjjfiydad/3dy ~ 0, &c . 4 and, if dr - dadfidy % 
JSJMt = Mfidr = SSSy'dr = ( a 8 + $ a + 7 3 ) dr 

= -J.f 47rr' 4 dr' = tty *. 

Jo 
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The expression for the moment then becomes, neglecting 
higher powers of a, ft, y, 

and, in order that this may be evanescent, we must have 

v 25. Fluid at rest under the action of gravity. 

Taking the axis of z vertical, and measuring z downwards, 
X=0, F= 0, Z=g, 
and the equation (a) becomes 

dp = gpdz, 

an equation which may also be obtained directly by considering 
the equilibrium of a small vertical cylinder. 

In the case of homogeneous liquid, 

p=gpz + C, 

and the surfaces of equal pressure are horizontal planes. 

Hence the free surface is a horizontal plane, and, taking the 
origin in the free surface, and 11 as the external pressure, 

p = gp z + n. 

If there be no pressure on the free surface, 

P ~ 9P Z > 

or the pressure at any point is proportional to the depth helm the 
surface . 

In the case of heterogeneous liquid, the .equation 
dp = gpdz 

shews that p must be a function of z. The density and pressure 
are therefore constant for all points in the same horizontal plane. 

As an example, let p oc z n = pz n , 


then 
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PRESSURE OP PLUIUS 


J 26. If two liquids , which do not mix , meet in a bent tube , the 
heights of the free surfaces above the common surface are inversely 
as the densities. 

For the pressures* at the common surface are the same, and if 
z, z be the heights of the upper surfaces above the common surface, 
and p, p the densities, these pressures are respectively 

9P* + n, gpz' + h, 



^ 27. It is a well-known law that if a system be in equilibrium 
under the action of gravity and the pressure of smooth surfaces, 
the equilibrium is stable, if the centre of gravity be in its lowest 
possible position. 

Hence it follows that, in the case of heterogeneous liquid, the 
density must increase with the depth, for otherwise the equilibrium 
would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 
another, it will settle with the heaviest strata lowest, the law of 
density of course being changed. 

A quantity of liquid , the density qf which is a given function 
of the depth, is contained in a vessel of given shape ; if the liquid 
be transferred to another vessel , it is required to find the new law of 
density , each vessel being in the form of a surface of revolution 
with its axis vertical. 

Measuring x upwards from the lowest point of the liquid, let 
y =/(#) be the generating curve of the first vessel, and y = $ (# ) 
of the second. 

Then, if the stratum at tha height x in the first vessel 
correspond to the stratum at the height x ' in the second, we 
obtain, since the volumes are equal, 

f (/(ON£=fW)M. 

Jo Jo 

and performing the integrations, we find x in terms of x\ and 
therefore p, which is a given function of x, becomes a new function 
of x. 

Moreover, if h and K be the depths of the liquid in the two 
vessels, h is given in terms of h', and therefore the density, p, can 
be found in terms of h' - x\ the depth. 
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If the new law of density be given, and it be required to find 
the shape of the new vessel, we may proceed as follows : 

The density being a given function of h—x, and also of h! — x\ 
we can, by equating the two expressions, find jx in terms of x\ 
Also, equating the volumes of corresponding strata, we obtain 
tfdx = y‘*dx , which at once, by substituting for x its value in terms 
of x\ gives the equation required. The value of K will be then 
obtained by equating to each other the whole volumes. 


Example (1). The density of a liquid in a cylindrical vessel 
varies as the depth; find the new law of density if the liquid he 
poured into a conical vessel having its vertex downwards. 

In this case p = g (h — x), 


and 7ra 2 # = \irx'* tan 2 a ; 

also ira^h = faK* tan 2 a ; 


= /x tan 2 a — ~ 


if z be the depth. 


3a 2 


Example (2). A quantity of liquid , the density of which varies 
as the depth , fills an inverted paraboloid to a given height ; it is 
required to find the shape of a vessel , in the form of a surface of 
revolution , such that if this liquid be poured into it its density will 
vary as the square of its depth. 


In this case 


P f. X X^ — p* (ft ”■ X f , 

. x — h — - (li — x'f. if /x = p!c. 
c 


The equation 4 axdx = f 2 dx' gives 

c’Y 2 = 8a Qi - a£) {he — (h! — a?') 2 ). 

To complete the solution, we must equate the total volumes,^ 
and we thereby obtain ti* = ch as the necessary relation between 
ti and c. 


28. Elastic fluid at rest under the action of gravity. 

In this case, p = kp, 

d -P = (dz, 

p k 

as 


,\% g £ = <L*ndp = Ce>, 


and 
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PRESSURE OF FLUIDS 


The surfaces of equal pressure are in this case also horizontal 
planes, and the constant G must be determined by a knowledge of 
the pressure for a given value of z , or by some other fact in 
connection with the particular case. 

Example. A closed cylinder , the cuds of which is vertical, 
contains a given mass of air , 

Measuring z from the top of the cylinder, 

^ n 

0 = P=-e k • 

p k k e ’ 

if M be the given mass, a the radius, and h the height of the 
cylinder, 


M 


f h C T 

= pira^dz = 7ra 2 ~(e - 1), 
Jo 9 


whence G is determined. 

' 29. Illustrations of the use of the general equation. 

(1) Let a given volume V of liquid be acted upon by forces 


fix 


• b*’ 


flZ 

' c 3 ' 


respectively parallel to the axes ; 

then dp = p(-^dx-^dy-f~dzy 

and * = C ~y6 + F + $)- 

The surfaces of equal pressure are therefore similar ellipsoids, 
and the equation to the free surface is 


& f , * 
a 3+ &*“V 


2 G 

1 — i 

fip 


assuming that there is no external pressure. 

The condition which determines the constant is that the volume 
of the fluid is given, and we have 

• *-**.$. 


and 


0 m T' 


\p>pj 

/ 3F \» 
\,47ra6c/ 


(2) A given volume of liquid is at rest on a fixed* plane, under 
the action of a force , to a fixed point in the plane, varying as the 
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Taking the fixed point as origin, the expression for the pressure 
at any point is 

p = (7- \pp (a? + y 2 + z 2 ) = C- ifipr*, 

where r is the distance from the origin ; and if far a* be the given 
volume, the free surface is a hemisphere of radius a, and 

(a 2 -r 2 ). 

The portion of the plane in contact with fluid is a circle of 
radius a, and therefore the pressure upon it 
[2* ra 

= prdrdO 
• 0 Jo 

= \i rppa*. 


This result may be written in the form p\a . §7rpa 3 , which is 
the expression for the attraction on the whole mass of fluid, 
supposed to be condensed into a material particle at its centre of 
gravity, and might in fact have been at once obtained by con- 
sidering that the fluid is kept at rest by the attraction to the 
centre of force and the reaction of the plane. 


(3) A given volume of heavy liquid is at rest under the action 
of a force to a fixed point varying as the distance f rom that point. 


Take the fixed point as origin, and measure 2 vertically down- 
wards ; 

then X = - fix, Y — — py, and Z — g — pz\ 


.\dp = p{- pxdx - pydy + (g - pz) dz }, 


and 


p „ a? + y 2 + z 2 
- = U -p % + 

P • 1 


9 Z - 


The surfaces of equal pressure are spheres, and the free surface, 
supposing the external pressure zero, is given by the equation 

, 0 o 2? 2 C 

+ y* + z 2 — - z- — . 

p p 

The volume of this sphere is 

/2C 


. / 2 G g 2 \* 


[equating this to the given ^lume, the constant G is determined, 
jjftnd th,e pressure at any point is then given in terms of r and z. 
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ROTATING FLUID 


Rotating Fluid. 

v 30. If a quantity of fluid revolve uniformly and without any 
relative displacement of its particles (i.e. as if rigid) about a fixed 
axis, the preceding equations will enable us to determine the 
pressure at any point, and the nature of the surfaces of equal 
pressure. 

For, in such cases of relative equilibrium, every particle of the 
fluid moves uniformly in a circle, and the resultant of the external 
forces acting on any particle m of the fluid, and of the fluid pressure 
upon it, must be equal to a force ma>V towards the axis, &> being 
the angular velocity, and r the distance of m from the axis ; it 
follows therefore that the external forces, combined with the fluid 
pressures and forces mco 2 r acting from the axis, form a system in 
statical equilibrium, to which the equations of the previous articles 
are applicable. 

A mass of homogeneous liquid , contained in a vessel , revolves 
uniformly about a vertical axis ; required to determine the pressure 
at any point, and the surfaces of equal pressure. 

Take the vertical axis as the axis of z\ then, resolving the 
force wwV parallel to the axes, its components are mtfx and maty, 
and the general equation of fluid equilibrium becomes 
dp = p (co 2 xdx + c^ydy - gdz ), 

and therefore 

P = P [W (** + ^ s ) - 9 Z ) + G - 

The surfaces of equal pressure are therefore paraboloids of 
revolution, and if the vessel be open at the top, the free surface is 
given by the equation * 

o> 2 V + y a ) - 2gz + ~ , 

where II is the external pressure. 

The constant must be determined by help of the'data of each 
particular case. 

For instance, let the vessel be closed at the top and be just 
filled with liquid, and let II = 0 ; then, taking the origin at the 
highest point of the axis, p =* 0 when x, y and z vanish, and there- 
fore C « 0, and * 
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31, Next consider the case of elastic fluid enclosed in a vessel 

t hich rotates about a vertical axis ; 

i before dp = p{to > (xdx + ydy ) -gdz], 

jind p = kp> 

, , .a 2 + y* n 

k log p*= o> 2 -g— -gz + G, 


that the surfaces of equal pressure and density are paraboloids. 

Let the containing vessel be a cylinder rotating about its a*is, 
md suppose the whole mass of fluid given ; then, to determine the 
constant, consider the fluid arranged in elementary horizontal 
rings each of uniform density : let r be the radius of one of these 
rings at a height z, hr its horizontal and hz its vertical thickness, 
h the height, and a the radius of the cylinder : 

the mass of the ring = 27 rprhrhz, 

and the whole mass (if) of the fluid - f f 2 irprdrdz , 

.'o Jo 

[the origin being taken at the base of the cylinder. 

C w ! r*-2f(2 

Now p = e k .e 2k ; 

Ob? _gh 

bnd M = ~~e k (e u - l)(l-e *), 

Jtn equation by which C io determined. 

32. In general the equation of equilibrium for a fluid revolving 
[miformly and acted upon by forces of any kind is» 

dp — p [Xdx + Ydy + Zdz 4- a> 2 {xdx + ydy)}. 

In order that the equilibrium may be possible, three equations 
>f condition must be satisfied, expressing that dp is a perfect 
lifferential, and, if these conditions are satisfied, the surfaces of 
>qual ptessure, and, in certain cases, the free surface can be deter- 
mined ; but it must be observed that a free surface is not always 
>ossible. In fact, in order that there may be a free surface, the 
urfaces of equal pressure mufit be symmetrical with respect to the 
rcis of rotation. 



is 


EXAMPLES 


EXAMPLES. 

1. A closed tube in the form of an ellipse with its major axis 
vertical is filled with three different liquids of densities p lt p %% p 8 
respectively. If the distances of the* surfaces of separation from 
either focus be r lf r a , r 8 respectively, prove that 

n (pi - ps) + >2 (pt ~ Pi) + r, (p l - p a ) = 0. 

if 2. The particles of a given mass of homogeneous liquid at 
rest attract each other according to the law of nature ; find the 
pressure at any point. 

3. The density of a liquid varies as the square of the depth 
below the surface ; find the pressures, 1st, on a rectangular area 
just immersed vertically with one side in the surface, 2nd, on a 
circular area just immersed. 

4. A parabolic area, bounded by the latus rectum, is just 
immersed vertically, with its vertex in the surface of a liquid ; find 
the pressure upon it, 1st, when the liquid is homogeneous, 2nd, 
when its density varies as the depth. 

/ 5. JTind the surfaces of equal pressure when the forces tend 
to fixsld centres and vary as the distances from those centres. 

i 6. A regular tetrahedron is filled with fluid, and held so that 
two of its opposite edges are horizontal ; compare the pressures on 
its several sides with the weight of the fluid. 

i 7. Prove tjiat if the forced per unit of mass at x, y, z parallel 
to the axes are r 

y(a- z), x(a-z) t xy, 

the surfaces of equal pressure are hyperbolic paraboloids and the 
curves of equal pressure and density are rectangular hyperbolas. 

i 8. fn a' solid sphere two spherical cavities, whose rbdii are 
equal to half the radius of the solid sphere, are filled with liquid ; 
the solid and liquid particles attract each other with forces which 
vary as the distance: prove that the^surfaces of equal pressure are 
Spheres concentric with the solid sphere. 
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/ 9. Shew that the forces represented by 
(y*+yz+z% Y= ijl(z* + zx^ a?\ 



Z^fii^ + xy + f) 


will keep a mass of liquid at rest, if the density oc y from 

the plane a? + y + £ = 0; and the curves of equal pressure and 
density will be circles. • 


10. If a conical cup be filled with liquid, the mean pressure 
at a point in the volume of the liquid is to the mean pressure at a 
point in the surface of the cup as 3 : 4. • 


✓ 11. A vessel is in the form of a right cone without weight, 
the vertical angle being 2a; the vessel is filled with liquid and 
then suspended by a point in the rim : if /S be the inclination of 
the axis of the cone to the vertical, shew that 


cot 2ft = cot 2a - j cosec 2a. 


12. A mass of fluid rests upon a plane subject to a central 


attractive force 



situated at a distance c from the plane on 


the side opposite to that on which the fluid is; and a is the radius 
of the free spherical surface of the fluid : shew that the pressure 
on the plane 


a x ' 


✓ 13. Find the surfaces of equal pressure for homogeneous fluid 
acted upon by two forces which vary as the inverse square of the 
distance from two fixed points. 

Prove that if the surface of no pressure be a sphere, the loci of 
points at which the pressure varies inversely as the distance from 
one of the centres of force are also spheres. 

* 14. If the components parallel to the ax*es of the forces acting 1 
on an element of fluid at (x> y, z) be proportional to 

y 3 «f 2 \yz 4* z\ z 1 + 2 fizx -fa? 3 , a? 3 + 2 vxy -f y % } 
shew that if equilibrium be possible we must have 

2\ * 2/Z as 2v as 1. 

' 15. A mass of fluid is in equilibrium under the forces 
X=*(y + zf~ a? 1 , Y m (z + a?) 3 - y\ Z=(x+y?-z\ 

Find the density and prove t8 at the surfaces of equal pressure ate • 
Hyperboloids pf revolution. 
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/ 16. A fluid rests in equilibrium in afield of force where, 

X =y* + z*-xy-xz, Y*& + &-zy-xy t Z**& + f-xz-yz\ 
shew that the curves of equal pressure and density are a |et qf 
circles. 

,17. If X = y(y + z), Y=z(z + x), Z**y{y-x\ 
prove that the curves of equal pressure and density are given by 
y (x + z) = const, and y + z « const. 

^18. Find the surfaces of equal pressure when the component 
forces at any point x , y, z are y (y + z), z(z + x) and y (y - x) ; 
shewing that they are the hyperbolic paraboloids 
y (x + z) = c (y + 2 ). 

„19. A fluid is in equilibrium under a given system of forces ; 
if p l = <f> ( x , y, *), p, = y/r (x, y, z) be two possible values of the 
density at any point, shew that the equations of the surfaces of 
equal pressure in either case are given by 
<t>(x, y, z) + \yfr (x, y , z) = 0, 
where \ is an arbitrary parameter. 

/ 20. A hollow sphere of radius a, just full of homogeneous 
liquid of unit density, is placed between two external centres of 
attractive force and /x /3 /r' a , distant c apart, in such a position 
that the attractions due to them at the centre are equal and 
opposite. Prove that the pressure at any point is 

Sir + SV - mV* (m + M?/ 10* + /*')’ 

J 21. A sphere, of radius c, is nearly filled with homogeneous 
liquid under the influence of two external centres of force situated 
on a diameter, on opposite sides of the centre and at distances a 
and a! from it. The attraction of each centre of force at any point 
varies inversely as the square of the distance, and their attractions 
on the mass of liquid are J 7 rc 8 / and £? rc*/', respectively. Prove 

that, if (///')* lies between and \ (S - f) >. the P re88ure 

at the centre is equal to 

*+/*-{(? 

y 22. The density of a liquid, contained in a cylindrical vessel, 
varies as the depth ; it is transferred to another vessel, in which 
the density varies as the square of °the depth ; find the shape of 
5 the*new vessel. 
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23* A circular cone, of vertical angle ~ , is just filled with 

water, and has a generating line rigidly attached to a horizontal 
plane. The plane is caused to revolve with uniform angular 
velocity about a vertical axis through the apex of the cone : find 
the greatest velocity whicl; will allow of the pressure being zero 
at the highest point; and in this case find the pressure on the 
base. $ 

24. A straight rod, every particle of which attracts with a 
force varying inversely as the square of the distance, is surrounded 
by a mass of homogeneous incompressible fluid ; find the form of 
the surfaces of equal pressure. 

\ 25. A quantity of heavy liquid is attracted to a fixed centre, 
by a constant force the intensity of which is equal to the force 
of gravity, and is supported by a horizontal plane. Find the form 
of the surfaces of equal pressure ; and also the pressure on the 
plane, proving that when the plane passes through the centre of 
force it is equal to four-thirds of the weight of the liquid. Find 
also expressions for the pressure on the plane when it is either 
above or below the centre of force. 

J j 26. The interior of a homogeneous shell, bounded by two 
non-concentric spherical surfaces, and attracting according to the ] 
law of nature, is partially filled with homogeneous liquid which ' 
revolves uniformly with it round the line passing through the 
centres of the spheres ; prove that the free surface is a paraboloid 
of revolution. 

^ y 27. A rigid spherical shell is filled with homogeneous inelastic 
fluid, every particle of which atkacts every other with a force 
varying inversely as the square of the distance* shew that the 
difference between the pressures at the surface and at any point 
within the fluid varies as the area of the least section of the sphere 
through thet point. 

* 28. An open vessel containing liquid is made to revolve about 
a vertical axis with uniform angular velocity. Find the form of 
the vessel and its dimensions in order that it may be just emptied. 

29. An infinite mass of homogeneous fluid surrounds a closed 
surface and is attracted to point (0) within the surface with a 

'{force which varies inversely as the cube of the distance. If tho 
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pressure on any element of the surface about a point P be resolved 
along PO, prove that the whole radial pressure, thus estimated, is 
constant, whatever be the shape and size of the surface, it being 
given that the pressure of the fluid vanishes at an infinite distance 
from the point 0. 

/ 30. A vessel formed by the revolution of a cardioid 
r = a(l-cos0) 

'about its axis which is vertical (vertex upwards) is just filled with 
wqter and rotates about that axis with uniform angular velocity. 

Find this velocity, when the line of no pressure is given by 6 = ^ . 

Find also the pressure at any other point, and the points of 
maximum pressure. 

J 31. All space being supposed filled with an elastic fluid the 
particles of which are attracted to a given point by a force varying 
as the distance, and the whole mass of the fluid being given, find 
the pressure on a circular disc placed with its centre at the centre 
of force. 

/32. Circles are drawn having their centres on the axis of z 
and touching at the origin the plane xy , and the position of a 
point P is defined by r, 0, <£, where r is the radius of the circle 
through P, centre C, 6 is the angle OOP, and <f> the inclina- 
tion of the plane OCP to a fixed plane through the axis of $ ; 
prove that 

~ = P ( 1 - cos 0) dr 4 - Tain 6 dr + TrdO + Nr sin 0 d<f>, 

where mR, mT , mN are the forces, on an element m of liquid at 
P, along CP, along the tangents the circle at P, and perpendicular 
to the plane of the circle. 

%• W 33. A mass m of elastic fluid is rotating about an axis with 
uniform angular velocity co, and is acted on by an attraction towards 
a point in that axis equal to /i times the distance, fi being greater 
than a)*; prove that the equation of a surface of equal density 
p is 

+ + f) = k log . jjjgj . 

34. A quantity of liquid, the density of which varies as the 
Mepth, fills an inverted paraboloid, of latus rectum c, to a h^ight^ hf 
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prove that, if it be poured into a vessel of the form generated 
by the revolution round the axis of x of the curve, 

s® 2 ch x (a ~ “ «z?) (2a —* 

where a is any constant, its density will vary as the square of its 
depth. 

4 35. A mass of self-attracting liquid, of density p , is in equili- 
brium, the law of attraction being that of the inverse square: 
prove that the mean pressure throughout any sphere of the liquid, 
of radius r, is less by f 7rp s r 2 than the pressure at its centre. 

36. A closed hollow right circular cone, standing on its flat 
base on a horizontal plane, is just filled with a liquid, the density 
of which varies as the depth. The vessel is then inverted and held 
with its axis vertical and its vertex on the horizontal plane. Prove 
that the resultant pressure on the curved surface is unchanged in 
magnitude, and that the potential energy of the liquid is changed 
in the ratio 

2 {W : 3r(f), 

it being assumed that the potential energy is zero when the liquid is 
let out on the plane. 

.ra^ 

37. A fluid is slightly compressible according to the law 
(p- Po)IPo = &(P-Pq)IPo> where @ is small: prove that a mass 

rp 0 a 3 of the fluid will, under the action of its own gravitation 
with an external pressure p 0 , assume a spherical form of approxi- 
mate radius a (1 - -fo fimirtfpJlpo), where m is the constant of 
gravitation. 

* 38. A mass M of gas at uniform temperature is diffused 
through all space, and at each point {x } y , |) the* components of 
force per unit mass are — Ax, - By , - Cz. The pressure and 
density at the origin are p 0 and p 0 respectively. Prove that 

ABOpJP = 

* 39. A given mass of air is contained within a closed air-tight 
cylinder with its axis vertical. The air is rotating in relative 
equilibrium about the axis of the cylinder. The pressure at the 
highest point ‘ of its axis is P, and the pressure at the highest 
points: of its curved surface Is p. Prove that, if the fluid were . 
Ibeoluteljr at rest, the pressure at the upper end of the axis would - * 

b. h % 3 
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be (p — P)/{logp - log P} ; where the weight of the air is taken 
into account. 

f 40. A mass of gas at constant temperature is at rest under 
the action of forces of potential yfr at any point of space, with any 
boundary conditions. At the point where yjr is zero, the pressure 
is II and the density p 0 . The gas is n<3w removed from the action 
of the forces and confined in a space so that it is at a uniform 
density p 0 - Prove that the loss of intrinsic potential energy by the 
gap, due to the expansion, is 

_Po* 

I Oojjffe 11 dv ; 

where the integrations are taken throughout the gas in its original 
state. 


j 41. A given mass M of elastic fluid, for which p = kp , is 
forced into a rigid shell, whose equation is #*/a a 4- y*/6* + «*/c* » 1, 
and assumes equilibrium under a system of forces, whose force 

k 

function is ^ log (^/a 4 + 2/V^ 4 + s 2 / 0 *) + constant. Shew that, if p 0 

be the pressure at any point of the surface a? /a* 4- y*/& 4 4- l/d a , 

the mean pressure estimated for equal elements of mass throughout 
the shell is 

47rp 0 a G? 2 (be ca ab\ 

1 5kM \a + b c ) * 


j 42. Homogeneous heavy liquid is contained in a closed 
hemispherical vessel of radius a, having its plane surface horizontal 
and upwards. The liquid is attracted towards the axis with a 
force varying inversely as the cube of the distance from the axis, 
and its volume is such that the free surface meets the hemisphere 
at an angular distanpe tt/ 3 from the vertex. If the system now 
rotates round the axis with uniform angular velocity o>, the free 
surface meets the plane face of the vessel along the rim and along 
a circle of radius b. Shew that the force at unit distance must be 
(oWb 2 and that 6 and co are connected by the equation 


llga* 

6a> 3 


* a 4 - 6 4 4- log ^ - 


4a©V ' 


J 43. A uniform spherical mass of liquid of density p 4- or and 
radius a is surrounded by another ilScompressible liquid of density 
p and external radius b . The whole is in equilibrium under it# 
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own gravitation, but with no external pressure. Shew that the 
pressure at the centre is 


2 

i w 


(p 


+ <r) 3 a a + g 7 rp 



(b - a). 


* 44. A uniform spherical mass of incompressible fluid, of 
density p and radius a, is surrounded by another incompressible 
fluid, of density <r and external radius b. The total fluid is in 
equilibrium under its gravitation, but with no external pressure 
or forces. The two fluids are now mixed into a homogeneous«fluid 
of the same volume, and the mass is again in equilibrium in a 
spherical form. Prove that the pressure at the centre in the 
first case exceeds the pressure at the centre in the second case by 


i w (p - ff)a! ( 1 _ i)[ 1 + i (£" l ) i 1 + t) i 1 + S 

y 45. The boundary of a homogeneous gravitating solid, of 
density <t and mass M, is the surface r=*a (1 +aP n (cos 6 )}, where 
a is a quantity so small that its square may be neglected. The 
solid is surrounded by a mass M' of gravitating liquid, of density 
p . Shew that the equation tg the free surface is approximately 

r = &(l+#P n (cos0)J, 


where 




and ft = 3 (a — p) a n+3 a/{(2 n — 2) pb 3 + (2 n + 1) (a - p) a 3 ) b n . 

* 46. A uniform incompressible fluid is of mass M in gravita- 
tional units, and forms a sphere of radius a when undisturbed 
under the influence of its own attraction. It is placed in a weak 
field of force of gravitational potential 

p n(coa0), (n >}), 


where r is measured from the centre of the mean spherical surface 
of the liqui(J, and the squares of quantities of the type can be 
neglected. Prove that the equation of the free surface is 


r 

a 




2a + 1 
M 2n^2 


P n (cos 6). 


47. Prove that the pressure at the centre of the Earth, if it 
were a homogeneous liquid, would be $pa lbs. per square foot, 
where p is the mass in pounds of a cubic foot of the substance of 
fthe Earth and a is the Earth’s radius in feet. 


3—2 
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48. The density of a gravitating liquid sphere of radius a at 
any point increases uniformly as the point approaches the centre. 
The surface density is p 0 and the mean density is p. Prove that 
the pressure at the centre is 

$7ra 3 { 10 p (p - po) + 3 p 0 2 }* 

• 

49 . In a gravitating fluid sphere of radius a the surfaces of 
equal density are spheres concentric with the boundary, and the 
density increases from surface to centre according to any law. 
Prove that the pressure at the centre is greater than it would be 
if the density were uniform by 

f 7 T 7 [ (p 3 - p 3 ) r dr, 

Jo 

where p denotes the mean density of the whole mass, p the mean 
density of that portion which is within a distance r of the centre, 
and 7 is the constant of gravitation. 
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THE RESULTANT PRESSURE OF FLUIDS ON SURFACES. 

33. In the preceding Chapter we have shewn how to investi- 
gate the pressure at any point of a fluid at rest under the action 
of given forces; we now proceed to determine the resultants of 
the pressures exerted by fluids upon surfaces with which they are 
in contact. 

We shall consider, first, the action of fluids on plane surfaces, 
secondly, of fluids under the action of gravity upon curved 
surfaces, and thirdly, of fluids at rest under any given forces 
upon curved surfaces. 

Fluid Pressures on Plane Surfaces. 

The pressures at all points of a plane being perpendicular to it, 
and in the same direction, the resultant pressure is equal to the 
sum of these pressures. 

Hence, if the fluid be incompressible and acted upon by gravity 
only, the resultant pressure on a plane 
= ! IgpzdA , 

where z is the depth of a small element dA of the area of the 
plane, 

= 9P^ a > 

where A is the whole area and z the deptrti of its centroid. 

In general, if the fluid be of any kind, and at rest under* the 
action of any given forces, take the axes of x and y in the plane, 
and let p te the pressure at the point (a?, y). 

The pressure on an element of area hx$y**p$xSy : 

the resultant pressure =ffpdydx t 
the integration extending over the whole of the area considered. 

If polar co-ordinates be used, the resultant pressure is given 
hy the expression 


jjpr dr d$. 
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34. Def. The centre of pressure is the point at which the 
direction of the single force , which is equivalent to the fluid pressures 
on the plane surface, meets the surface . 

The centre of pressure is here defined with respect to plane 
surfaces only ; it will be seen afterwards that the resultant action 
of fluid on a curved surface is not always reducible to a single 
force. 

In the case of a heavy fluid, it is clear that the centre of 
pressure of a horizontal area, the pressure on every point of which 
is thd same, is its centroid ; and, since pressure increases with the 
depth, the centre of pressure of any plane area, not horizontal, is 
below its centroid. 

To obtain formulas for the determination of the centre of pressure 
of any plane area. 



Let p be the pressure at the point (x, y ), referred to rectangular 
axes in the plane, x + bx, y + by, the co-ordinates of an adjacent 
point, 

x , y , co-ordinates of t\\e centre of pressure. 

Then y. jjpdy dx = moment of the resultant pressure about 
'OX 

= the sum of the moments of the pressures 
on all the elements of area about OX 
= TpSySx.y 
- tfpydydx ; 

. T( tipydydx 
“ y Jjpdydx* 

and similarly 

the integrals being taken so as to include the area considered: 
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If polar co-ordinates be employed, a similar process will give 

the equations * 

_ JJ pr* cos 0 dr d$ _ _ Jj pr 3 sin 6 dr d6 

x ~ SjJrd^W~’ y “~fS^Fd^dr~' 


35. If the fluid be homogeneous and inelastic, and if gravity 
be the only force in action^ 

p = gph, 

where h is the depth of the point P below the surface ; and we 
obtain 

- .... tfhxdydx J\hydydx 

jjhdydx * ^ jjhdydx ' ' 

It is sometimes useful to take for one of the axes the line of 
intersection of the plane with the surface of the fluid : if we take 
this line for the axis of x t and 6 as the inclination of the plane to 
the horizon, p = gpy sin 0, and therefore 


- Jjxydydx 
Sjydydx 


Sjy'dydx 

Sfydydx 




From these last equations (/3) it appears that the position of 
the centre of pressure is independent of the inclination of the plane 
to the horizon, so that if a plane area be immersed in fluid, and 
then turned about its line of intersection with the surface as a 
fixed axis, the centre of pressure will remain unchanged. 


If in the equations (a) we make h constant, that is, if we 
suppose the plane horizontal, x and y are the co-ordinates of the 
centroid of the area, a result in accordance with Art. (34) ; but, in 
the equations (£), the values of x and y are independent of 0 } and 
are therefore unaffected by the evanescence of 6. This apparent 
anomaly is explained by considering that, however small 0 be 
taken, the portion of fluid between the plajie area and the surface 
of the fluid is always wedge-like in form, and the pressures at the 
different points of the plane, although they all vanish in the limit, 
do not vanish in ratios of equality, but in the constant ratios which 
they bear to orie another for any finite value of 0. 


The equations of this article may also be obtained by the 
following reasoning. 

Through* the boundary line of the plane area draw vertical 
lines to the surface enclosing a mass of fluid ; then the reaction of 
the plane, resolved vertically, is equal to the weight of the fluid, 
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which acts in a vertical line through its centre of mass ; and the 
poinit in which this line meets the plane is the centre of pressure. 

Taking^the same axes, the weight of an elementary prism, 
acting through the point ( x, y ), is gphtxby cos 0 , where 6 is the 
inclination of the plane to the horizon ; and therefore the centre 
of these parallel forces acting at points of the plane, is given by 
the equations 

_ _ ffgphx cos 6 dydx _ _ ffgphy cos Qdydx 
X ~~ Jfgph cos 0 dydx 1 ^ Jfgph cos 6 dydx ' 

# _ __jfhxdydx - JJhydydx 

0r X ~ fjhdydx * JJhdydx * 

/ Hence it appears that the depth of the centre of pressure is 
I double that of the centre of mass of the fluid enclosed. 


36. The following theorem determines geometrically the 
position of the centre of pressure for the case of a heavy liquid. 

If a straight line be taken in the plane of the area, parallel to 
the surface of the liquid and as far below the centroid of the area 
as the surface of the liquid is above, the pole of this straight line 
with respect to the momental ellipse at the centroid whose semi-axes 
are equal to the principal radii of gyration at that point will be the 
centre of pressure of the area. 

Taking A for the area, and 6, a for the principal radii of 
gyration, these are determined by the equations 
Ab^-JJy^dxdy, Aa* =sjfx*dxdy, 
and the equation of the momental ellipse is 

£+£.i 

a ,+ 6 2 ’ 

the co-ordinate axes being the principal axes at the centroid. 

Let x,y be the co-qrdinates of the centre of pressure, and 
x cos 0 + y sin 6 
the equation to the line in the surface ; 

then a J/(P - y ™ d ] X f X t y — j cob 6 , 


JJ(p — x cos 6 — y sin 6) dxdy 
and similarly, y • 


: — sin 0 ; 

P 

(x, y) is the pole of the line 

0cos0 + t/sin0*»-p 

frith respect to the momental ellipse. 



CENTRE OP PRESSURE 


41 


37. Examples of the determination of centres of pressure. 

(1) A quadrant of a circle just immersed vertically in a heavy 
homogeneous liquid , with one edge in the surface. 

If Ox, the edge in the surface, be the axis of x, 

fa ril(a % -% 1 ) 

, a . ^ 

' „dyi. ■'‘'Hi**' ■ 


a 


oJo 

the limits of the integrations for y being the same as for x. 
ffydxdy = £ f(a 2 - x 2 ) dx — £a 3 , 

Jfxydxdy = £ fx . (a 2 — oP) dx « £a 4 , 

ffy'dxdy** $ f (a* - a?)% dx = ^ ; 

_ 3 _ 3 

••• X= 8 8 ' 2/ = 16 lr “' 

Employing polar co-ordinates and taking the line Ox as the 
initial line, we should have p = gpr sin 0, and 


r 8 cos 0 sin 0 dr d0 


and 


x- 


y=- 


IT 

J OJO 

JJ r 2 * sin 0 drd0 

IT 

[ f r* sin 2 0 dr d0 
J QJQ 

!T si 


sin 0drd0 


8 U ’ 


-16™' 


(2) A circular area, radius a, is immersed with its plane 
vertical, and its centre at a depth c. 

Take the centre as the origin, and the vertical downwards 
from the centre as the initial line ; then if be the pressure at 
the point (r, 0), 

p “ 9P ( c + r 008 0)» 

and the depth below the centre of the centre of pressure 

2 | | r*cos 0(c + r cos 0) drd0 3 
Jo Jo _ a 

CSS ■ ■ 1 ■-■■■ ■ " — 8 

2 JJ r (c + r cos 0) drd0 C 

It will* be seefa that this result is at once given by the theorem,. 
Art. *(36). 
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(3) A vertical rectangle , exposed to the action of the atmosphere 
at a constant temperature . 

If II be the atmospheric pressure at the base of the rectangle, 

_gz 

the pressure at a height z is Ue~ * , Art. (28), and if b denote the 
breadth, the pressure upon a horizontal strip of the rectangle 

= Ue~ k bhz, 


the resultant pressure, if a be the height, 


ra gz 1 } L ga 

= ne“*fofc = n~(l-e~iS), 

h 9 


and the height of the centre of pressure 


a _gz 

ze~ k dz , 

) /c a 

ra _gz *” Q ga 

' e k dz u e * — 1 


(4) A hollow cube is very nearly filled with liquid , and rotates 
uniformly about a diagonal which is vertical ; required to find the 
pressures upon, and the centres of pressure of its several faces. 



I. For one of the upper faces A BCD, 
i take AD, AB f as axes of x and y ; % r, the vertical and horizontal 
# distances of any point P (x, y) from A, 
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fchen ^ = ia) 3 r 3 + ^ ) 
P 

.ff + y 


z = — , projecting the broken line ^.iVP on 
r 3 = iiP - $ a as a? + y 2 - z* = | (a; 2 + y 2 - #y) ; 
the pressure (P) on J.P(7i)= J j pdydx 


“P-JJ { j(^ + y a -a®) + -Jg(* + y) 

=^l“ v+ ^ a! 


dydx 


The centre of pressure is given by the equations 
xP = yP = pJf^xjj (P + f -xy) + ^(x + y)j dydx ; 


x = y = a 


21# + 3 v/3o> a (i 


36# + 5 \/3co a a * 

II. For one of the lower faces EGBF, 
take EF ' EC as axes, then, for a point Q, 

/« a + y 
e - a ^~ljs’ 

r s = | (® 2 + y s -*!/), 

md the rest of the process is the same as in the first case. 

(5) A quadrant of a circle is just immersed vertically , with 
me edge in the surface , in a liquid , the density of which varies as 
he depth. 

Taking Ox as the edge in the surface, p = /zy and p = \pgf ; 
the centre of pressure is therefore given by the aquations 


>J a' 1 — x 3 


xy'dydx 


JJ if dydx 

)r > in polar co-ordinates, 


-, and y = 


f 2 [ a ri si 
m JoJo 


sin a 0 cos 6 dr d6 


’//-* 


sin 1 # dreZ0 


- , and y • 


JJ y’dydx 
JJ y a dydx 

Jj r'sin’ddrdd 
JJr* sin* 6 dr d6 
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and it will be found that 


_ 16 a j 

ic = — — and 
15 t r 


2 / = 


82 a 
15 tt‘ 


(6) A semicircular area completely immersed in water with 
its plane vertical and one end A of its hounding diameter in the 
surface . ' 

Let a be the inclination of the diameter to the surface, and 
x, y the co-ordinates of the centre of pressure referred to the 
diameter and the tangent at A. 

Then ar/JV sin (0 + a) drdO =JJr* cos 0 sin (0 + a) drd0, 
and y JJr* sin (0 + a) drd0 = // r 8 sin 0 sin (0 + a) drd0 , 

7T 

r being taken from 0 to 2a cos 0, and 0 from 0 to ^ . 


s 38. If a given plane area turn in its own plane about a fixed 
point, the centre of pressure changes its position and describes a 
curve on the area. 

If A B is the line of intersection of the plane area with the 
surface, the distance of the centre of pressure from AB is in- 
dependent of the inclination of the area to the vertical (Art. 35). 

We may therefore take the area to be vertical. 



Let A be the depth of the fixed point 0, and let Ox, Oy be axes 
fixed in the area. 

Then, if 0 is the inclination of Qx to the horizontal, 
p m gp (h - x sin 0 - y cos 0), 
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- // pxdxdy _ a + b sin 0 4- l cos 0 
JJpdxdy ~ d 4- e sin 0 +/cos 0 ' 

_ a' + 6' sin 0 + c' cos 6 
an ^ * d + e sin 0 + /cos 0 ' 

a, 6, d, &c. being known constants, and the elimination of 6 gives 
a conic section as the locus oTf the centre of pressure. 



We can also obtain this result by the theorem of Art. ( 36 ). 

Taking the principal axes through G as co-ordinate axes, and 
taking a, fi as the co-ordinates of 0 , the centre of pressure is the 
pole (f, 77) of the line 

x sin 6 4 - y cos 6 = - (h + a sin 6 + ft co‘s 6) 
with regard to the momental ellipse, and is given by the equations 
a 2 sin0 b * cos 6 /r . . * - 


- = - (h + a sin 6 + cos 0), 


leading to the equations 


Q + a) sin 6 + £cos 0 = - 
^ cos 0 + a sin 0 = - h. 

Eliminating, first, sin 0, and secondly, cos 0, and squaring and 
adding the results, we obtain the equation of the locus, which is 

(a*6 a + a 6 9 f + #a 3 ??) 3 = /i 3 (ay + 6y). 

If 0 and (jf coincide, that is, if a * 0 and ft « 0 , the locus is 
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39. A vessel having a plane base and plane vertical sides, 
contains two liquids which do not mix; to find the resultant 
pressure on one of the sides, and the centre of pressure. 

Let p be the density and h the depth of the upper liquid, p', K , 
corresponding quantities for the lower liquid; the common surface 
must be a horizontal plane, the pressure at any point of which is 
gph, and the pressure at a depth z below the common surface is 
gph + gp'z. 

Taking b for the breadth of one of the vertical sides, the 
pressure of the upper liquid upon it = igpbh*, and the pressure 
of the lower liquid 

fh‘ 

= &(ph + P z ) bdz - gbh' ( ph + \p'h ). 

Jo 

The resultant pressure is the sum of these two and is equal to 
gb {\ph* + phh' + £ ph'*). 

The moment of the fluid pressure on this side about its line of 
intersection with the surface 

as I gpbz'dz + [ g (ph + pz) b(h + z) dz : 

Jo Jo ' 

performing the integrations, and dividing by the expression for the 
resultant pressure investigated above, we obtain the depth of the 
centre of pressure. 

Resultant Pressures on Curved Surfaces. 

40. To find the resultant vertical pressure on any surface of 
a homogeneous liquid at rest under the action of gravity. 

PQ being a surface exposed to the action of a heavy liquid, let 
AB be the projection of PQ* on the 
surface of the liquid^ 

The mass AQ is supported by 
the horizontal pressure of the liquid 
and by the reaction of PQ ; this 
reaction resolved vertically must be 
equal to the weight of AQ, and 
conversely, the vertical pressure on 
PQ is equal to the weight of AQ, 
and acts through its centre of mass. 
c If PQ be pressed upwards by tHfe 
° liquid as in the next figure, produce the surface, project' PQ pn 
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it as before, suppose the space A Q to be filled with liquid of the 
same kind, and remove the liquid from the inside. 

Then the pressures at all points of PQ are the same as before, 
but in the contrary direction, 
and since the vertical pressure 
in this hypothetical case t is 
equal to the weight of AQ , it 
follows that in the actual case, 
the resultant vertical pressure 
upwards is equal to the weight 
of AQ. 

If the surface be pressed 
partially upwards and partially 
downwards, draw through P, the 
highest point of the portion of surface considered, a vertical plane 
PR, and let AGB be the projection of PSQ on the surface of the 
liquid. 



Then the resultant vertical pressure on PSR 
= the weight of the liquid in PSR, 

and on RQ=* t CQ , 

and the whole vertical pressure = the weight of the liquid in 
CQ + the weight of the liquid in PR. 

This might also have been deduced from the two previous 
articles, for PR can be divided by the line of contact of vertical 
tangent planes into two portions PS, SR, on which the pressures 
are respectively upwards and downwards ; and since 
pressure on PS - weight of liquid APS, 

and SR = ASR, 

the difference of these, i.e. the vertical pressure on PR = weight 
•of fluid Pit 




48 CENTRE OP PRESSURE 

In a similar manner other cases may be discussed. 

It will be observed that this investigation applies also to the 
case of a heterogeneous liquid (in which the density must be a 
function of the depth, since surfaces of equal pressure are surfaces 
of equal density), provided we consider that the hypothetical 
extension of the liquid follows the same law of density. 

41 . To find the resultant horizontal pressure, in a given 
direction , on a surface PQ. 

Project PQ on a vertical plane perpendicular to the given 
direction, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq, the 
resultant horizontal pressure on PQ, and forces in vertical planes 
parallel to the plane pq. 




Hence the horizontal pressure on PQ is equal to that on pq, 
and acts in the same straight line, i.e. through the centre of 
pressure of pq. 

Hence, in general, to determine the resultant fluid pressure on 
any surface, find the vertical pressure, and the resultant horizontal 
pressures in two directions at right angles to each other. These 
three forces may in sdme cases be compounded into a single force, 
the condition for which may be determined by the usual methods 
of Statics. 

♦ Ex. A hemisphere is filled with homogeneous liquid : required 
to find the resultant action on one of the four portions into which it 
is divided hy two vertical planes through its centre at right angles 
to' each other. 

Taking the centre 0 as origin, the bounding hfirizontal radii 
as axes of a? and y, and the vertical radius as the axis of z, tha 
^pressure parallel to a? is equal to the pressure on the quadrant yQiJ 



CMTRB OF PBE8STJRE 49 

which is the projection, on a plane perpendicular to Ox, of the 
curved surface. 


Therefore, the pressure parallel to Ox* 

it a 3 4a 1 „ 

= ^T;^ = 3 ^ a - 

and the co-ordinates of its point of action are 

(0, fa, -^7ra), Art. (37), Ex. 1 ; 

similarly, the pressure parallel to Oy = $gpa s , and acts through 
the point 

(§ a > ~h 7ra )- 

The resultant vertical pressure = the weight of the liquid 
= $gpTra 3 , and acts in the direction of the line # = §a = y. 

The directions gf the three forces all pass through the point 

(H §«> TZ-ra), 

and they are therefore equivalent to a single force 
igpaWi 7T 8 + 8) 


in the line 

or 



a straight line through the cent~e, as must obviously be the case, 
since all the fluid pressures are normal to the surface. The point 
in which it meets the surface of the hemisphere may be called 
‘the centre of pressure.’ 


42. To find the resultant 'pressure on the surface of a solid 
either wholly or partially immersed in a heavy liquid. 

Suppose the solid removed, and the space it occupied filled 
with liquid of the same kind ; the resultant pressure upon it will 
be the same as upon the original solid. But the liquid mass is at 
rest under the action of its own weight, and the pressure of the 
liquid surrounding it : the resultant pressure is therefore equal to 
the weight of the liquid displaced, and acts in a vertical line 
through its centre of mass. 

.The same reasoning evidently shews that the resultant pressure 
/of an elastic fluid on any solicKs equal to thq weight of the elastic 
fluid displaced by the solid. 

j 


B. H. 


4 
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This result may also be obtained by means of Arts,. (40) and 
(41), as follows: Draw parallel horizontal lines touching the surface, 
and forming a cylinder which encloses it; the curve of contact 
divides the surface into two parts, on which the resultant hori- 
zontal pressures, parallel to the axis of the cylinder, are equal and 
opposite ; the horizontal pressures on the solid therefore balance 
each other and the resultant is wholly vertical. To determine the 
amount of the resultant vertical pressure, draw parallel vertical 
lines touching the surface, and dividing it into two portions on one 
of Vhich the resultant vertical pressure acts upwards, and on the 
other downwards; the difference of the two is evidently the weight 
of the fluid displaced$>y the solid. 

43. If a solid of given volume ( V) be completely immersed in 
a heavy liquid, and if the surface of the solid consist partly 'of 
a curved surface, and partly of known plane areas ; the resulting 
pressure on the curved surface can be determined. 

For the plana areas being known in size and position, we can 
calculate the resultant horizontal and the resultant vertical 
pressure, X and F, upon those areas; and, since the resulting 
pressure on the whole surface is vertical and equal to gpV upwards, 
it follows that the resultant horizontal and vertical pressures on 
the curved surface are respectively equal to X and ypV -Y. 

Ex. A solid is formed by turning a circular area round 
a tangent line through an angle 6 , and this solid is held under 
water with its lower plane face horizontal and at a given depth h. 

In this case, 

V = 7ra s d, X = gpira 2 (h- a sin 0) sin 0, 
and Y = gpna 2 (h-h rtos 0 + a sin 0 cos 0 ). 

* 44. To find the resultant pressure on any surface of a fluid at 
rest under the action of any given forces. 

Let p be the pressure, determined as in Chapter II., at any 
point {x y y , z) of a surface, u = 0, exposed to the action of the fluid. 
Then if 



pto pfa 

dx 1 dyb dz 


ate the direction-cosines of the normal at the point (x, y, 4). 
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Let «$*S be an element of the surface about the same point. 
The pressure! *on this element, parallel to the axes, are 

,P%SS, pPgjS, ppgss; 

.*. if X y T t Z , and L, M, N, be the resultant pressures parallel to 
the axes, and the resultant couples, respectively, 

*-//**“ S> Z -l!" P S dS ' 

WM's-SJ* 

*-/M' %-si M 

the integrations being made to include the whole of the surface 
under consideration. 

These resultants are equivalent to a single force if 
XL+ YM + ZN = 0. 

46 . The surface may be divided into elements in three 
different ways by planes parallel to the co-ordinate planes. 

Thus, 8a Sy = projection of 8S on xy = P BS ; 

and .*. Z= JJpdxdy; and similarly, X = ffpdydz, and Y = fjpdzdx, 
L = JJLp (ydxdy — zdzdx ) 

=JIp(ydy-zdz)dx, 

M = ffp (zdz — xdx) dy* 

N = ffp {xdx-ydy)dz. 

a 

46 . If the fluid be at rest under the action of gravity only, 
and the axis of z be vertical, p is a function of z, <j> ( z ) suppose, and 
therefore 

X = jS<t>(z)dydz, 

which is evidently the expression for the pressure, parallel to a, 
upon the projection of the 'given surface on the plane yz ; and 
•similarly F is equal to the pressure upon the projection on xz. 

4 — 2 
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Again, if the fluid be incompressible and acted upon by gravity 
only, pSx&y is equal to the weight of the portion of fluid contained 
between hS and its projection on the surface of the fluid ; 

Z, or Jfpdxdy, is the weight of the superincumbent fluid. 

These results accord with those previously obtained. Arts. (40) 
and (41). 

47. If a solid body be wholly or partially immersed in any 
flui4 which is at rest under the action of given forces, the 
resultant fluid pressure on the body will be equal to the resultant 
of the forces which would act on the displaced fluid. 

For we can imagine the solid removed and the gap filled up 
with the fluid, which will be in equilibrium under the action Qf 
the forces and the pressure of the surrounding fluid; and the 
resultant pressure must be equal and opposite to the resultant of 
the forces. 

In filling up the gap with fluid, the law of density must be 
maintained, that is, the surfaces of equal density must be 
continuous with those of the surrounding fluid. 


EXAMPLES. 

-'I. A heavy thick rope, the density of which is double the 
density of water, is suspended by one end, outside the water, so 
as to be partly immersed ; find the tension of the rope at the 
middle of the immersed portion. 

* 2. A hollow, sphere of radius a is just filled with water ; find 
the resultant vertical pressures on the two portions of the surface 
divided by a plane at depth c below the centre. 

A vessel in the form of a regular pyramid, whose base is a 
plane polygon of n sides, is placed with its axis vertical and vertex 
downwards and is filled with fluid. Each side of the vessel is 
moveable about a hinge at the vertex, and is kept in its place by 
a string fastened to the middle point of its base and to the centre 
of the polygon ; shew that the tension of each string is to the 
^ whole weight of the fluid as 1 to n sin 2a, where a is the j 
inclination of each side to the horizon. 
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V 4. If an area is bounded by two concentric semicircles with 
their common bounding diameter in the free surface, prove ihat 
the depth of the centre of pressure is 

&7T (a + b) (a 2 4- 6 2 )/(a 2 + 6 2 + db), 
where a and b are the radii. 

5. Find the centre of* pressure of a square lamina having one 
angular point in the surface of a liquid ; and supposing it to be 
moved about the angular point in its own plane, which is fixed, 
and to be always totally immersed, find the locus on its own plane 
of its centre of pressure. 

✓ 6. Find the centre of pressure of an elliptic lamina just 
immersed in water ; and supposing it turned round in the same 
vertical plane, so as to be always just immersed, find the locus 
with respect to its axes of the centre of pressure. 

7. A cubical box, filled with water, has a close-fitting heavy 
lid fixed by smooth hinges to one edge ; compare the tangents of 
the angles through which the box must be tilted about the 
several edges of its base, in order that the water may just begin 
to escape. 

/ 8. A system of coaxal circles is immersed in water with the 
line of centres at a given depth ; prove that the centres of 
pressure of those circular areas, which are completely immersed, 
lie on a parabola. 

r 9. Find the centre of pressure of a semi-ellipse (axes 2a 
and a) which is bounded by a diameter inclined at the angle 

~ to its major axis, its plane being vertical, and the diameter in 

the surface. 

10. A semi-ellipse, bounded by its axis minor, is just immersed 
in a liquid the density of which varies as the depth ; if the minor 
axis be in 'the surface, find the eccentricity in order that the 
focus may be the centre of pressure. 

'J 11. A square lamina ABGD, which is immersed in water, has 
the side AB in the surface ; draw a line BE to a point E in CD 
such that the pressures on the two portions may be equal. Prove 
that, if this be the case, the distance between the centres of 
* pressure : the side of the square : : V 505 : 48. 
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V12. From a semicircle, whose diameter' is in the surface of a 
liquid, a circle is cut out, whose diameter is the vertical radius of 
the semicircle ; find the centre of pressure of the remainder. 

'/IS. A semicircular lamina is completely immersed in water 
with its plane vertical, so that the extremity A of its bounding 
diameter is in the surface, and the diameter makes with the 
surface an angle a. Prove that if E be the centre of pressure 
and 6 the angle between AE and the diameter, 

, a 37r 4- 16 tan a 
tan 0 = — t v- - — . 

lb 4- lo7r tan a 


44. If the depths of the angular points of a triangle below 
the surface of a liquid be a, b, c, prove that the depth of the centre 
of pressure below the centre of gravity is 

(b — c) a 4 - (c — a) 2 4 * (a — b) 2 
12 (a 4- b 4- c) 


'15. A plane area immersed in a fluid moves parallel to itself 
and with its centre of gravity always in the same vertical straight 
line. Shew (1) that the locus of the centres of pressure is a 
hyperbola, one asymptote of which is the given vertical, and 
(2) that if a, a 4- h, a 4- h\ a 4- h " be the depths of the c. G. in any 
positions, y, y 4- k, y 4- k\ y 4- Jc" those of the centre of pressure in 
the same positions, then 


k h h(k-h) 
k' h' h'(k'~h') 
k n h" r(F-r) 


= 0 . 


16. Find the centre of pressure of a segment of a parabola 
bounded by the curve* and the latus-rectum, the tangent at one 
4nd of the bounding ordinate being in the surface. If the li<|uid 
rise, the parabola remaining stationary, shew that the centre of 
pressure describes a straight line. 

/17. A cone is totally dmmersed in water, the depth of the 
centre of its base being given. Prove that, P, P\ P" being the 
fesulfcant pressures on its convex surface, when theosines of the 
iQcljimtioQ of ifcs axis to the horizon are s, s', s", respectively, 

pi (s' ~ s”)+ FW + F’^s-s^mO. 
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18. Find the centre of pressure of the area between the curve 
VaS + *■ *Ja and the axes, taking the axes rectangular and one 

of them in the surface. 


✓ 19. A quantity of liquid acted upon by a central force varying 
as the distance is contained between two parallel planes ; if A, B ) 
be the areas of the planes in contact with the fluid, shew that the 
pressures upon them are in the ratio A 2 : B*. 

/20. A solid sphere rests on a horizontal plane and is just 
totally immersed in a liquid. It is then divided by two plgmes 
drawn through its vertical diameter perpendicular to each other. 
Prove that if p be the density of the solid, a that of the fluid, the 
parts will not separate provided a > Ip. 

21. One asymptote of a hyperbola lies in the surface of a 
fluid ; find the depth of the centre of pressure of the area included 
between the immersed asymptote, the curve, and two given hori- 
zontal lines in the plane of the hyperbola. 

^ 22. A cone is immersed in water with the centre of its base 
at a distance of $ of its altitude below the surface. A paraboloid 
of the same base and altitude is also immersed with the centre of 
its base at the same distance below the surface as that of the cone, 
and with its axis inclined at the same angle to the vertical. Find 
what this angle mtfst be in order that the resultant pressures on 
the convex surfaces of the two solids may be equal. 

, 23. A closed cylinder, very nearly filled with liquid, rotates 
uniformly about a generating line, which is vertical; find the 
resultant pressure on its curved surface. 

Determine also the point of astion of the pressure on its upper 
end. 


<*24. Shew that the depth of the centre of pressure of the area 
included between the arc and the asymptote of the curve 


(r — a) cos 6 *» 6 is 


a 37ra + 166 
4 Swb + 4a 


the asymptote being in the surface and the plane of the curve 
vertical. 

j&5. A cone is filled with liquid, and fitted with a heavy lid f 
moveable about a hinge; it is then made to revolve uniformly 
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about the generating line through the hinge, which is vertical; 
find the greatest angular velocity consistent with no escape of the 
liquid. 

^26. A portion ,of a spherical shell is cut off by a plane, and 
the remaining portion is placed on a horizontal plane so that the 
circular section is in contact with the plane and is then filled with t 
water through a small hole at the highest point. Find the largest 
piece which can be cut off so that, however light the shell may be, 
the water may not escape. 

tn this case, prove that the whole pressure on the shell is to 
the weight of the liquid in the ratio 2 : 1. 

/ 27. If a plane area immersed in a liquid revolve about any 
axis in its own plane, prove that the centre of pressure describes' a 
straight line in the plane. 

* 28. A cube whose edge is 2a, and whose faces are horizontal 
and vertical, is surrounded by a mass of heavy liquid, the volume 
of which is 8a 8 {77- V6 - 1) ; the liquid is acted on by a force 
tending to the centre of the cube, and varying as the distance, the 
force at the distance a being g : find the form of the free surface 
and the pressure at any point : also if one of the vertical faces of 
the cube be moveable about a horizontal line in its own plane, 
shew that the face will be at rest, if this line be at a distance 
from the lowest edge of that face. 

29. A solid paraboloid, cut off by a plane through the focus 
perpendicular to its axis, is completely immersed, its vertex being 
at a given depth, and its axis inclined at a given angle to the 
vertical. Find the direction ^nd magnitude of the resultant 
pressure on its curved surface. 

f 30. A solid is formed by turning a parabolic area, bounded by 
the latus-rectum, about the latus-rectum, through an angle 0; 
and this solid is held under water, just immersed, with its lower 
plane face horizontal. Prove that, if <f> be the inclination td the 
horizon of the resultant pressure on the curved surface of the 
solid, 

3 sin 9 0 tan ^ = 5 sin 0 — 3 sin 0 cos 0 — 20. , 

31. In the midst of a mass of flu# attracting according^ the 
j&w of nature, and rotating in relative equilibrium about an axis, 
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a small particle is introduced, and started with the velocity of the 
fluid whose place it occupies. Will it approach or recede from the 
axis? 

/ 32. In an infinite mass of fluid of density p, every part of 
which attracts every other part according to the law of nature, are 
placed two shells, whose internal and external radii are a, b and 
a , V respectively, and densities <t, <t'. The shells also attract each 
other and the fluid as in nature. Find the resultant force on 
each shell, and shew that in certain cases this force is a repulsive 
one. 

33. A given area is immersed vertically in a heavy liquid and 
a cone is constructed on it as base, the cone being wholly im- 
mersed : find the locus of the vertex when the resultant pressure 
on the curved surface is constant, and shew that this pressure is 
unaltered by turning the cone round the horizontal line drawn 
through the centre of gravity of the base perpendicular to the 
plane of the base. 

34. A conical vessel, axis vertical and vertex downwards, is 
divided into two parts by a plane through its axis, and the parts 
are prevented from separating by a string which is a diameter of 
the rim of the vessel, and is perpendicular to the dividing plane, 
and by a hinge at the vertex. The vessel being filled with 
water, compare the tension of the string with the weight of the 
water. 

35. A hollow cone open at the top is filled with water ; find 
the resultant pressure on the portion of its surface cut off, on one 
side, by two planes through its axis inclined at a given angle to 
each other; also determine the Hne of action of the resultant 
pressure, and shew that, if the vertical angle be a right angle, it 
will pass through the centre of the top of the cone. 

36. A vessel in the form of an elliptic paraboloid, whose axis 

is vertical, and equation — + =* ^ , is divided into four equal 

compartments by its principal planes, Into one of these water is 
poured to the depth A; prove that, if the resultant pressure on the 
curved portion be reduced to two forces, one vertical and the other 
horizontal, the line of action .of the latter will pass through the 
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37. A bowl in the form of a hemisphere is filled with water; 
find the direction and magnitude of the resultant pressure on the 
upper portion of the bowl cut off by a plane through its centre 
inclined at a given angle to the horizon. 

* 38. An open conical shell, the weight of which may be 
neglected, is filled with water, and is then suspended from a point 
in the rim, and allowed gradually to take its position of equi- 
librium; prove that, if the vertical angle be cos~ l §, the surface of 
the water will divide the generating line through the point of 
suspension in the ratio 2 : L 

0 39. A regular polygon wholly immersed in a liquid is move- 
able about its centre of gravity; prove that the locus of the centre 
of pressure is a sphere. 

y 40. A hemispherical bowl is filled with water, and two vertical 
planes are drawn through its central radius, cutting off a semi-lune 
of the surface ; if 2a be the angle between the planes, prove that 
the angle which the resultant pressure on the surface makes with 
the vertical 

t 41. A volume of fluid of density p surrounds a fixed 

o 

sphere of radius b and is attracted to a point at a distance c (< b) 
from its centre by a force fir per unit mass; supposing the external 
pressure zero, find the resultant pressure on the fixed sphere. 

J 42. A vessel in the form of a surface of revolution has the 
following property ; if it be placed wi^h its axis vertical, and any 
quantity of water be poured into it, the resultant vertical pressure 
has a constant ratio tb the resultant horizontal pressure on either 
of the portions into which the surface is divided by a vertical plane 
through its axis ; find the form of the surface. 

/43. Find the equation of a curve symmetrical about a vertical 
axis, such that, when it is immersed with its highest point at 
half the depth of its lowest, the centre of pressure may bisect the 
axis. 

/ 44. A rectangular area is immersed in compressible liquid 
with its plane vertical and one side in the surface, where the 
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pressure is zero* Shew that, if the density is a linear function of 
the pressure, the depth of the centre of pressure is 
a (m — !)/>] + (1 — ^m 2 ) p 0 
m p 1 -(m + l)p 0 ’ 

where a is the length of the vertical side, and p 0> p x are the 
densities at the top and bottom of the area, and 

w-log (pi/po). 

y 45. The vertices A, B, C of a triangular lamina are sunk in a 
homogeneous liquid to depths A,, A 2 , A 3 respectively: prove that if 
Pu P*> P a he the respective perpendiculars from A, B, C on BC y 
GA, AB, then the trilinear co-ordinates of the centre of pressure 
are 

^ P?(l + — ) ^Vl + Y. 

4 \ h\ + Aa 4- A S J 9 4 \ Aj + A a -f A 3 > 4 \ Aj + A^ + A 3 / 


^46. A triangular lamina is totally immersed in a homogeneous 
liquid, the depths of the angular points being p, q,r; prove that 
if the centre of pressure of the triangle coincide with the mean 
centre of its angular points for multiples l, m, n, then 

p : q : r : : — (m + n) : 3m — (n + 1 ) : 3w — (l + m). 


47. A cubical box of side a has a heavy lid of weight W 
moveable about one edge. It is filled with water, and held with 
the diagonal through one extremity of this edge vertical. If it be 
now made to rotate with uniform angular velocity co , shew that, in 
order that no water may be spilled, W must not be less than 


7 

.6 1 2V3 



if W is the weight of the water in the box. 9 


s 48. A closed rigid vessel is formed by half the surface of an 
ellipsoid cut off by any central section, and by the plane section 
itself The vessel is just full of water and stands with its plane 
base on a horizontal table. Prove that the resultant pressure on 
the curved surface is a vertical force equal to half the weight of 
the water, such that its line of action cuts the plane base at a 
distance f V(r*- «*) from the centre; where r is the semi-diameter 
^jugate to the base, and m the perpendicular from the centre on 
the horizontal tangent plane. 
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A smal l solid body is held at rest in a fluid in which the 
pressure p at any point is a given function of the rectangular 
co-ordinates y,z) prove that the components of the couple which 
tends to make it rotate round the centre of gravity of its volume 
are 


(P-V^-D 




F d *P 
dzdx' 


and two similar expressions, where A, B, C, D, E, F are the 
moments and products of ihertia of the volume of the solid with 
-respect to axes through the centre of gravity. 

K 50 - A rigid spherical shell of radius a contains a mass M of 
gas in which the pressure is k times the density, and the gas is 
repelled from a fixed external point 0 (distant c from the centre) 
with a force per unit of mass equal to ^/(distance). Prove that 
the resultant pressure of the gas on the shell is 

kM 5c 2 — a 2 
c 5c 2 4- a 2 * 


J 51. * A vessel full of water is in the form of an eighth part of 
an ellipsoid (axes a, b, c), bounded by the three principal planes. 
The axis c is vertical, and the atmospheric pressure is neglected. 
Prove that the resultant fluid pressure on the curved surface is a 
force of intensity 

\gp [W + aV + | irW&Vjt 

^ 52. A hollow ellipsoid is filled with water and placed with its 
a-axis making an angle a with the horizontal and its c-axis 
horizontal. Prove that the fluid pressure on the curved surface 
on either side ofcthe vertical plane through the a-axis is equivalent 
to a wrench of pitch * 

3c sin a cos a a 2 - 6* 

2 ' 4c* 4* 9 (a* sin 3 a + 6 s cos* ay 

^ 53. The angular points of a triangle immersed in a liquid 
whose density varies as the depth are at distances a, 0, y respec- 
tively below the surface, shew that the centre of pressure iwat a 
depth , 

3 (q -f- /9 4- y) (a* 4- $4 - t 8 ) -f af3y . 

5 * - a* + & + 7 a + «^ + /8y *f ya * 
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54. A plane area, completely submerged in a heavy hetero- 
geneous fluid, rotates about a fixed horizontal axis at depth h 
perpendicular to its plane. If the density of the fluid at depth z 
be equal to /jlz> and if the area be symmetrical about each of two 
rectangular axes meeting at the point of intersection of the area 
with the axis of rotation, prove that the locus in space of the 
centre of pressure is an ellipse with its centre at a depth 

where k x and are the radii of gyration of the area with respect 
to the axes of symmetry and the atmospheric pressure is 

55. Shew that the pressure on any plane area immersed in 
water can be reduced to a force at the centroid of the area, and a 
couple about an axis in the plane of the area, and that the axis of 
this couple is perpendicular to the tangent at the end of the 
horizontal diameter of a momenta! ellipse at the centroid. 



CHAPTER, IV. 


THE EQUILIBRIUM OF FLOATING BODIES. 

48 . To find the conditions of equilibrium of a floating body . 

We shall suppose that the fluid is at rest under the action of 
gravity only, and that the body, under the action of the same 
force, is floating freely in the fluid. The only forces then which 
act on the body are its weight, and the pressure of the surrounding 
fluid, and in order that equilibrium may exist, the resultant fluid 
pressure must be equal to the weight of the body, and must act in 
a vertical direction. 

Now we have shewn that the resultant pressure of a heavy 
fluid on the surface of a solid, either wholly or partially immersed, 
is equal to the weight of the fluid displaced, and acts in a vertical 
line through its centre of mass. 

Hence it follows that the weight of the body must be equal to 
the weight of the fluid displaced, and that the centres of mass of 
the body, and of the fluid displaced, must lie in the same vertical 
line. 

These conditions are necessary and sufficient conditions of 
equilibrium, whatever be the nature of the fluid in which the 
body is floating, If it be heterogeneous, the displaced fluid must 
be looked upon as fallowing the same law of density as the sur- 
rounding fluid; in other words, it must consist of strata of the 
same kind as, and continuous with, the horizontal strata of uniform 
density, in which the particles of the surrounding fluid are* neces- 
sarily arranged. 

If for instance a solid body float in water, partially immersed, 
its weight will be equal to the weight of the water displaced, 
together with the weight of the air displaced ; and if the air be 
removed, or its pressure diminished «by a diminution of its density 
*or> temperature, the solid will sink in the water through 'a spac# 
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depending upon its own weight, and upon the densities of air and 
water. This may be further explained by observing that the 
pressure of the air on the water is greater than at any point 
above it, and that this surface pressure of the air is transmitted 
by the water to the immersed portion of the floating body, and 
consequently the upward pressure of the air upon it is greater 
than the downward pressure. 


49. We now proceed to illustrate the application of the above 
conditions, by discussion of some particular cases. 


✓ Ex. 1. A portion of a solid paraboloid , of given height , floats 
with its axis vertical and vertex downwards in a homogeneous 
liquid: required to find its position of equilibrium. 

Taking 4 a as the latus rectum of the generating parabola, h its 
height, and x the depth of its vertex, the volumes of the whole 
solid and of the portion immersed are respectively 2ir ah 2 and 
27 ra# 2 ; and if p, <r be the densities of the solid and liquid, one 
condition of equilibrium is 

p . 27 rah 2 — a . 27ra^ ; 

x =\J p * h ' 

which determines the portion immersed, the other condition being 
obviously satisfied. 


jEx. 2. It is required to find the positions of equilibrium of a 
square lamina floating with its plane vertical , in a liquid of double 
its own density , 

The conditions of equilibrium are clearly satisfied if the lamina 


float half immersed either with a 
diagonal vertical, or with two sides 
vertical. 

To examine whether there is 
any other position of equilibrium, 
let the lamina be held with the 
line DOG in the surface, in which 
case the first condition is satisfied. 

But, if the angle GOA = 0, and 
if 2a be the side of the square, 
Hhe moment about 0 of the fluid 



pressure, which is the same as { 
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the difference between the moments of ,the rectangle AK t and of 
twice the triangle GBD, * 

0 2 a . a . asec0 + acos0 

oc2tt 8 .» sm 6 - a a tan 6 . 5 , 

1 o 

oc sin 6 (1 - tan 2 6), 

• , 

and this vanishes only when 0 = 0 or ^ . 

Hence there is no other position of equilibrium. 


4 j Ex. 3. A triangular prism floats with its edges horizontal, to 
find its positions of equilibrium. 

Let the figure be a section of the prism by a vertical plane 
through its centre of gravity. 

PQ is the line of floatation and H 
the centre of gravity of the liquid 
displaced. When there is equilibrium 
the area APQ is to ABC in the ratio 
of the density of the prism to the 
density of the liquid, and therefore 
for all possible positions of PQ the 
area APQ is constant; hence PQ 
always touches, at its middle point, 
an hyperbola of which AB, AC are 
the asymptotes. 

Also HG must be perpendicular 
to PQ, and therefore since 
AH : HE- AG : GF, 

FE must be perpendicular to pQ, that is, FE is the normal at E , 
to the hyperbola. The problem is therefore reduced to that of 
drawing normals from F to the curve. 

Let xy = c a be the equation of the curve referred jo A B, AC as 
axes, and let 

lBAC=0, AB=2a, >AC=2b .(a). 

Let x, y be the co-ordinates of E ; the co-ordinates of F are 
a, b, and the equation of the normal at E is 



y cos 6 1 x 
x cos 6 - y 




v-v 
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And if this pass through F, the co-ordinates of which are a, 6, 
(b - y) (x cos 8 - y) = (a - x) (y cos 0 — x), 
or a? — (a + b cos 0) x « y* — (a cos 0 4- 6) y (/ 3 ). 

The equations (a) and (£) determine all the points of the 
hyperbola, the tangents at which can be lines of floatation. 

Also (ft) is the equation to an equilateral hyperbola, referred 
to conjugate diameters parallel to AB, AC\ the points of inter- 
section of the two hyperbolas are therefore the positions of E. 

To find x, we have 

x A — (a 4- b cos 0) . a? + (a cos 0 + b) &x - c 4 = 0, 

an equation which has only one negative root, and one or three [ 
positive roots, and there may be therefore three positions ofj 
equilibrium or only one. 

If the densities of the liquid and the prism be p and <r , we 
have, since the area PAQ 

= £AP.^$ 8 in0 = 2#ysin 0= 2c 2 sin 0, 

2pc 2 sin 0 = 2o-a6 sin 0, 
or pc 2 = aab, 

from which c is determined. 


Suppose the prism to be isosceles, then putting a -b } the 
equation for x becomes 

(P — c 4 - a (1 -f cos 0) (#* - &x) = 0 ; 

from which we obtain x = c, which gives c, and makes BC 
horizontal, an obvious position of equilibrium, and also 


: | (1 -f cos 0) ± | j (1 + cos 0) 2 - cil 


J , / t J A* 
= a cos a ^ ± I a 9 cos 4 ^ - c 9 1 J 


the isosceles prism will therefore have only one position of 
equilibrium, unless 

0 

a cos 9 2 >c 'i 

tod, dace pc* m aa*, this is equivalent to 



,bA. 

■i 
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Ex. 4. Determine the position of equilibrium of a balloon of 
given size and weighs neglecting the variations of temperature at 
different heights in the atmosphere. 

If the temperature be constant, the pressure of the air at a 
_ax n ** 

height z = lie * , and its density = — e“ * , n being the atmo- 
spheric pressure at the level from which the height is measured. 


The air displaced consists of a series of strata of variable 
density, and if z be the height of the lowest point of the balloon, 
x the distance from that point of any horizontal section ( X ) of 
the balloon, and h its height, the weight of a stratum of the air 
displaced is # 


and the whole weight of air displaced 

fh TTfl g{z+x) TT/7 9* f h w 

-J lfe--T-Xd* = ^e“Tj e'TXdx. 

The form of the balloon being given, X is a known function of 
x , and if W be the weight of the balloon and of the gas it contains, 
the height z will be determined by equating W to the expression 
we have obtained for the weight of the air displaced. 


50. A homogeneous solid floats, wholly immersed, in a liquid 
of which the density varies as the depth; to find the depth of its 
centre of mass . 

Let a, c be the depths of the highest and lowest points of the 
solid, Z the area of a horizontal section of the solid at a depth z, 
' and pz the density ; 

the weight e of the liquid displaced - f gpzZdz. 

J a 

, Let z be the depth of the centroid of the volume of the solid, 
and V its volume, then 

Vz = [ Zzdz; 

J a 

therefore the weight of displaced liquid = gpzV, and if p be the 
density of the solid, its weight « gp V; hence p =* pz t or the solid 
floats in such a position that the density of the liquid at the depth 
»o f the centroid of the volume of the solid is equal to the density 
of the solid. 
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61. If a solid float under constraint, the conditions of equi- 
librium depend on the nature of the constraining circumstances, 
but in any case the resultant of the constraining forces must act 
in a vertical direction, since the other forces, the weight of the 
body, and the fluid pressure, are vertical. 

If for instance one point of a solid be fixed, the condition of 
equilibrium is that the weight of the body and the weight of the 
fluid displaced should have equal moments about the fixed point ; 
this condition being satisfied, the solid will be at rest, anjl the 
stress on the fixed point will be the difference of the two 
weights. 

As an additional illustration, consider the case of a solid 
floating in water and supported by a string fastened to a point 
above the surface ; in the position of equilibrium the string will 
be vertical, and the tension of the string, together with the 
resultant fluid pressure, which is equal to the weight of the 
displaced fluid, will counterbalance the weight of the body ; the 
tension is therefore equal to the difference of the weights, and the 
weights are inversely in the ratio of the distances of their lines 
of action from the line of the string, these three lines being in the 
same vertical plane. 

62. For subsequent investigations, the following geometrical 
propositions will be found important. 

If a solid be cut by a plane, and this plane be made to turn 
through a very small angle about a straight line in itself \ the volume 
cut off will remain the same , provided the straight line pass through 
the centroid of the area of the plane section. 

To prove this, consider a right cylinder of any kind cut by a 
plane making with its base an angle 6. 

Let z be the distance from the base of the centroid of the 
section A, BA an element of the area of the section and V the 
volume between the planes. Then 

__2(bA.PN) 

A 

.*. Acos0£«2(8Acos0.Pi\T)*s F, 
or V**z (area of base). 


5-2 
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Now the centroid of the area A is also the 
sections made by planes passing through it, as 
may be seen by projecting the sections on the 
base of the cylinder ; it follows therefore, that, z 
being the same for all such sections, the volumes 
cut off are the same. 

< 

In the case of any solid, if the cutting plane 
be turned through a very small angle about the 
centroid of its section, the surface near the curves 
of section may be considered, without sensible 
error, cylindrical, and the above proposition is 
therefore established*. 

In other words, the difference between the volume lost and the 
volume gained by the change in the position of the cutting plane 
will be indefinitely small compared with either. 

53. Definitions . If a body float in a homogeneous liquid, the 
plane in which the body is intersected by the surface of the liquid 

is the plane of floatation. 

The point H , the centre of mass of the liquid displaced, is 

the centre of buoyancy. 

^ * The following form of proof may also be given. 

Let ACB , the cutting plane, be turned through a small angle (0) about a line Cx , 
and let dA be an element of the area. 


centroid , of all 




Then the algebraical value of the additional volume cut oil is equal to jdydA , 
and, if this vanishes, jydA *0, which is the condition that the centroid of A should 
lie in the axis of x; and, taking C as the centroid, any plane through C will satisfy 
the same condition. ‘ * 

We may observe that the algebraioal momen^ about the axis of y of the Volume' 
fuf off is f$xydA, which vanishes if fxydAss 0, that is, if the axes Cx, Cy be the 
principal axes of the area. 
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If the body move so that the volume of liquid displaced 
remains unchanged, the envelope of the planes of floatation is 

the surface of floatation, and the locus of H is the surface 
of buoyancy. 

V 54. If a plane move so as to cut from a solid a constant 
volume , and if H be the wntroid of the volume cut off \ the tangent 
plane at H to the surface which is the locus of H is parallel to the 
cutting plane. 

In other words, the tangent planes at any point of the surface 



of floatation, and at the corresponding point of the surface of 
buoyancy, are parallel to one another. 

Turn the plane ACB, the cutting plane, through a small 
angle into the position aCb, the volumes of the wedges ACa , BCb 
being equal. 

Let G and G' be the centroids of these wedges. 

In Gff produced take a point E such that 

EH : HG : : Volume ACa : Volume 0 aDJ?. 

Join EG' and take H ' such that 

EH ' : H'G' : : Vol. BCb : Vol. aDB; 
then H' is. the centroid of aDb ; 
but EH:HG::EH':H'G', 

and HH' is therefore parallel to GG\ 

Hence it follows that ultimately when the angle ACa is 
indefinitely diminished, 

HH' k parallel to ACB; 

7 and HH' is a tangent at H to the locus of H. 
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This being true for any displacement of the plane A CB about 
its centroid, it follows that the tangent plane at H to the locus of 
H is parallel to the plane AGB. 

^55. The positions of equilibrium of a body floating in a 
homogeneous liquid are determined by t drawing normals from 
G, the centre of mass of the body, to the surface of buoyancy. 

For if GH be a normal to the surface of buoyancy, the tangent 
plane- at H, being parallel to the plane of floatation, is horizontal, 
and GH is therefore vertical. 

The two conditions of equilibrium are then satisfied, and a 
position of equilibrium is determined. 

The problem comes to the same thing as determining the 
positions of equilibrium of a heavy body, bounded by the surface 
of buoyancy, on a horizontal plane. 

56. It should be noticed that the shape of the curve of 
buoyancy is entirely determined by the form of the bounding 
surface, and is unaffected by an alteration of the form of that 
portion of the body which always remains immersed. 

Let HQ be an arc of the surface of buoyancy for a boundary 
BAC, and an immersed volume F, and imagine a volume v, the 
centroid of which is h, to be cut off. 



Taking hH’ :hH ::hty :hQ :: V : F- v, the surface H'Q[ is* 
the new surface of buoyancy which is obviously similar to the 
^urfec e HQ. 
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57 . Particular cases of curves of buoyancy. 

For a triangular prism, as in Art. (49), the curve of floatation 
is the envelope of PQ , which is an hyperbola having AB, AC for 
asymptotes; and, since AH = $ AE, the curve of buoyancy is a 
similar hyperbola. 

If the body be a plaife lamina bounded by a parabola, the 
curves of floatation and buoyancy are equal parabolas. 

If the boundary be an elliptic arc, the curves are arcs of 
similar and similarly situated concentric ellipses. 

If the immersed portion of a lamina (or prism) be a rectangle, 
the curve of floatation apparently is a single point, and the curve 
of buoyancy is a parabola. 

To prove this, let H , H' be positions of the centroid corre- 
sponding to the positions ACB, A'CE of the line of floatation. 

Then, if AC=CB = a, BE = ft CH = c, and S = the area 
cut off, 

Sy = S.H'N = \af3 . 2 “- *«£ ( - y)=K& 

S% = S. HN = *a/3 (« + f ) ~ “ f) = 

and .\ % a = $a*x. 

This is a particular case of the triangular prism, and, as in 
that case, the curves of floatation and 
buoyancy are similar curves, the fact 
being that the curve of floatation is a 
parabola, with its vertex at 0, flattened 
down to a straight line. The identity 
of the cases will be clearly seen by the 
application of a powerful microscope to 
the figure, capable of enlarging the 
evanescent parabola to a visible size. £ 

In the case of Ex. (2), Art. (49), 

S * 2a a , and the curve of buoyancy is 
the parabob, 3t/ 2 = 2ax. 

The radius of curvature at the vertex, H, of this parabola is 
which is less than HO. 4 
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Hence it will be seen that three normals can be drawn to the 
curve of buoyancy, giving the three 
positions of equilibrium. 

* 58. If the body be a lamina 

bounded by an hyperbolic arc, the 
curves are similar hyperbolas. 

Thus, if QVQ be a line of floata- 
tion, and if 2a', 2 b' be the diameters 
conjugate and parallel to QQ', inclined 
at an angle $ , so that a b' sin 6 — ab, 
r* U 

the area QPQ' = 21 ~ v x? - a * sin 6 dx 
J a! 

= ^{JV / ^- 1 - l0 «G + Va- r >- : 

so that the ratio of a?' to a', that is, of OF to CP, is constant. 
Moreover, 

it trf _ 

(area) (CH) = 2 - sin 6 I x\/x i -a" i dx 
d J a' 

2 , (x- , 

= 3 a6 (a-- 1 ) a; 


and therefore the ratio of CH to CP is constant. 

These results can also be obtained by purely geometrical 
reasoning. 


59. In the case of a right circular cone floating with its 
vertex beneath the surface, the surfaces of floatation and buoyancy 
are hyperboloids of revolution. 

If V is the vertex of the cone, ACB the major axis of a section, 
and VK the perpendicular upon AB, the volume V A B is equal to 

iVK. lirAB. {AV.BV sin* <x}l 

But VK.AB= VA.VBsm2a, 

eaoh expression being double the area VAB ; therefore, the volume 
being constant, it follows that the area VAB is constant. 

The locus of C\ the centroid of the plane section,, is therefore a 
hyperboloid of revolution, and, VH being three-fourths of VC, the 
NWimce of buoyancy is a similar hyperboloid. 



EQUILIBRIUM OF A FLOATING BODY 73 

60. If the floating body be such that the boundary of the 
portion immersed is the surface of an ellipsoid, it is easily seen 
that the surfaces of floatation and buoyancy are portions of similar 
and similarly situated concentric ellipsoids. For if the boundary 
be a portion of a spherical surface, this is obviously true, and the 
sphere can be homogeneously strained into an ellipsoid. 

61. A solid of revolution floats in a liquid which rotates 
uniformly, as if solid , about a vertical axis, the axis of the solid 
coinciding with the axis of rotation ; required to find the condition 
of equilibrium. 

In a mass of rotating liquid, suppose a surface of revolution 
described, having its axis coincident with the axis of rotation, and 
consider the equilibrium of the liquid within this surface. The 
resultant of the fluid pressures upon the liquid must be equal to 
its weight, and the same pressures being exerted on the surface of 
any solid occupying the same space, it follows that any such solid 
will be in equilibrium, if its weight be equal to the weight of the 
fluid it displaces. 

It will be seen moreover that it is quite indifferent whether 
the solid rotate with the fluid, or with a different angular velocity, 
or be at rest. 


Ex. A cylinder floats in rotating liquid ; to find the depth to 
which it is immersed. 


If w be the angular velocity, the equation to the generating 
parabola of the free surface, taking its vertex as the origin, 
is &>y = 2 gz, and if z be the depth of the base of the cylinder 
below the circle of floatation, that is, the circle in which the free 
surface intersects the surface of the cylinder, and^c the radius of 
the cylinder, the volume of the displaced fluid is the difference 
between the volume of a height z of the cylinder, and the volume 


Of a height 


of the paraboloid. 


Hence, if <r be the density of the cylinder and p of the fluid, 


<nrc % h = p (tt&z — ^ > 
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62. A more general case is thht of a body floating, wholly or 
partially immersed, in a liquid at rest under the action of any 
given forces, the same forces being supposed to act on the 
molecules of the body. 

If the body be in equilibrium, the resulting force upon it will 
be equal to the resulting force on the liquid displaced, and the 
lines of action of the two forces will be the same. 

For, if the body be removed, and its place occupied by the 
displaced liquid, the resulting pressure of the liquid upon the 
body will be the same as upon the displaced liquid, and will 
therefore be equal and opposite to the resultant force upon the 
displaced liquid. 

Ex. A mass of liquid is at rest under the action of a force to 
a fixed point varying as the distance , and a solid in the form of a 
spherical sector is at rest partly immersed in it , with its vertex at 
the fixed point ; it is required to compare the densities of the liquid 
and the solid. 

In the state of equilibrium, let r be the radius of the free 
surface of the liquid, and a the radius of the spherical sector. 
The volumes of the sector and of the displaced liquid are in the 
ratio of a* to r * ; and the distances of their centres of mass from 
the centre of force are in the ratio of a to r ; 

/.if p and <r be the densities, pa i = ar 4 . 

V63. Potential energy stored up by the immersion of a solid in 
a liquid. 

If a solid body be immersed in a vessel containing liquid, work 
is done, and therefore potential energy is gained by the elevation 
of the centre of gravity of the liquid. 



Let x be the depth of liquid, e^he depth of immersion of the 
* solid* X and Z the corresponding areal sections of the vessel aud 
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the solid, V the volume of liquid, and V' of the immersed portion 
of the solid. 


Then, Vx = f X'xdx' —I Z' (x — z + z') dz' t 

J o - • ' o 

and the increase of potential energy is the variation of the 
expression gpVx, due to an increase Bx in x. 

Taking gp = 1, this variation 

= XxBx — (Bx — Bz) V* — (x - z) ZBz - ZzBz , 
ind, observing that 

F= f X X'dx'-f Z Z'dz' 

Jo Jo 

and therefore that 


XSx = ZBz, 


the variation = V' (Bz - Bx). 

This result can of course be obtained at once by observing that 
V' is equal to the resultant vertical pressure on the solid, and 
that Bz-Bxas the descent of the solid due to the ascent Bx of the 
liquid. 


EXAMPLES. 


4 1. A solid formed of two co-axial right cones, of the same 
vertical angle, connected at the vertices, is placed with one end in 
contact with the horizontal base of a vessel : water is then poured 
into the vessel ; shew that if the altitude of the upper cone be 
treble that of the lower, and the common density of the spindle 
four-sevenths that of the water, it will be upon the point of rising 
•when the water reaches to the level of its upper end? 


- 2. A cone, of given weight and volume, floats with its vertex 
downwards; prove that the surface of the cone in contact with the 

liquid iB least when its vertical angle is 2 tan -1 . 


» / 3. A square board is placed in liquid of four times its density; 
shew that there are three different positions in which it will float 
with one given comer only below the surface of the fluid. 

* 4. A body is floating in vwiterj a hollow vessel is inverted 

1 it and depressed : ,what effect will be produced in the position 
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of the body, (1) with reference to the surface of the water within 
the vessel, (2) with reference to the surface of the fluid outside ? 

/5. A hollow hemispherical shell has a heavy particle fixed to 
its rim, and floats in water with the particle just above the surface, 
and with the plane of the rim inclined at an angle of 45° to the 
surface ; shew that the weight of the hemisphere : the weight of 
the water which it would contain 

:: 4V2-5 : 6 V2. 

. ✓ 6. A cone of semi- vertical angle 30° and axis h floats with its 
axis vertical and vertex downwards in a fluid whose density is 
one- third greater than its own ; shew that the rim of its base will 
be just immersed if the fluid rotate, as if rigid, with angular 
velocity •Jgfs/h about a vertical line coinciding with the axis of 
the cone. 

j 7. A solid cone is divided into two parts by a plane through 
its axis, and the parts are connected by a hinge at the vertex ; the 
system being placed in water with its axis vertical and vertex 
downwards, shew that, if it float without separation of the parts, 
the length of the axis immersed is greater than h sin 2 a, h being 
the height of the cone, and 2a its vertical angle. 

8. A cone, the vertex of which is fixed at the bottom of a 
vessel containing water, is in equilibrium, with its slant side 
vertical and the lowest point of its base just touching the surface. 
Compare the density of the cone with that of the water. 

/ 9. The curved surface of a cup is formed by the revolution 

of a portion of the curve ~ = log | about its asymptote. It floats 

in liquid with its axis vertical and narrow end downwards, and \ 
heavier liquid is poured into it. Shew that if the cup be made 
of proper weight, the distance between the surfaces of the iwo 
liquids will be constant. # 'v , 

* i j K 

s 10. A cylinder floats in a liquid with its axis inolined At an 
angle tan -1 2/5 to the vertical, and its upper end just ^bov*e the # 
surface ; prove that the radius is 4/7 of the height of the <^hder. 

✓ 11. Two rods of the same substance have their ends fiptened 
together, and float in a liquid with the angle immersed; shew tha^ 
the curve of buoyancy is a parabola. 
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1 12. A cone floats, with vertex downwards, in a cylindrical 
basin of water, and is lifted just out of the water (without tilting); 
shew that the work done is 

ww-tf), 

where W is the weight of the cone, l is the depth of the vertex 
below the surface in equilibrium, X is the length of the cylinder 
which would be filled by the water then displaced by the cone. 

/ 13. Find the surfaces of floatation and of buoyancy in the 
case of a right circular cylinder floating with one end immersed. 

14 If a given quantity of homogeneous matter be formed 
into a paraboloid of revolution and allowed to float with the vertex 
downwards, the square of the distance of the centre of gravity from 
the plane of floatation will be inversely proportional to the latus 
rectum. 

15. A hollow hemispherical cup is closed by a lid of the same 
small thickness and of the same substance ; shew that, if it float 
in a liquid with its centre in the surface, the inclination of the lid 
to the vertical will be 11° 15'. 

J 16. A right circular cone has a plane base in the form of an 
ellipse; the cone floats with its longest generating line horizontal; 
if 2d be the vertical angle, and $ the angle between the plane 
base and the shortest generating line, shew that 
5 cot = 5 cot 4a — cosec 4a. 

17. If the height of a right circular cone be equal to the 
diameter of the base, it will float, with its slant side horizontal, in 
any liquid of greater density. 

< 18. A cone, whose height is h and vertical angle 2a, has its 
vertex fixed at distance c beneath the surface of a liquid; shew 
that it will rest with its base just out of the liquid if 

<rc* cos’ a cos $ = ph 4 [cos ( 6 - a)](cos ( $ + a)] 
where a and p are the densities of the liquid and cone, and 0 ia 
given by the equation c cos a = h cos (6 + a). 

J 19. A tetrahedron floats in water with one comer immersed. 
The three edges which meet in this comer are equal and mutually 
at right angles v Shew that there are one, two, or three distinct 
positions of equilibrium, according as the^Sfctio of the density of 
'he tetrahedron to that of the* water is greater, equal to, or less 
tttan 4 
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/2<X A hemispherical shell (radius 2a) containing water rotates 
with an angular velocity •fSgj'J 7a about its axis which is vertical: 
a sphere (radius a) rests on the water with its lowest point in 
contact with the shell without pressure on it. If the free surface 
passes through the rim of the shell, shew that 

density of sphere : density, of water : : 128 : 189. 

J 21. An isosceles triangular lamina ABC, right-angled at C, 
floats, with its plane vertical and the angle C immersed, in a 
liquid of which the density varies as the depth; prove that, 
if tt/ 4 + 0 be the angle which AB makes with the vertical, in 
either of the positions of equilibrium in which AB is not horizontal, 
the value of 0 is given by an equation of the form 
m sin 3 6 cos 2 0 = (sin 6 -I- cos 0f. 

/ 22. A right circular cylinder, whose axis is vertical, contains 
a quantity of liquid, the density of which varies as the depth, and 
a right cone whose axis is coincident with that of the cylinder 
and which is of equal base, is allowed to sink slowly into the 
^liquid with its vertex downwards. If the cone be in equilibrium 
when just immersed, prove that the density of the cone is equal 
to the initial density of the liquid at a d^pth equal to ^h the 
length of the axis of the cone. 

4 23. A solid cone, of height h, vertical angle 2a, and density p , 
is moveable about its vertex, and its vertex is. fixed at a depth c 
below the surface of a liquid, the density of which, at a depth z, 
is fiz * The cone is in equilibrium with its axis inclined at an 
angle 0 to the vertical, and its base above the surface ; prove that* 

/xc* cos ? a cos 0 =s bph* jcos (6 + a) cos ($ — a)}$. 

< » 
24. A hollow paraboloidal vessel floats in water w}th a heavy 

sphere lying in it. There being an opening at the vertex,* the 
water occupies the whole of the space between the vessel and the 
sphere. If the resultant pressure on the sphere he equal to half 
the weight of the water which would fill it, shew that tbr dep^ 
of the centre of the sphere below the surface of the water is 4 a*/^* 
where 4a is the latus rectum of the paraboloid, and c tha distance 
of the plane of contact from the vertex. 

x 25* A right cone floats with 4ts vertex downwards in a fluid* 
of which the density varies as the depth. Shew that if its aft 
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can make an angle 0 with the vertical in s a position of equilibrium, 

then _____ 

5 cos a sec 0 (cos 2 $ - sin 2 a)$ = 4 V 4 ar/p, 

where a is the semi-vertical angle of the cone, <r its density, 
p that of the fluid at a depth equal to the slant side of the cone. 

y 26. A right-angled triangular prism floats in a fluid of which 
the density varies as the depth with the right angle immersed 
and the edges horizontal ; shew that the curve of* buoyancy is of 
the form 

r® sin 4 0 cos 4 0 = c fl . 

/ 27. A life-belt in the form of an anchor-ring generated by 
a circle of radius a floats in water with its equatoreal plane 
horizontal; shew that z , the depth immersed, is given by the- 
equations 

z=*a( 1 - cos ft), 

2irs«(20-sin2£); 

where 8 is the specific gravity of the material of the belt. 

^ 28. A parabolic lamina, bounded by a double ordinate per- 
pendicular to the axis, floats vertex downwards in a liquid with 
its focus in the surface and its axis inclined at the angle tan"" 1 V7/2 
to the vertical ; prove that the density of the liquid is to that of 
the lamina as 216 : 11^, and that the length of the bounding 
ordinate is three times the latus rectum. 

' 29. A solid right cone of density <r, height h, and vertical 
angle 2a can turn freely about its vertex which is fixed at a 
height d above the surface of a liquid of density p. If it float 
with its base wholly immersed, and its axis inclined obliquely at 
an angle 0 with the vertical, shew that 

k 4 (p — a ) {cos (0 + a) cos (0 — «)} ^ = d*p cos 0 cos 3 a. 

30. An indefinitely small piece of ice, the shape of which may 
be taken to be that of a right circular cylinder, is floating in 
water with its axis vertical. The part immersed receives deposits 
of ice in such a manner as to continue cylindrical, the radius and 
axis receiving equal increments in equal times. Find the ultimate 
shape of the part not immersed. 

If the specific gravity of ice be *’96, prove that the surface is 
formed by, the revolution of the curve 
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/ 31. Describe the complete surface of buoyancy for an equi- 
lateral triangle floating in a liquid of four times its density, and 
shew that at points where the curvature is discontinuous the 
tangents to the curve intersect at an angle 


tan _] 


12 V3 

107, * 


32. A solid bounded by the planes x= ±a, y = + 6, s * 0 and 
z = c floats in water with the base z = 0 wholly immersed. Shew 
that for displacements such that the volume V immersed remains 
constant and the base is entirely under water and the opposite 
face entirely out of the water, the equation of the surface of 
buoyancy is 

a f y* __ 8 abz 1 

a'+b*~'W~r 


33. A cylindrical vessel with its cross-section of any shape 
floats with a length 2c of its axis immersed when the axis is 
vertical. Prove that the equation of the surface of buoyancy 
is a?/a 2 + fib 1 = zjc ; where the origin is taken at the middle 
point of the portion of the axis immersed for the upright position, 
the axis of z is vertically upwards, and the axes of x, y parallel 
to the principal axes of moments of inertia of the plane of floata- 
tion for the upright position through its centre of gravity, and b , a 
are the radii of gyration for those axes of the plane of floatation. 



CHAPTER V. 


THE STABILITY OF THE EQUILIBRIUM OF 
FLOATING BODIES. 

64 . If a floating body be slightly displaced, it will in general 
either tend to return to its original position, or will recede farther 
from that position ; in the former case the equilibrium is said to 
be stable , and in the latter unstable, for that particular direction 
of displacement. 

Consider first a small vertical displacement : it is clear that, if 
the body be floating partially immersed in homogeneous fluid, or 
if it be immersed, either wholly or partially, in a heterogeneous 
fluid of which the density increases with the depth, a depression 
will increase the weight of the fluid displaced, and on the contrary 
an elevation will diminish it ; in either case the tendency of the 
fluid pressure is to restore the body to its position of rest, and 
the equilibrium is stable with regard to vertical displacements. 
This, it will be observed, is only shewn to be true of rigid bodies ; 
if the increased pressure, caused by depression, have the effect of 
compressing any portion of the floating body, the equilibrium is 
not necessarily stable, and in fact it may be unstable. 

An arbitrary displacement will in general invoke both vertical 
and angular changes in the position of the body ; if however the 
displacement be small, as we have suppbsed to be the case, the 
effects of tbo two changes of position can be treated independently; 
and we proceed to consider the effect of a small angular displace- 
ment, on the supposition that the weight of fluid displaced 
remains unchanged, and consequently that the fluid pressure hasi 
no tendency tf) raise or depress the centre of mass of the body. 

^65. A solid , floating at rsst in a homogeneous liquid , is made* 
Ho tury ’ through a very small angle in a given vertical plane ; to 

B,ft. fl 
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determine whether the fluid pressure will tend to restore it to its 
original position <or not 

Suppose the volume of liquid displaced to remain unchanged, 
and that the centre of buoyancy remains in the vertical plane of 
displacement through HQ. This will be the case if ON be a 
principal axis of the plane of floatation. 

Let A EC be the original plane of floatation and BCb the 
water-line after displacement through a small angle 0, G the 
centre of mass of the solid, H of the fluid originally displaced, 
and V the volume of the fluid displaced. 



In the second figure GN is the line of intersection of the two 
planes ACa, BCb, which is perpendicular to the plane ACB, in 
the first figure. 

The resultant fluid pressure is the weight of BDab acting 
upwards, and is therefore equivalent to the weight of ABa, or 
gpV, acting upwards through H , of the wedge aGb acting upwards, 
and of the wedge ACB acting downwards. 

These wedges being equal, the resultant action of the two 
wedges is a couple, the moment of which about Q is equal to its 
moment about C. 

Taking for convenience jmty, the weight of an element 
PN of one of the wedges 

dtf O 



where x*=CN, and y-PN; and the distance from CN of its 
centre of gravity is Jy; 

the moment about ON of the wedges 

= 2 ($ 2 /*%) 

**6lly > $(c = 6.Ak‘, 



METACENTRE 


>83 


where A is the area of the section ACa of the body by the plane 
of floatation, and Jc its radius of gyration relative to the line CN. 
Hence the restorative moment of the fluid pressure about a 
horizontal axis through G , parallel to CN, 

= {Ak'-V.HG)6 ; 

and if this moment is positive the solid tends to return to its 
original position, i.e. the equilibrium & stable 

when HG < ^ > 

v 

and, conversely, is unstable 

, un Ak 2 

when HG > y . 

If M be the point in HG through which the resultant vertical 
pressure of the fluid acts, in other words, if the vertical line 
through the centre of buoyancy meet HG in M , the moment is 
V >GM sin d , 

or V(HM-HG)0; 



and the equilibrium is stable or unstable according as HM> or 
<HG. 

The point M is called the metacentre. 

If HG=*Ak*/V, that is, if M and G coincide, the equilibrium 
is said to be neutral, and, when this is the case, the approximation 
must be carried to a high er power of 0, in order to determine 
whether the equilibrium is stable or unstable for small dis- 
placements. 

Replacing gp, it will be seen that, in the general case, the 
restorative moment, for a displacement through a small angle 0, is 

gpd(Ak*~ V.HG). 

^66. Work expended. A body, which is floating in a liquid , 
is turned through a small angle <p round a principal axis at the 
centroid of the plane of floatation; to. determine the amount of work 
expended in producing the displacement 

Let the displacement be ° about the line CN in -the seconct 
ogure. ■* 
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Then, if K represent the expression gp(AJ&- V,HG\ KB is 
the couple required to hold the body at the displacement 6 , and 
KBBB is the work done in producing the additional displace- 
ment bd. 

Hence the work done in producing the small displacement <f> 

= [*K0dB = bK<l>\ 

J o 

J 67. We have assumed, in the preceding investigations, that 
the centre of mass of the displaced liquid remains in the vertical 
plane of displacement passing through HG ; when this is not the 
case, the expression 

gpd(Ak'-V.HG) 

will still represent the moment of the fluid pressures, but the line 
of action of the resultant fluid pressure will not necessarily lie in 
the plane A Ba. 

Let x be the distance measured in the direction GN, from the 
vertical plane A Da, of the vertical through the centre of gravity 
(H') of the solid Bab, then t0 ' , ^ <v . Cl 

Vx = j j gpO xy dy dx, 

so that x depends upon the product of inertia of the area, and 
vanishes when Gx and Gy are principal axes. 

If the projection of the vertical through H' on the plane ABa 
meet* HG in M> the moment of the fluid pressures about G will 
still be represented by V . GM .6, and therefore as in the previous 
case V . HM ~k?A, and if rotation in the direction of the plane 
ABa only be allowed, the position of the point M defines the 
Stability of the equilibrium. 

68 . It must be observed that the above investigation is 
essentially statical; it is simply an inquiry into the direction 
in which the moment of the fluid pressure about a certain 
horizontal axis through G is acting in the, position of displace- 
ment contemplated. 

Considered dynamically, if the horizontal axis ^through G 
not a principal axis, the forces introduced by displacement w$ 
cause accelerations about other axes through G, and ion^ 
sequently produce rotations about varying axes. 
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Moreover* a rotation about 0 would, except in the case in 
which E and 0 are coincident, cause a change in the quantity of 
fluid displaced, and vertical oscillations would therefore ensue. 

69 . The question of stability may be treated somewhat 
differently. 

Defining the metacent^e as the point of intersection with the 
line HO of the vertical line through the new centre of buoyancy 
after a slight displacement, we are led to the following theorem ; 

The metacentre is the centre of curvature of the curpe of 
buoyancy at the point in the same vertical line with G. 

This is at once obvious from the fact that the point M is the 
point of intersection of consecutive normals to the curve. 

Hence it appears that for any displacement, consistent with 
the condition that the volume displaced remains the same, the 
direction of the fluid pressure is always a vertical tangent to the 
evolute of the curve of buoyancy. 

j 70 . From the preceding theorem we can determine the ex- 
pression for the height of the metacentre above the point H. 

Let H be the centroid of the volume ADB, and H' of aDb f 
aCA being a small angle 6. 

Then, if a be an element of the area of the plane of floatation, 



H'N\ HN, perpendiculars upon the vertical line through C f 
B'N'.'v -HN.V~X(Cn.$.a.Cn) + S(Cn'.8.a'. Cri), 
H*L . V = 6Ak* 
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but? if if be the centre of curvature at H , 

H'L = H'M.6 = HM.6, 

V.HM = frA. 

The restorative moment, for a small displacement 6, 
= g P V. GM . 6 « (A& a r F. #G). 


71. The preceding article assumes that the vertical line of 
action of the fluid pressure, after a slight displacement, intersects 
HO. * This will be true only when the plane of displacement is a 
principal section, at H y of the surface of buoyancy. When this is 
not the case, the projection of the line of action on the vertical 
plane of displacement will intersect HO in a point M, which will 
be the centre of curvature of the normal section of the surface. 


The radius of curvature of any normal section at H , of the 
surface of buoyancy, is therefore Ak?/V, and, if / and T be the 
principal moments of inertia of the plane of floatation at its 
centroid, the principal radii of curvature, at H, of the surface of 
^buoyancy are 



and the principal sections are parallel to the principal axes of the 
plane of floatation. 


72. A most important case naturally presents itself; that 
is, the question of the stability of equilibrium of a ship when 
displaced by rolling. 

In general it is impossible for a ship to roll without tossing, 
because the two ehds of the ship are unsyrametrical ; but in the 
case of a very long vessel, such as an Atlantic ‘ liner/ it may be 
assumed that the ship can be divided symmetrically by a plane 
perpendicular to its length, and in this case the ship has two 
vertical planes of symmetry, and consequently the vertical line 
HO passes through the centroid 0 of the plane of floatation. 

The line HO also divides the curve of buoyancy symmetrically, 
and. the point if is a point of maximum or minimum'' curvature. 
In the first of these two cases the cusp of the evolute is pointed 
fiotfnwards ; in the second case it is pointed upwards. 
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The figures at once shew the effects of displacement. 



In the first case the righting moment, which is the statical 
measure of stability for a given angle of displacement, is propor- 
tional to OF the perpendicular from G on the tangent PQ, and 
increases with an increase in the angle of displacement. 

In the second case, the righting moment increases to a 
maximum value, and then diminishes, vanishing for the position 
given by the tangent GQ'P'. 

This is a position of equilibrium, but it is of unstable equili- 
brium, in accordance with the general mechanical law that [ ? 
positions of stable and unstable equilibrium occur alternately. I 

If the equation to the curve of buoyancy be obtained in the 
form p =* /(<£), G being the origin, 

GY - dp I deb, 

and the righting moment is 

Wdp/dfr 

if W be the weight of the ship. 

In general the curve of buoyancy, for moderate displacements, 
is approximately an arc of an hyperbola ; in the case of a * wall- 
sided’ ship, that is of a ship with the sides vertical near the 
water-line, the curve is an arc of a . parabola. 

In the case of a ship, if, M is the metacentre for rolling, the 
product W* GM is called the stiffness of the vessel. 
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73. In the case of a ship floating upright, the radius of 
curvature of a transverse section of the surface of floatation is 
r, sb Jy 8 tan ads/ A, 

ds being an element of the perimeter, and A the area, of the 
water-section, and a the inclination of the side of the ship to the 
vertical. 

To prove this let G, C' be contiguous points on the transverse 
section of the surface of floata- 
tion, the tangent plane at C' 
making a small angle 0 with 
the water-section APQB, and let 
apqb be the projection on the 
water-section of the section of 
the ship made by this tangent 
plane, so that E , the projection 
of G\ is the centroid of the area 
apqb. Let PQ, pq be corre- 
sponding elements, and PQ = ds, 
then 

area PQqp-y9 tan ads; 

.*. CE . (A) = j y 2 6 tmads, 

and, since CG' — r x 6 , and GE = CG' ultimately, it follows that 
i\A - jy 2 tan ads , 

an expression first given by Mons. C. Dupin, in a memoir presented 
to the Acad4mie des Sciences in 1814. 

A corresponding expression obviously exists for the radius of 
curvature (R x ) of the longitudinal section. 

' 74. Calling r and R the metacentric heights for transversal 
and longitudina^displacements, that is, the radii of curvature of 
transverse and longitudinal sections of the surface of buoyancy; 
we know that 

r = y and R = y, 



where i and I are the principal moments of inertia of the water- 

section. 


' Mons. E. Leclert has established the following relations 
between these quantities; 

di V dr 




dV 


: r + 


dV 


R x ■ 


dV 


R+V 


dR 

dV 
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A translation of Leclert’s paper is given by Mr Merrifield in 
the Proceedings , for 1870, of the Insti- 
tution of Naval Architects , and in the 
Messenger of Mathematics, March, 1872. 

The following is the first of the two 
proofs which are given. 

Taking a section parallel to the 
water-section, and at a distance dz 
from it, 

dV=Adz. 

Let apqb be the projection of this new section upon the water- 
section; then di is the moment of inertia of the area between 
apqb and APQB ; 



and 


Hence 


di -'SL'ifdz .tan ads, 

| y" tan ads. 

1 di _ di 
Vl ~ AJz~dV ] 


?*, - r = 


dV 


V~ 
Vdr 

r ' = r+ d7- 


Vdi-idV 
VdV 9 


75. Increase in load. Effect of a slight increase in the 
load of a ship on the position of the ^ 

metacentre. I 


Assuming that a ship has two 
vertical planes of symmetry, let 
C be the centroid of the plane of 
floatation, and consider the stability 
in one of these planes. 

Taking C' as the new position of 
Q when the lo^d is slightly increased, 
let 8K represent the additional dis- 
placement/ * 

i Then, if H f and M' are the new 
positions of H and M, 

MM’-tt'M’-HM+HH' 

-Sr + JTiT; 

fcat <[H'.&V=V.HH\ 


M' 

M 



W 

H 
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MM' = $r+ CHyr = yr(r 1 -r + CH), 

Vi representing CD, the radius of curvature of the surface of 
floatation. 

Hence MM' = ~ (CD - HM + GH) 

SF ' 

= yr(HD-HM), 

so that the metacentre is elevated or depressed, relative to the 
ship, according as the metacentre is below or above the centre of 
curvature of the surface of floatation. 

76 . Heeling over of a screw-steamer due to the action of 
its screw*. 

If L is the turning couple of the engine, measured in foot- 
pounds, and if n is the number of revolutions per minute, the 
work done in one minute is ^lirnL . But, if H is the horse-power 
at which the engine is working, 

the work done = 33000 H ; 

.-. 2mL = 33000 H. 

If 6 is the angle through which the steamer heels over, h the 
height of the metacentre above the centre of gravity, and W the 
weight of the steamer in tons, 

L = 2240 WTisintf; 

33000 H = 2irn x 2240 Wh sin 0, 
an equation which determines 6. 

The heeling effect can be counteracted by placing a weight w 
at a given distance c from the medial plane, such that 

w.c = L, 

or 27rn. cw = 33000 H. 

In the case of a paddle steamer, the heeling over will be in 
the longitudinal direction, and in this case h wilFbe the longi- 
tudinal metacentric height. 

It will be seen that the heeling over is in the opposite 

direction to the rotation. Thus, in the case of a paddle steamer 

going ahead, the bow is slightly lifted and the stern is slightly 

sunk. 

* 

# This article is due to Prof. Greenhill. 
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77. We now append some examples of the determination of 
the metacentre. 

y Ex. 1. A solid cylinder of radius a and length h floating 
with its axis vertical 

In this case the plane of floatation is a circular area, and 

AJc 2 = 4 f y‘ 3 dx = | f (a 2 — # 2 )- dx 
J 0 Jo 


= § a 4 cos 4 0 dO, putting x - a sin 0 
Jo 

7ra 4 

“T ; 

therefore, if h! be the length of the axis immersed, 

„!/ rrxr 7T(l 4 rri , a 2 

7ra 3 /i . = -j- , or #i/ = . ,, , 

4 4/t 

and the equilibrium is stable if 

u 8 h K 
4 X' > 2 ~ 2 ' 


V Ex. 2. J. cylinder floating with its axis horizontal and in 
the surface is displaced in the vertical plane through the axis. 

The plane of floatation is a rectangle, and 
Ak‘ 2 — JaA, 8 , 

h being the length of the cylinder, and a its radius ; 


iinr 1 h 2 

••• HM= s™’ 


and the equilibrium is stable, if 


1 /t 8 4a 

3 7ra ^ 37 t * 


or 


h > 2a. 


^ Ex. 3. A solid cone floating with its axis vertical and vertex 
downwards , 

Let h be the length of the axis, 

z the portion of the axis immersed, 

2a the vertical angle of the cone. 
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Then Ah? = £ 7 tz* tan 4 a, 

and V = tan 8 0 ; 

'HM-\z tan*a; 
also HG = %h-%z, 

and therefore the equilibrium is stable or unstable, according as 
z tan 3 a > or <th-z, 

or z > or < h cos 8 a. 

t 

But if p, a be the densities of the fluid and cone, 



therefore the equilibrium is stable or unstable as 


<7 

- > or < (cos a) 6 . 

P 

Ex. 4. An isosceles triangular prism floating with its base 
not immersed, and its edges horizontal. 

Referring to Art. (49), consider first the position of equilibrium 
in which the base is inclined to the horizon. 

In this case, if AQ=*2y and AP = 2x, and we put a = b in 
equation (£) on page 65, x and y are given by the equations 

6 

x + y=* 2a cos 8 ^ , 
xy — c 8 . 

The co-ordinates of G and H referred to AB, AC as axes 
are respectively, 

and f y t 

HG 2 = | {(a - xf -I- (a - yf + 2 (a - x) (a - y) cos 0| 

* | 2 a:?/ cos 0 - 2a (1 -f cos 6) (x 4- y) + 2 a 2 (1 + cos 0)), 

from which, by means of the above equations, we obtain 

< HG = | sin ^ ^a 8 cos 3 1 - c 3 ^ . 

The area PAQ- 2c 8 sin 0, and if i/ be the metacentre, end l 
the length of the prism, 

2lc‘sin8.HM = ?^.PQ.l, 


HM± 


p <y 

24c 8 sin!? ‘ 
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But 


PQ> = 4 (ac'+y 1 — 2 xy cos 6) 


Of 6 \ 

■ 16 cos 2 g f o s cos 2 ^ — c 2 ) ; 


,e 

4 008 2 / 6 

HM=l ^(tfcos^-c 2 ) , 

c 5 sin g 


0 Of 0 \ 

and HM > HG, if c 2 sin 2 ^ < cos 2 ^ ( a 2 cos 2 ^ — c 2 ) , 


i.e. if 


cos 2 ~ > . 
2 a 


Next, consider the case in which the base is horizontal, and 
PQ therefore parallel to BC. 

The area PAQ = 2c 2 sin 0, 

AP = A Q = 2c, and PQ = 4c sin - . 

Z 

• 

4 Sln 2 4 e 

Hence, HM = 5 c — , and HG = ~{a-c) cos s , 
o v o Z 


and 


cos 2 

HM>HG if cos 2 f < c . 

2 a 


Now in the Art. (49), before referred to, we have shewn that 
there are three positions of equilibrium, or one only, according as 

2 0 c 

cos 2 - > or < - . 

2 a 

Hence it follows, that when there are three positions of 
equilibrium, the intermediate one, in which CB is horizontal, is 
a position of unstable equilibrium, while in the othdr two positions 
the equilibrium is stable. 

If there be only one position in which the prism will rest, its 
equilibrium is' stable. 

It will be a useful exercise for the student to obtain these 
results bj investigating the equation to the curve of buoyancy, 
and determining the position of its centre of curvature. 

78. Finite displacement!. If a solid body, floating in 
water, be turned through any given angle from its position of* 
Equilibrium, then, as before, the moment of the fluid pressure is 
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restorative or not according as the point L at which the vertical 
through the new centre of buoyancy meets the line HQ is above 
or below G. 

It is not to be inferred that if L is above (?, the body will 
when set free return to its original position and oscillate through 
it, or even that the original position is one of stable equilibrium, 
according to our previous definition of stability: it is a general 
law of mechanics that positions of stable and unstable equilibrium 
occur alternately, and the body may have been displaced from its 
original jposition through other positions of equilibrium. 

As a particular example take the following. 

J A solid cone } floating with its axis vertical and vertex down- 
wards , is turned through an 
angle 0 in a vertical plane , the 
volume of fluid displaced re- 
maining the same ; to determine 
the direction of the moment of 
the fluid pressure . 

Let A B be the major axis 
of the elliptic section made by 
the surface plane of the fluid, 

C its middle point, Aa , Bb , Gc, 
lines at right angles to AB, and 
let the angle A VB = 2a and 
VA -d. Then 

VAa = 6-a, 

and VBb-7r - 0 -a. 



Vc=hvd+Vb) = - \d d 8 in ^ +a ) [ 

2 • 2 ( sin 6 cos {6 + a) sin B j 


VL = *d 


d cos 6 
" cos (0 + a) ’ 
cos 0 


4 cos (6 4* a) ' 

The semi-minor axis of the ellipse AB is a mean proportional 
between the perpendiculars from A and B on the axis of the cone, 

its area = 7^.42? (FA , FJ3.sin 9 a)^ 

_ Tr^sincfsin 2a fcos(0~a)|i 
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therefore the volume of the fluid displaced 

= cos (0 - a) . (area of ellipse) 

. ,, . „ (cos(0 — a))^ 

= Wa** sin 2 a cos a \ — ' — (i- . 

* (cos (0 4 a)] 

Hence, if p, a be the densities of the fluid and the cone, since 
the weight of the fluid displaced is equal to that of the cone, we 
have 

pa 3 sin 2 a cos a] ' '[ = oh* tan 2 a, 

(cos (0 4 a) J 

or f*\' - - J CQS ( fi_ + «) } - 1 

W p (cos (6 — a)j cos 3 a ' 


And VL > VG if d >/,, 

cos (0 4 a) 


or if 



cos a cos (0 4 a) 
cos 0 


(cos (0 - a)ji 
(cos (0 4 a) j 


Supposing 0 indefinitely small, we obtain the condition of 
stability for an infinitesimal displacement, 


tj-'p > cos 2 a; as before, Ex. 3, Art. (77). 

Let the equilibrium of the cone be neutral, that is, let 


<t — p cos 0 or, 

then, after a finite displacement, the action of the fluid will tend 
to restore the cone to its original position, if 

cos a . cos 0 > \/{cos (0 4 a) . cos (0 — a)), 

a condition which is always true, a and 0 being each less than a 
right angle. 1 

In the case of neutral equilibrium of a cone, the equilibrium 
way therefore be characterised as stable for any finite dis- 
placement. 


79. When liquid is contained in a vessel, which is slightly 
• displaced from its original position, the preceding investigations 
enable us to determine the line of action of the resultant down- 
ward pressure. 


The problem in fact in this case, as in the previous case, is the, 
following. 
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A given volume, the centroid of which is H, is cut from a 
solid ABC by a plane, and the line CH is perpendicular to the 
plane ; the same volume being cut off by a plane making a very 
small angle with the plane AB, to determine the position of the 
straight line perpendicular to the second plane, and passing 
through the centroid of the volume cut off by it. 

If the interior surface of the vessel is symmetrical with respect 
to the plane through H perpendicular to the line of intersection 
of the two planes, the line whose position is required will intersect 
CH in a point M, the metacentre , the position of which is deter- 
mined by our previous results. 

80. Vessel containing liquid. A hollow vessel containing 
liquid , floats in liquid ; required to 
determine the nature of the equi- 
librium , supposing that the body is 
symmetrical with respect to the ver- 
tical plane of displacement through 
its centre of mass y and that the 
centres of mass of the body and of 
the liquid are in the same vertical 
line. 

Let if be the metacentre for 
the displaced fluid, and M' for the 
contained fluid, W , W', the weights 
of the displaced and contained fluid *. 

Taking moments about G, the centre of mass of the vessel, the 
resultant fluid pressures will tend to restore equilibrium, or the 
reverse, according as 

W.QM- W'.GM' 

is positive or negative, i.e. as 

W QM ' 

F' >0r< QM’ 

J / Ex. A hollow cone containing water floats in water with its 
axis vertical. 

. Let k = the length of the axis of the cone, 

h' m the length of the axis in the contained fluid, 
z =» the length beneath the surface of the external fluid. 

# This is the case of a leaky ship rolling ;*tbe nett article discusses the pitching 
of a leaky ship. 
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Taking 2a as the vertical angle of the cone, we have 
HM = J z tan 8 a. 

But fTff-JA-f*; 

GM = f 2 sec 2 a - § A. 

Similarly GM' = § A' sec 2 a - § A, 

W _ z\ 

also — ^/ 3 > 

therefore the equilibrium is stable if 

(zV 9A'sec 2 a — 8A 
\h'J ^ 92 sec 2 a — 8A ’ 

2 being given by the equation 

If - W' = |</p7r tan 2 a ( 2 3 - A' 3 ) = weight of cone. 

81. In the case in which the centres of mass of the contained 
and of the displaced fluid are not in the same vertical, suppose 
the displacement to take place in direction of the vertical plane 
through the centres of mass* and that the body is symmetrical 
with respect to that plane. 

Let G be the centre of mass of the body, H of the fluid 
displaced, H' of the contained fluid, and M f M\ the metacentres. 
Also let GNN’ be horizontal in the position of equilibrium, 


and GLU the horizontal line 

\ 


through G in the displaced \ 

\ 

M 

M' 

\ 

position. 

\ 

\ 

Then If, If', having the 

\ 

\ 

V. 

same meanings as before, and 11 


y 

0 being the angle of displace- 



ment, the equilibrium is stable u _ 



or unstable, as N « N ' 


If . 6r A > or < W'.GL', 


or If ( GN cos 6 + MN sin 6) > or < If' (GN' cos 6 + M'N' sin 6) t 
i.e. since W.GN-W.GN', 

W M'N' 

M r >or< mn • 

- 82. Constraint*. Stability of the equilibrium of bodies 
floating under constraint 

In those cases of constraint, in which, for a small displacement, 
•the volume of liquid displaced remains unchanged, the theory of 
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the metacentre determines the line of action of the fluid pressure, 
and the question of stability is then easily determined. 

Suppose, for instance, that a body, partially immersed, is 
moveable about a horizontal axis, which is vertically beneath the 
centroid ((7) of the plane of section of the body by the surface of 
the liquid. 

The effect of a displacement through a small angle 0 will be 
to depress the point G through a space which depends upon &*, and 
therefore, to the first order of small quantities, the volume dis- 
placed remains unchanged, and the metacentre is the same as if 
C remained in the surface. 

If the body be moveable about a horizontal axis which is not 
vertically beneath the point C, the change in the volume displaced 
cannot be neglected, and the question of stability must be treated 
by a direct consideration of the action of the displaced liquid. 

v Ex. A rectangular lamina rests in a liquid of twice its own 
density with two of its sides vertical , and is moveable in its own 
plane about the middle point of one of its vertical sides. 

The figure represents the lamina when slightly displaced 
through an angle AOB, (6), the point 0 which is in the surface 
being the middle point. 

Then if OA = a, and if the height = 2 b, 
the area A0B-^a 2 6, 
and, taking moments about 0, the 
equilibrium is stable if 

2p (fatfd . $a + ab . ON) > p . 2ab . | , 

HN being the vertical through H\ 
or, since 

ON - 00 cos e - HGsm 6 - 1 - ^8, 
if 2a 5 > 36 a . 

83. In the particular case in which the centre of mass of the- 
body and the axis about which it is moveable are in the surface 
of the liquid, a formula can be given, for the determination of 
stability, analogous to that of Art. (65). 

Take Cx as the axis about which the body is moveable, and 
V aa the volume of the displaced liquid in the position of 
• equilibrium. 
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Let ACa be the original plane of floatation, and BCb the water 
line after, displacement through a small angle 6 , about the axis 
Gx, perpendicular to the plane of the paper. 

The resulting fluid pressure is the weight BDab acting 
upwards and is therefore 
equivalent to the weight 
ABDa t or gpVy acting up- 
wards, of the wedge aCb 
acting upwards, and of the 
wedge ACB acting down- 
wards, the two wedges not 
being necessarily equal as in 
Art. (65). 

The restorative moment due to the two wedges 

= J 9pky* d ■ \y& x - gpAteO, 




A1& being the moment of inertia about Gx of the area ACa 3 and 
the loss of moment due to the displacement of H 

fmgpV.NN'-gpV.HX.9. 

The equilibria^ is therefore stable if 
Ak*>V.HN. 

84 . In the general case of a body moveable about a horizontal 
axis at depth A, let Ox be the projection of the axis on the plape 
of floatation, and let L and N be the projections of G and H. 

7—2 
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• For a small angular displacement 0 , the vertical displacement 
of G will be of the order &*, and may therefore be neglected. 

As in the previous article, the restorative moment due to the 
change of the displaced liquid = gpAk?0, and the loss of moment 
due to the displacement of H = gpV. ( HN -h).d. 

But there is also a loss of the moment of the weight of the 
body due to the displacement of G, and this = W. ( GL - h) 8. 

Hence it follows that the test of stability is that 

gpAk* -gpV. (HN -h)+W(GL-h) 
must be positive, with the condition 

W.CL = gpV.CN. 

Cor. If a body, floating freely in homogeneous liquid, has a 
plane of symmetry and is turned through a small angle 8 about 
any horizontal axis in the plane of symmetry, the restorative 
couple is gpO (Ak?— V. HG), where Ak 2 is the moment of inertia 
of the surface section about its intersection with the plane of 
symmetry. 

✓ 85. The equilibrium of a body floating partially immersed in 
two liquids. 

Let p be the density of the upper liquid, and p-\-p the density 
of the lower liquid. 

Also let F be the total volume immersed and F' the portion 
of F immersed in the lower liquid, and let A, A' be the areas of 
the two planes of floatation. Then the forces which support the 
weight of the body are the weights of the masses of liquid pV and 
p'F', supposed to act upwards. 

Take the case in which the body is symmetrical with regard 
to a vertical plane perpendicular to the plane of displacement, so 
that the centroids, G, H, H\ of the body and of the masses p F,, 
p'F' are in the same vertical line. 

Then, if the body is displaced through a small angle 8 about 
any hor izontal axis in the plane of symmetry, the total moment 
about G of the forces tending to restore equilibrium is 

gp (Aid 1 - F. HG) 8 + gp' (A'V* - F' . H'G) A 
f gpV'GM.d + gp'V'.GM'J, 
in which the positive direction of GM, GM f is upwards. 
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The equilibrium is clearly stable if M and M' are both above 
G ; but if M' is below G , for stability we must have 

pV.GM>p'V'.M'G, 

or p(Ak?~ V. HG) > p' (H'G - AW). 

' 86. Heterogeneous liquid. Stability of a body floating in 


We shall consider only the case in which the body is sym- 
metrical with regard to the line HG so that this line passes 
through G, - the centroid of the water-section, and contains the 
centroids of all .the strata of liquid displaced. 

The effect of this limitation is that a small displacement (6) 
about G, or about any point in HG, raises the centre of gravity of 
any horizontal section through a height of the order (ft, and we 
can therefore employ the formulae of Arts. (65) and (85). 

/ 87 - Determination of the metacentre for a body floating in 
heterogeneous liquid. 

A liquid in which the density is a function of the depth, can 
be conceived as made up of a series of homogeneous liquids having 
successive descending surfaces, and the centre of gravity H of the 
whole mass U displaced, will be the centre of gravity of the 
aggregate of these liquids. 

Turning the body through a small angle 0 , the vertical tilt of 
the centroid of each portion will vary as and therefore the 
vertical tilt of H will vary as 6 2 . 

If E be the surface, p the density, and V the volume displaced 
of one of these liquids, and if h be the centroid of V, then, as in 
Art. (70), 

El. 

A being the area of the section E ; 
therefore H'L.U~ tKl . Vp - OlpA fc 3 . 
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^Further, if if be the metacentre, 

H'L = H'M.e~HM.6, 
and therefore HM . U = 2pA&*. 

This formula includes the case in which the solid bulges out 
below the Water-section. 

Taking GA as the axis of y, and considering the case when 
the solid does not bulge out, 

IpAfc = {J 2 (/>) fdxdy, 

1 &he double integration extending over the water-section, and the 
jsummation of p down the vertical ordinate NP ; hence, if p be 
the density at P, 

HM . U *= || py 1 dxdy . 

^ 88. If the floating body be a solid of revolution, having its 
axis vertical, the formulae can be somewhat simplified. 

For, transferring to polar co-ordinates, 


HM . U= 4>f [ p'r 3 sin 2 ddrdd 
Vo Jo 

= I Trpr^dr, 

Jo 

being the density corresponding to the section of radius r. 
Suppose, for example, that the density varies as the depth, and 
that the floating body is a cone, vertex downwards. 


If h be the length of axis immersed, 

rfttana 


U.HM 


"I 


7 Tp, ( h - r cot a) r* dr ■ 


7 rfih 0 tan 4 a 


and U = f TTfiz (h - zf tan 2 adz - 

Jo 1* 


20 
tan* a 


•\ tan* a. 

Also, if V be the vertex, 

VH = lh; 

.\ FAf = $Asec*a. 

89 . The following is another method of determining the 
stability or the instability of the equilibrium of a floating body*. 

* Arts. (89—92) were originally published in*the Second Edition (1867) of this 

Tmtte' 
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Taking the case in which the body is symmetrical with regard 
to the vertical plane zx of displacement, let ACB be the plane of 
floatation, G being its centroid, and aCb the liquid-surface after 
the body has been turned about Gy through a small angle 6, Gx 
being horizontal and Gz vertical. 



Let x, y , z be co-ordinates of a point P in the surface of the 
body, and let the vertical ordinate Pn meet the plane xy in n, 
and the plane AGB in N, then 

Nn~x0, and PN - z + xO. 

Let H' be the centre of gravity of aDb, H of ADB , and G of 
the whole body. 

Then, V being the volume of liquid displaced, and HK, HR ' 
perpendiculars on Gz } 

V. H'K' = JJ xzdydx, and V . HK =* JJ x (z + x$) dydx ; 

V.HL = JJ ^8 dydx. 

But, if the vertical through H' meet HG in if, the meta- 
centre, 

HL^HM.O) 


/. F.JTif: 


* J j sc* dydx, 


and if JIM be greater than HG, the 
equilibrium is stable. 

The expression JJ t&dydx is the 

foment p£ inertia of the plane area 
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abb about Oy, and is ultimately the same as that of AGB 
about Gy. 

Hence, if A be the area ACB, the equation may be written 

SO. This result may also be ob- 
tained by taking GA as axis of aj, 
but the process is then somewhat 
longer, as it becomes necessary to 
shew that, to the first order of small 
quantities, 

CK'. 

This however is easily seen, for 
V ■ GK = jj| . zdydx, 

and V.GK' = JJ \(z + x8){z — x6)dydx, 



z — xO being the portion of z below the surface in the displaced 
position ; 


V.KK 



which is of the second order. 


Again, we may give another form to the process by a direct 
investigation of the moment, about Gy, of the fluid pressure. 


91. A body is floating in equilibrium in a liquid, of which the 
density is, at any point, a function of the depth of that point; it is 
required to find the condition of stability. 

Taking ACB as the plane of floatation, and aCb as the liquid- 
surface after displacement, let H f be the centre of mass of the 
fluid displaced by aDb. 
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Take the vertical through G as aids of z , and Ga as axis of of 
then if P be any point (x, y, z) within the body, and PI the 
perpendicular on GA, 

PI — z cos 6 + x sin 0 
= z+ x6 ultimately. 

And if the density p = /(the depth), the density at P before 
displacement 

=f(z + xd) 

=f{z) + xdf'{z\ 

to the first order. 

Hence, if U be the mass of liquid displaced, 

U.HK=jjj l {f(z) + x6 f (*)} xdzdydx, 

—=///: f(z) xdzdydx, 

(where z is the length, nP \ of the ordinate nP produced to meet 
the surface of the body in P. 


By subtraction, we obtain 

U. HL =JJJ f(z) xdzdydx + jj j 6x*f' (z) dzdydx. 

In the first integral z is less than xO, and therefore / ( 2 ) to the 
first order ia equal to 

/(0) + */'(<>); 

the first integral then 


=/( 0) JJx 3 0dydx to 


the first order, * 


and the second integral 

- 0 Jj 1/(0 -/(- xG )\ tfdydx. 

Further, /(- x0) =/( 0) - x$f' (0), 

and therefore U . HL = 6 JJoc*/ (z) dy dx } 

neglecting small quantities of the second order. 

But HL » 6 . HM, and we thus obtain 

U. HM = Jjtc 1 / (z') dydx, 

^he integration .extending over the plane of floatation. 
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This result can also be obtained, as in the previous case, by 
taking GA as the axis of x, or by directly investigating the 
moment of the fluid pressure about Gy. 


92. For the particular case of a solid of revolution, the 
following proof may be given. 

Take the vertex 0 as origin, 
the axis of the body for axis of z, 
and Ox horizontal. Let PEQ be 
a .horizontal section, and FEQ 
a section through E inclined at a 
small angle 0 to PEQ. 

Then if </> be the angle between EP and the tangent at P 
EF = EP + EP.0 cot <#>, 

and EQ' = J EQ- EQ . 0 cot <f>, ultimately ; 

/. FQ'^PQ to the first order, 
and the area FEQ = that of PEQ. 

If E’ be the middle point of FQ } 

EE' m \ (EF - EQ') = EP .6. cot <j> = x6 cot </>. 

In the position of displacement, let OL be 
the perpendicular from 0 upon the vertical 
through E' ; 

then OL' = OE . 0 + EE' 

= z6 + xd cot </>, 

and the moment about 0 of the fluid pressure 
« 'S.gpTraPdz [z6 + x6 cot </>} 

* J C gOpTrx 8 js -h x dz , where OG =* c. 

If the equilibrium be stable, this moment must be greater than 
W.OO.0 , 




W being the weight of the body. 


Also 


W.OH> 


■ jgpTraPzdz, 


$nd, if the line of action of the resultant fluid pressure meet the 
axis in M, the moment » W . OM . 0 ; 
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W . QM= J gpira? (z + x dz ; 

and W.HM = j ^ gpirtf ^ dz 

= f gpnafdx, if (LI = a, 

.'o 

remembering that p is a function of z and therefore of x. 


| 93. Body wholly immersed. To find the condition of stability 
when a body , floating in heterogeneous liquid , is wholly immersed . , 

In the position of equilibrium, let GH, measured vertically 
downwards, be the axis of z, and suppose that the body is 
displaced through the small angle 0 about the horizontal axis 
Gy, the body carrying with it the axes Ox and Gz. 

In the position of displacement, let H' be the projection, on 
the plane zx, of the centre of gravity of the displaced liquid, and 
H'K' the distance of H' from the vertical plane through Gy. 

Then, if x, y, z are the co-ordinates of a point P of the body 
• the co-ordinates of the same 
point, referred to the original 
positions of the axes, are 
x — z0, y, z + x0. 

Taking c as the depth of 0 
below the surface, and f(c + z) 
as the density at P of the 
displaced liquid in the position 
of equilibrium, the density at P 
in the position of displacement 
is f{o + £ + x&). 

The mass of liquid now 
displaced 

m Jjjf( c + z + x6) dzdydx 

** U+ 0 jjj xf(c + z)dzdydx, 

V being equal to the mass of liquid displaced in the position of 
e quilibrium, and therefore equal to the mass of the body. 

The mass of liquid displaced will therefore remain unchanged 

/// 
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a condition which is satisfied if the body is symmetrical with 
respect to the plane yz. 

To this case we shall confine our attention. We therefore 
obtain the equations; 

U . H'K' =JJJ(x — z0) f(c + z+ %0) dzdydx , 


U . GK ' = JJJ (z + x6) f (c + z + x$) dzdy dx, 

. 2/ = JjJ yf(c + z+xff) dzdydx , 

y being the distance from the plane of the centre of gravity of 
the displaced liquid. 

Observing that H is in the axis of z, and that, if the vertical 
through H' meet HG produced in M,H'K' = GM . 0 , we obtain 

G . Gif ~ - 17. G/f -f JJJ x 2 f' (c + s) dzdydx , 

« 

G. ffif - JJJ x 2 f'(c + z) dzdydx , 
U.QK'=U.GH+elJJzxf'(c + z) dzdydx, 


or 


and 


ff-y-fiJJJ x yf' ( c + 2 ) dzdydx. 


As we have taken the body to be symmetrical with regard to 
the plane yz, it follows that the vertical displacement of if, and 
also the horizontal displacement parallel to Gy, i.e. y, are each 
small quantities of the second order. 

Hence it follows that the position of tjie metacentre is given 
by the equation, 

U . HM = JJJ off' (c + z) dzdy dx, 
the integration extending over the whole of the body, 


94 . If the floating body is a right circular cylinder, of height 
2 h and radius a, and having its axis vertical, we obtain 

V . HM = ((0, -pt)Jj a'dydx - fa - p.)^- , 

where p 9 and p l are the densities at the ends of the cylinder; but, 
if ff is the density of the cylinder* 

U ■« 27 ra 4 A* , and . \ 8<rh . HM m (p x — p 9 ) a a . 
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rui »xaother example consider the case of the same cylinder* 
floating, with its axis horizontal, in a liquid the density of which 
varies as the depth, and suppose the cylinder to be tilted round 
the central horizontal diameter. 

In this case, if p = p (c + z), 

U . HM = J fix^dV =* 2 j pjpirtfdx = $irpa*h * ; 



< 95. Potential Energy. The theory of the stability of the 
equilibrium of floating bodies may also be based on the principle 
of energy and we proceed to the treatment of the subject from 
this point of view. 

To find the work done in inserting a body in a sea of heavy 
liquid ; neglecting the alteration in the level of the liquid , and the 
disturbance caused by the insertion of the body. 

If a vertical prism of cross section dxdy cuts the boundary of 
the body in contact with the liquid in elements dS 1} dS 2 , at depths 
*a, at which the pressures are p u p 2 respectively, and 0 U 6 2 are 
the acute angles which the normals to dS x , dS 2 make with the 
vertical; then the work done against the thrusts on these elements, 
00 the depth is increased by a small amount dz, is 

(p i dS 1 cos 0\ -j> 2 dS 2 cos 0 2 ) dz = (p x - p 2 ) dxdydz. 



o 
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^Therefore the work done in placing the body in the position 
under consideration 


= 2 


dxdyf^J p^z-J p^dz^j j 
| dxdyj pdz j 

JJJ pdxdydz 


.( 1 ), 


where the integration extends to the volume immersed. 

If the liquid be homogeneous p = gpz and the work done 

= 99 



= 9P Vz > 

where, V is the volume of liquid displaced, and z the depth of its 
centroid. 


When a body floats in a liquid it possesses potential energy in 
virtue of the work that has been done in placing it in the liquid ; 
and if the liquid be homogeneous, and 0 , H the centres of mass of • 
the body and of the liquid displaced, and ? and z their depths, the 
measure of the potential energy of the body may be taken to be 
gpV (z- f),pr, when the body floats in equilibrium, gpV . HO * 

J 96. To find the work done in turning a floating body through 
a small angle 6 about any axis in the plane of floatation. 

Let Oy be the axis of rotation, Oz vertically downwards, and 
let the plane xOz contain the centre of mass 0 of the body and 
the centre of buoyancy H. Let the co-ordinates of H and 0 be 
% 0, z) and (f, 0, f) respectively, so that in equilibrium x = £. 



* The zero c onfiguration is a hypothetical one, in which the spaee occupied by, 
the body iSTthe liquid is filled with liquid St the tamekind, and the whole guis of 
the body is at the level of the free surface of the liquid. 
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In the initial position the potential energy due to the 
displaced liquid 

=* gpVz or bgpfjz'dady. 

Turn the body about Oy through a small angle 6 and let the 
axes Ox, Oz move with the body. 

The length to the surface of the prism of cross section dxdy 
immersed in the liquid becomes z + x tan 6 = z + xd, and the depth 
of its centre of mass is $ (z + x6) cos 6 ; therefore the increase in 
the potential energy due to the displaced liquid 

“ i9P ff ( z + X ®T (- 1 ~ f} dxdy - igp II z* dxdy 

— ypVjj — 2 ) dxdy + gp6 jj xz dxdy. 

?ut the loss of potential energy due to displacement of the body 
= 0pF(?cos 6 + f sin 9 - f) = - fapp VZ+gpOVl 

, f I , d 


therefore the total gain in potential energy is „ ' s {>V 

E = \gpfr ft *2) dxdy + \gp&VZ 

= \gpfr {Ate-Vz + VQ 

=‘igpd'(Ak‘-V.HG ) (l), 


where A is the area of the surface section of the body and k is 
its radius of gyration about Oy. 

f From this it follows that the equilibrium is stable if A1& > V. HG, 
aiid that the restorative couple is 

jp 

a ^±g P 0(Ak>-V.HG). 

v 97. If the volume of liquid displaced be constant, and if the 
vertical through the centre of buoyancy in the displaced position 
intersects HG in M, then M is called a metacentre* 

The analytical conditions for the existence of a metacentre are 
//($ + x6) dxdy * // zdxdy , or JJ xdxdy = 0, 
te. the axis of rotation Oy must pass through the centroid of the 

# Some writers use the word metacentre in a less restricted sense, taking it to be 
^the point where the shortest distance between two oonsecative normals to the 
8 arfaoe ~of buoyancy intersects one of tfcese normals. Of. Appell, Trait4 de Mica- * 
RationnelU, Tome nx. p. 197. 
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Ihrface section (cf. Art. 52); and, since the new centre of buoyancy 
must be in the plane xOz, 

jjy(z + x0)chcdy = 0; 

but ^*tfyzdxdy = 0, JJ xydxdy = 0, 

i.e. the axis Oy must be a principal axis of the surface section. 

In this case it is evident that if M is above G the couple 
formed by the weight of the body and the 
resultant liquid pressure tends to restore 
equilibrium and 

' =g P V.GM.6 

= gp V(HM-HG) 6, 

HM = Ak*IV\ and the equilibrium is stable 
or unstable according as M is above or below G. 

Since the metacentre is the intersection of 
consecutive normals to the surface of buoyancy, 
there are, in general, two metacentre^, cor- 
responding to displacements in the two planes of principal 
curvature of the surface at H ; and HM is a principal radius of 
curvature of the surface of buoyancy. 

v 98. We may arrive at the same result from a further use of 
the principle of energy as follows: the potential energy gpVl of 
the floating body, must be a minimum in positions of stable 
equilibrium; l being the perpendicular from G to the horizontal 
tangent plane to the surface of buoyancy. 

Let 2s = — + ^ be the equation to the surface of buoyancy 
Pi P* 

referred to the normal HO as axis of t and the directions of 
principal curvature as axes of % and y. 

The equatipn to the tangent plane at a point («, y, *), near H, is 



and if G is the point (0, 0, Q the length of the perpendicular 
from 0 to the tangent plane 

-fr— s + 9K + ® 


• ~ '••••W' 
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For stable equilibrium this expression must be >l 0 for dl 
possible displacements ; and this requires that l Q be < pi and < p % ; 
or, the equilibrium is stable if 0 is below both centres of principal 
cu rvature of the surface of buoyancy at H. 

If in the expression (1) we put x = p{d, y = p 2 <£, we see that 
the work done in producing a displacement compounded of 
rotations 6, <f> in the planes of principal curvature at H is 

\gp y {0 s (pi - k) + f (Pi - *.)}, 

and the couples tending to restore equilibrium are gpVO (pi - l 0 ) 
and gpV<f>(p 2 — 1 0 ); agreeing with the more general result* of 
Art. (96). 

99. Bodies under constraint. The case of a floating 
body constrained to turn about a fixed horizontal axis may be 
treated as in Art. (96). 

If Oy is the fixed axis, and (f, rj, f) ( x , y, z) are the co-ordinates 
of G and H respectively, and W is the weight of the body, the 
condition of equilibrium is 

g P Vx=Wl 

And if the fixed axis of rotation is in the plane of floatation 
and the body is turned through a small angle 6 , the increase in 
potential energy due to the displaced liquid 

= ^gpd* (Ak 1 - Vz) + gpQVx , 
and the loss due to the displacement of the body 

therefore the total gain in potential energy 

= \gp^(A^-Vz)^^Wt , 

And the equilibrium is stable provided 

Ak >Vz- Wtygp. 

' 100. If the axis of rotation O' be at a depth h, and we take its 
projection on the plane of floatation for Oy and suppose the axe$ 
to move with, the body as before, 0 descends a distance and 
the increase of potential energy due to the displaced liquid 

’"iPP fj(s + a0 + th&‘) , ( 1 -i0 2 )dxdy-jgp JJ z'dxdy 


“ i gp JJ + zh6* + 2 xzd) dxdy 

m igpP(A&~ y*+ rif+gpdVz, 


B. H. 


8 
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aiW the work done by gravity on the body 

therefore the total external work done 

- \9P& {Al<*-V(z-h)} + bWd' (f- h), 
where A is the area of the surface section and k is its radius of 
gyration about the projection of the, fixed axis on the plane of 
floatation. 



The condition for stability is 


w 

Alt > F(s - /i) - -- (f - 

9P 


h). 


J 101. Heterogeneous Liquid. To find the work done in 
turning a body , floating in heterogeneous liquid , round any line 
in the plane of floatation. 


Take axes as in Art. (96) and, using the same" notation, we may 
write p =/' ( z ) ; but dp =gpdz, 


-P*0f/OO“/( 0 ))- 

From Art. ‘(Vo) the work 
done in inserting the body in 
the liquid in any position is 
jjjpdxdydz, where the inte- 
gration extends to the volume 
immersed. When the body has 
been turned through a small 
angle 6 this becomes 



jjjp'dndydz +jjj p'dwdydz , 

t> 

Where p' is the new pressure at the element dccdydz , and* the first 
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integral is over the same range as before, while the second refers 
to the wedges A0A\ BOB'. 

Now p' m g {f (z - i zd* + x0) -/(0)} 

55 P + 9 i?e - \zQ)f (z) + ( z ) ; 

Jf Jp' dxdydz = ffj + 9& X P “ i £0 8 ^ j dxdydz. 

In the integral pertaining to the wedges z is everywhere x0, and, 
retaining only the first power of 0 in the above expression for p\ 
we have 

P' = 0{/(*)-/(°) + ^/'W} i . 

= 0l*/'(O) + *V'W}» 

f p'dz = g{-£x 2 0 9 f'(O) + x0f(O)-xOf(-x0)} 

Therefore the work done against the pressures of the liquid in 
making the displacement, being the increase in potential energy, 

= 9& ffj X P dxdydz - \g6 2 fjj^zp-x 2 dxdydz 

+ & dxd v< 

but the weight of the body does work 

W{!( + 

where, as before, (f, 0, f) are co-ordinates of 0 the centre of mass 
of the body, and 

Wl; = Wx-g JJJ xp dxdydz , 

/.the total external work done in making the displacement 

= ff tfdxdy + g JJjx* ^ dxdydz -W(z-£)J...(1). 

If A is the area of the section at depth z and k its radius of 
gyration about its intersection with the plane yOz , we get, by 
integrating the second integral by parts, 

— g Jp (Ak*) dz - W . ## j , 

where *the integration with regard to z is from the water line to 

8~s 
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the lowest level, or changing the order of integration the expression 
for the work done becomes 


itf’jspi-'Ma + 9 


p%-(Ak>)dz-W.HQ\, 


where p u A u apply to the lowest horizontal section of the body, 
and A l = 0 unless the body has a flat bottom. 

The equilibrium is clearly stable if this expression is positive. 
102. For a metacentre to exist, th e mass of liquid displaced 
must be constant, and the vertical through the centre of buoyancy 
must intersect HG, 

The condition of constant mass is expressed by 

jjjf'(z + x;6)dxdydz + fj p Q xddxdy = jjjf'(z)dxdydz t 

or fff^P + dtedydz + p 0 6 JJ xdxdy - JJJp dxdydz, 

or jjjx ~ dxdydz -f p 0 J j xdxdy = 0. 

And the second condition requires that 

/ fi ^ y^ x ^y^ z + Po& JJ xydxdy * 0 , 
but JJJ f'(z)y dxdydz = 0; 

the condition becomes 

JJj^dz ^dydz + p 0 J j xydxdy = 0. 

Both conditions are satisfied if there is symmetry about the 
axis of z , or if all horizontal lines in the plane yOz are principal 
axes through the centroids of the corresponding horizontal sections, 
so that at all levels 

jj xydxdy- 0 and Jj xdxdy* *0. 

When these conditions are satisfied, if M is the metacentre the 
restorative couple 

W.GM.O or W(HM-HG)6 
- e {**4 A* + gfpj z (Ak>) dz-W. £K?J ; 

W.HM=g {M A- 4 Jp^ (At) , 
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'where the integration is from the lowest level to the surftce 
section. 

103. Since the result (1) of Art. (95) is true, whether the body 
bulges out beneath the liquid or not, the results of the two 
preceding articles are also true in either case, and since the 
expression (1) of Art. (96) is only a special case of (1) of Art. (101), 
we infer that the results obtained for a homogeneous liquid are 
also true whether the body bulges out beneath the liquid or not. 

s 104. Body completely immersed. A body floats completely 

immersed in heterogeneo us liquid , to | 

find the work done in turning it through j 

a small angle about any horizontal 
axis. 

Take Oy for axis of rotation as 
before, and Ox, Oz fixed in the body, 
and let h be the depth of Oy, and 
p - f (depth) so that 

P = 9{f(2 + h)-fW)\ 
in the equilibrium position, and in the 
displaced position 

p' = 9 {f(z-izP + h+xO)-f(Q)} L- 
- P + 9 ~ i *&) P + hg&P d £ , 

and the work done against the pressures of the liquid in turning 
the body through a small angle 6 round Oy 

= J jj(p' - p) dxdy dz [Art. (95).] 

~^fJJ W^^ydz + \gfr JJJ pzj dxdydz, 

where the integration extends to the whole amount of liquid 
displaced. But the work done by the weight of the body in the 
displacement 

~W{!( + 

where, as before, (£, 0, £) are co-ordinates of 0 the centre of mass 
of the body, and 

W(m Wx xpdxdydz . 
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Therefore the total work done in the displacement 
gJJJ &j g dxdydz-W(z-£) J 

= % dxdydz -W .HO- 

where the integration is from the highest to the lowest point of 
the body. 

w' 105. The equilibrium is stable if the above expression is 
positive ; and the position of a metacentre, when one exists, can 
be determined as before. Thus if M is the metacentre the 
restorative couple 

W.OM.6 or W{HM-HG)6=\g^Ak* d £ z dz-W.m) > d\ 

W .HM = g j Ate—^dz, 

or W. HM= g — AJc^p„ —j p^{Ak i ) dz j , 

where A u k u p x and A 0 , k 0) p 0 refer to the lowest and highest 
horizontal sections of the body, and the integration is from the 
highest to the lowest point. 

If the solid i s^not flat at either its highest or lowest point, 
we may write 

HM = jp~(Ak')dzj Mass, 

where the integration is from the lowest to the highest point of 
the body. 

EXAMPLES. 

/ 1. An inverted vessel formed of a substance which is heavier 
than .water contains enough air to make it float ; prove that, if it 
be pushed down through a certain space, it will be in a position of 
equilibrium which for vertical displacement will be unstable. 

y 2. If a solid paraboloid, bounded by a plane perpendicular to 
its axis, float with its axis vertical and vertex immersed, the height 
of the metacentre above the centre of gravity of the displaced liquid 
is equal to half the latus rectum. 
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v 3. A cone, whose vertical angle is 60°, floats in water with4ts 
axis vertical and vertex downwards ; shew that its metacentre lies 
in the plane of floatation ; and that its equilibrium will be stable 
provided its specific gravity > jfj. 

>4. An isosceles wedge floats with its base horizontal, and its 
edge immersed ; shew that the equilibrium is stable for displace- 
ments in a plane perpendicular to the edge, if the ratio of the 
density of the wedge to that of the fluid is greater than the ratio 
cos 4 a : 1 ; 2a being the angle of the wedge. 

f 5. A closed cylindrical vessel, quarter-filled with ice, is placed 
floating in water with its axis vertical ; the weight of the vessel is 
one-fourth of the weight of the water which it can contain; 
examine the nature of the equilibrium before and after the ice 
melts, neglecting the change of volume consequent on the change 
of temperature. 

/6. A solid in the shape of a double cone bounded by two 
equal circular ends floats in a liquid of twice its density with its 
axis horizontal : prove that the equilibrium is stable or unstable 
according as the semivertical angle is less or greater than 60°. 

^ 7. The cross section of a cylindrical ship is two equal arcs of 
equal parabolas of latus rectum l which touch at the keel, the 
common vertex of the two parabolas, so that the sides of the ship 
are concave to the water. The ship is floating upright with its 
keel at a depth h. Prove that the height of the metacentre above 
the keel is 



^ 8. Find a solid of revolution such that, when a segment of it 
is immersed in liquid, the distance between the centre of buoyancy 
and the metacentre may be constant, whatever be the height of 
the segment. 

r 9. Water rests upon mercury, and a cone is too heavy to rest 
without its vertex penetrating the mercury; find the density of 
the cone that the equilibrium may be stable. 

\10. If the floating solid be a cylinder, with its axis vertical, 
the ratio of whose specific gravity to that of the fluid is <r , prove 
that the equilibrium will be stable, if the ratio of the radius of the 

base to- the height be greater than {2cr (1 - <r))i 
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*. L . A paraboloidal uniform shell floats with* its axis vertical 
and f immersed in water when filled to a depth J of its axis with 
a fluid of density 5. Shew that the equilibrium is stable. 

12. A vessel in the form of a paraboloid of revolution contains 
water, and rests with its vertex on the highest point of a fixed 
rough sphere; find the condition that the equilibrium may be 
stable. 

13. If a cylindrical shell without weight contain liquid and 
float in another liquid, shew that the equilibrium will be stable, 
unless the ratio of the density of the internal to the external liquid 
is less than unity, and greater than half the duplicate ratio of the 
radius of the cylinder to the depth of the internal liquid. 

14. A hemispherical shell, containing liquid, is placed on the 
vertex of a fixed rough sphere of twice its diameter ; prove that 
the equilibrium will be stable or unstable, as the weight of the 
shell is grater or less than twice the weight of the liquid. 

\tl5. A solid of revolution floats with its vertex downwards, 
determine its form when the position of the metacentre is inde- 
pendent of the density of the liquid. 

*16. A conical shell, vertex downwards, floats in unstable 
equilibrium ; how much water must be poured in to make the 
equilibrium stable? 

17. A solid cone is placed in a liquid with its axis vertical, 
and with its vertex downwards and resting on the base of the 
vessel containing the liquid. If the depth of the liquid be half 
the height of the cone, and its density four times the density of 
the cone, prove that the equilibrium will be stable if the vertical 
angle of the cone exceeds 120°. 

Replacing the solid cone by a thin conical shell of the same 
height, of vertical angle 60°, containing liquid, up to the level 
of the middle point of its axis, of half the density bf the liquid 
outside, prove that the equilibrium will be stable if the weight 
of the shell be less than three-fourths of the weight of the liquid 
inside. 

18. A cylindrical vessel, the weight of which may be neglected, 
contains water, and the vessel is pissed on the vertex of a fixed 
rough sphere with the centre of its base in contact with the ‘sphere. 
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Find the condition of stability for infinitesimal displacements, afid 
prove that, if the equilibrium be neutral for such displacements, 
it will be unstable for small finite displacements. 

19. Find the form of a solid of revolution floating with its 
axis vertical, and such that the distances of the metacentre and 
the centre of buoyancy from the lowest end of the solid may be 
in a constant ratio whatever be the density of the liquid. 

/ 20. A semicircular cylinder rests with its axis vertical in a 
liquid of twice its own density ; if it be moveable about the line 
of intersection of its vertical plane face with the surface, find *the 
condition of stability. 

* 21. A right circular cone floats with its axis horizontal in a 
liquid the density of which is double that of the cone, the vertex 
being attached to a fixed point in the surface of the liquid ; prove 
that for stability the vertical angle must be less than 120°. 

- 22. A cylindrical vessel is moveable about a horizontal axis 
passing through its centre of gravity, and is placed so as to have 
its axis vertical ; if water be poured in, shew that the equilibrium 
is at first unstable; and find the condition which must be satisfied, 
in order that it may be possible to make the equilibrium stable 
by pouring in enough water. 

^ 23. A thin conical vessel of given weight is moveable about 
a diameter of its base, which is horizontal, and is partly filled with 
a heavy fluid; shew that the equilibrium is always stable if the 
semivertical angle of the cone is < 30° ; and if it be greater than 
this, determine when the equilibrium is stable or unstable. 

24. Water is contained in a vessel having a horizontal base, 
and a paraboloid whose specific gravity is four-ninths that of water, 
and the length of whose axis is to the latus rectum as nine to 
eight, is supported partly by the fluid and partly by the base on 
which the vertex rests ; find the least depth of the fluid for which 
the equilibrium is stable. 

s^2fi. A paraboloidal cup, the weight of which is IF, standing 
on a horizontal table, contains a quantity of water, the weight of 
which is n IF ; if h be the height of the centre of gravity of the 
cup and the contained water, the equilibrium will be stable 
Provided the latus rectum of the parabola be 

>2(n + 1)A. 
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*" 26 . A solid of revolution floats with its axis vertical, and is 
sunk to different depths by placing weights at a fixed point on 
its axis. Find the form of the solid that the equilibrium may 
always be neutral. 

27. A solid cone whose axis is vertical and vertex downwards 
is moveable about an axis coincident with a generating line ; to 
what depth must the system be immersed in water, in order that 
the equilibrium of the cone may be stable ? 

^28. A solid of cork bounded by the surface generated by the 
revolution of a quadrant of an ellipse about the axis major sinks 
in mercury up to the focus. If the equilibrium be neutral for 
small angular displacements, prove that 

2e* + 4c 3 + 2e 2 - e — 2 = 0. 

j 29. A solid cone, whose vertical angle 2a is less than 60°, is 
moveable about a smooth straight wire through its centre of 
gravity perpendicular to its axis. If the wire is held in the 
surface of a liquid, prove that the cone will be in a position of 
stable equilibrium when its axis is inclined to the horizon at the 
angle sin -1 (2 sin a). 

y 30. Prove that the work done in turning a floating body 
through a small angle 6 round its centre of gravity is 
\gp {Ate + Ate - c V) fr, 

where c is the distance between the centres of gravity of the body 
and the liquid displaced, and b is the horizontal distance between 
the centre of gravity of the body and that of the area of the plane 
of floatation. 


^ v 31. A paraboloidal cup, whose latus rectum is 4 a and whose 
centre of mass is at a distance from the vertex equal to 2a, floats 
in two liquids of densities <r and p (or > />) ; prove that the work 
required to turn the body through a small angle 0 about a 
horizontal axis is 


{ h * (<r - p) + (h + hj p], 

where h t h' are the lengths of the axis immersed in the fluids and 
g is the acceleration due to gravity. 

N(S2. A right-angled isosceles triangle floats verte* downwards 
m aftuid with its base horizontal and £ of its area immersed, so 
that its .centre of gravity and metpcentre coincide. Detenhine 
wbe^er the equilibrium is really stable or unstable. 
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^ 33* A solid in the form of a paraboloid of revolution floafS 
with its axis vertical ; if the centre of inertia coincides with the 
metacentre, prove that the equilibrium is stable. 

' 34. The solid formed by a portion of cy i = z (a 2 — tf) cut off 
by a plane parallel to that of xy floats in a fluid of n times its 
density; prove that, if it is in neutral equilibrium for small 
angular displacements in any vertical plane, 

g 1 5 a 2 

+ 8c a 

^ 35. An isosceles triangular lamina ABC floats with its base 
A B horizontal, and above the surface, in a liquid, the density of 
which varies as the depth : if h be the depth of C below the 
surface, the height of the metacentre above C is 

C 

£ h sec 2 ^ • 

36. An elliptic lamina floats half immersed, with its transverse 
axis (2a) vertical, in a liquid, the density of which varies as the 
square of the depth ; prove that the depth of the metacentre is 
32ae 2 /157r, e being the eccentricity. 

^i37. A right circular cylinder of radius a rests in a liquid with 
its axis vertical and a length c immersed. The density at a depth 
z being <j> (. z ), shew that the depth of the metacentre is 


[ z(f>(z) dz — £ a 2 <f> (c) 

U 

I <f> ( z ) dz 
Jo 


/ 38. A paraboloid of revolution floats with its axis vertical 
and vertex downwards in a liquid, the density o£ which varies 
as the depth; the equilibrium will be stable or unstable, according 
as 4c is less or greater tjban 3;(m. + a), where c is the length of the 
axis, a the length immersedr&nd m the latus rectum of the 
generating parabola. 

^ ^ 39. An oblate spheroid floats half immersed, with its axis 
Vertical, in a liquid, the density of which varies as the square of 
the depth; jfove that the height of the metacentre above the 
surface is 

8~T~' 
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40. A solid paraboloid of revolution floats with its axis 
vertical, vertex downwards, and focus in the surface of a liquid, 
the density of which at the depth z is \i (a + z\ 4a being the latus 
rectum of the generating parabola ; prove that the distance of the 
metacentre from the vertex is ^fa. 

^41. A homogeneous cone floats with its vertex downwards in 
a liquid whose density varies as the square of the depth ; if the 
density of the cone be equal to that of the liquid at a depth equal 
to a fifth of the height of the cone, the vertical angle, when the 
equilibrium is neutral, is given by the equation 

cos’a = $(£)*. 

42. A solid paraboloid of height h and latus rectum 4a is in 
equilibrium in a vertical position, with its vertex downwards, and 
is moveable about its vertex, which is fixed at a given depth c 
below the surface of a liquid, the density of which varies as the 
depth; prove that the equilibrium is stable if the ratio of the 
density of the paraboloid to the density of the liquid at the depth 
of its vertex is less than the ratio of c 3 *f 4ac 2 to 4 h*. 

43. A right circular solid cone of semivertical angle a floats, 
wholly immersed, with its vertex upwards and axis vertical, in a 
liquid the density of which varies as the depth. If h is the height 
of the cone, and b the depth of its vertex below the surface, the 
distance of the metacentre from the vertex is equal to 

3 , 56 4A — A tan 3 a 
5 4sb Sk 

44. A cylindrical tub of sheet iron of uniform thickness, of 
radius a feet and weight w pounds, floats upright in water ; shew 
that its centre* of gravity cannot be higher above the lower end. 
than 

w 49a 4 
393a* + w 

Prove also that, whatever be its weight, its metacentre is ajways 
more than ’7 a feet above the lower end. 

45. A cylindrical cup is made of thin uniform sheet-metal; 
the cup has a circular section, a flat base and an open top j its 
length is 4} times the radius of thg base, and the weight of water • 
which would fill the cdp is If. Prove f ||*t the cup cannot float 
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in water in stable equilibrium with its generators vertical, if its 
weight is between (*029) W and (*871) TF. 

If the weight of the cup is $ W , it can be steadied by pouring 
in water, so as to float with its generators vertical, provided that 
the weight of the water poured in lies between \ W and § W. 

) ^46. A plate of density cr, in the form of a parabola, of latus 
rectum 4a, bounded by a double ordinate at a distance h from its 
vertex, floats in a liquid of density p with its plane vertical ; shew 
that if 

Sh(l - tc)> 10a, 

and h (1 - k) 4- 5a > [5 kK (3 h (1 — k) - 10a}]^, 

there are two positions of stable equilibrium, in which the axis 

makes with the vertical an angle 

tan- 1 (g(l_«)- 2 |\ 

where ** = <r 2 /p 3 . 

47. A body floats freely in two liquids of densities p and 
p + <r. The areas of the section of the body by the free surface 
and the common surface are a and a' and their centres of gravity 
are C and C'. Prove that, for a slight displacement, the mass of 
the fluid displaced will be the sanffc, if the axis of rotation lie 
in a vertical • plane dividing CC' in the ratio of a/aip/af or 
o-(l/a — l/A):/}(l/a' — 1/4'), according as the liquids are infinite 
or enclosed in a vessel the areas of whose sections by the planes of 
o and o' are A and A'. 

48. A twin steamer is formed of two equal and sfmilar ships 
united alongside one another and similarly loaded. Shew that, if 
d is the height of the metacentre above the centre of gravity in 
the case of the separate ships for rolling, the height in the twin 
ship is d 4- 614/ F, where A is the area of the plane of floatation, 
F the volume immersed of either, and 26 the distance between the 
medial planes.. 

49. Prove that the equilibrium of a prismatic body with 
vertical sides near the water-line, which is so loaded that its 
centre of gravity coincides with its metacentre for displacement 
by rotation about a line parallel to its edges, is stable. 

^ 50. A frustum of a cone^ semivertical angle a, floats in a 
liquid of twice its owa density. Shew that it can float with its 
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axis inclined to the vertical, and the end of greater diameter 
outside the fluid, provided 

cos a > (-R* + ( R 4 4- r 4 )^, 

where R , r are the radii of the ends. 

v ^51. A closed frustum of a thin conical shell, whose weight 
may be neglected, floats in homogeneous fluid and contains 
another heavier homogeneous fluid. Shew that, whichever end 
of the frustum be immersed, the condition of stability when the 
axis is vertical is that 

P r* (r x a 4- rfa + r 2 a ) 

h 2< r 3 (r, 4- r a ) (r x a 4- r 2 a ) — rfr* ’ 

where h is the length of the axis immersed and l of the part of a 
generator immersed, r is the radius of the immersed end of the 
frustum and r 2 and r 2 are the radii of the internal and external 
water-lines. 

52. A solid cube floats in liquid with a diagonal vertical. 
Shew that for all angular displacements the equilibrium will be 
stable or unstable, according as the section of the cube by the 
plane of floatation is a hexagon, or a triangle. 

* 53. An ellipsoid floats in a liquid of double its specific 
'gravity. A small couple in a vertical plane acts upon it and 
keeps it in a slightly displaced position; prove that the inter- 
section of the plane of the couple with the surface of the fluid and 
the axis round which the ellipsoid has revolved, are conjugate 
with respect to the focal conic in the plane of floatation. 

54. Shew that, if the position of a floating body be unstable, 
the centre of gravity being over both metacentres, the fixing of 
a line in the body in the plane of the water surface gives a stable^ 
position for rotation about the line if the line lie outside a definite 
ellipse. 

4 55. If a solid homogeneous cone float in stable equilibrium 
with its axis vertical and base unimmersed in a fluid of which the 
density varies as the nth power of the depth, prove that the semi- 

2 

vertical angle must be > cos” 1 - . 

56. A heavy homogeneous cuj>e is completely immersed with# 
*two feces horizontal in a fluid whose density ■■ re times the cube ft 
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the depth. Prove that the metacentric height is where ^ 
is the mass and a the length of an edge of the cube. 

57. A thin vessel in the form of a right circular cone, whose 
weight is negligible, floats with axis vertical in liquid whose 
density is fi(a + z), z being the depth below the surface and h the 
length of the axis immersed. Prove that, if it contain liquid of 

density fx > the equilibrium will be stable provided 

4 4a + h 

b\fi) 5 a + h‘ 

58. A long portion of a homogeneous heavy parabolic cylinder, 
bounded by two planes perpendicular to the generators and one 
perpendicular to the axis of the generating parabola, rests with its 
axial plane vertical, and lowest generator in contact with the 
horizontal rough base of a vessel, into which liquid is poured, 
which settles so that the density varies as the nth power of the 
depth. The depth of the liquid is h ; the height of the solid is k , 
(>h); and 4a is the latus rectum of the generating parabola. 
Supposing that the condition of floatation is not reached, shew 
that for stability the ratio of the density of the solid to that of 
the lowest stratum of liquid must be less than 

45 r(u + l) h 

8~ r ^ 2n+7 j \k) 3k - 10a ’ 

while 15 A, > ( 2n + 5) (3 k - 10a). 

59. A uniform solid right circular cone of density a and 
vertical angle 2a floats with its vertex downwards and its base 
above the surface in a fluid whose density varies a§ the nth power 
of the depth, and is p at a depth equal to the height of the cone. 
Shew that in the vertical position the equilibrium is stable 
provided that 

(1 + n) (1 + *n) (1 + ?> (1 + }n)"+ 8 cos**-" « ; 

also that there is equilibrium when 6 the inclination of the axis 
to the vertical is given by 

(1 + n) (1 + in) (1 + in) - ^ 

m (1 + Jn ) n+8 cos* a sec w+# 6 (cos 8 6 - sin 8 a) n+ i 
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^ 60. A cube, whose edge is a, floats with two faces horizontal, 
a length l of the vertical edges being under water. Shew that 
the work done in turning the cube through a finite angle 6 about 
an axis parallel to one of the horizontal edges without altering 
the volume of water displaced or immersing any part of the upper 
face of the cube is 

W . ^^sinfHan0-(a-/)sin 2 ^j , 

where W is the weight of the cube. 

*61. A ship contains water in its hold and floats in the sea. 
A solid is held partially immersed in the hold by a machine on 
land, so as to displace a weight w of water; it is then depressed so 
that a small extra length is immersed. Prove that the gain in 
the potential energy of the ship and contained water is 

■ H(M)}*- 

where W is the weight of the ship and the contained water, A is 
the area of the water section of the held solid, C is that of the 
ship, and B is the area of the surface of the contained water. 

62. If a ship in the form of the paraboloid x*/a -f y*/b = 2 z, 
floating with the axis of z vertical, be displaced through a finite 
angle 6 about an axis in the plane of floatation so that the volume 
displaced remains the same, prove that the work done is 

gp V [p sin 9 - d (1 — cos 9)}, 

where p is the perpendicular distance of the axis of rotation from 
the axis of z , and d is the distance between the centre of gravity 
and centre of buoyancy in the initial position. 

63. Shew how to determine the effect on the trim of a ship 
of the displacement of a weight small compared to the total weight: 
prove that, if the displacement be across the horizontal deck in a 
direction making an angle 6 with the medial line, the resulting 
slope of the deck is such that the line of greatest slope makes an 
angle tan -1 (m tan 6) with the medial line, where m is the ratio of 
the metacentric heights. 

64. A log of square section floats in water with the two 
square faces vertical and three of the edges perpendicular to 
them wholly immersed. Shew that there are three positions of 
Equilibrium with a given edge not immersed, provided the specific 
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gravity of the substance of the log lies between 23/32 and 3/4 ; 
and that if this condition be satisfied the two unsymmetrical 
positions are stable for rolling displacement, and the symmetrical 
position is unstable. 

05. Shew that a log of square section, floating in water, will 
lie in an unsymmetrical position if its density is between *212 and 
•281, or between '719 and *788 ; that for intermediate densities an 
edge will be uppermost, for densities outside these limits a face 
will be uppermost. 

66. A homogeneous body is floating freely in stable equili- 
brium. Shew that, if the body be turned upside down, so as to 
float with the same plane of floatation in a liquid of suitable 
density, the equilibrium will be stable. 

67. Form an estimate of the effective increase in metacentric 
height when a ship is steadied by a rapidly spinning flywheel. 

68. A wall-sided ship of which any cross-section is a rectangle 
of breadth 2a, floats in the upright position immersed to a depth 
x f and the centre of gravity of the ship is at a height \h above the 
keel. The ship is heeled over through an angle 6 and maintained 
in equilibrium by a couple of moment L. Prove that 

L=W sin 0 j ^ (3 sec* 6 + 1) - ^ (h - #)J , 
where W is the weight of the ship. 

A69. A uniform solid body, in the form of the portion of the 
paraboloid «?/ a 2 + y*/6* = 4 zjl cut off by the plane z =* l, is floating 
freely in a liquid with its vertex downwards. A small weight is 
placed at the point f, r\ on its plane base, prove that those points 
in the plane base which suffer no vertical displacement lie on the 
line whose equation is 

- t ... W +n= o 

a*-(l-n)J>/3 b>-(\-n)l?l3 ’ 

where n* is the ratio of the density of the solid to that of the 

liquid. 



CHAPTER VI. 

OSCILLATIONS OF FLOATING BODIES. 

4 106. A HEAVY body which is floating in liquid in a position 
of stable equilibrium, will, if slightly displaced from that position, 
make small vertical and angular oscillations: it is evident that 
the problem of these oscillations is a hydrodynaraical one, and 
that if we neglect the motion of the liquid the results obtained 
for the periods of the oscillations of the body will only be inferior 
limits to the true periods. As far as the scope of this work 
permits, we can only proceed on the assumption that the motion 
of the liquid is neglected, and we shall only consider a simple case. 
We shall suppose that the body is symmetrical with regard to a 
vertical plane through its centre, and that the initial displacement 
is parallel to this plane. 

It is evident that the subsequent motions of all points of the 
body will be parallel to this plane, and if the equilibrium be 
stable, that the motion will consist of small vertical and angular 
oscillations. 

Firs t, let the vertical line through G and H ( CED ) pass 
* through the centroid of the plane 
of floatation. 'When this is the 
case we can consider the vertical 
and angular displacements inde- 
pendently of each other. 

Suppose a small vertical dis- 
placement; then the portion GE 
of the body which is raised out of 
the fluid may be considered as a 
thin cylinder. ( 

Let CE**z f then EG=*CG-z, and 
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the force downwards on the body = the weight of the body ~*the 
weight of the fluid displaced 

=9P A ' z > 

if A be the area of the plane of floatation ; 


m 

j 


d'.EG 
dt 2 


9pAz> 


m being the mass of the body. 

But mg = the weight of fluid displaced 
= gp V, V being the volume CD ; 

• ^ + ^* = 0 
" dt 1+ V 


is the equation which determines the motion. 

The time of a complete oscillation is therefore 

i 107. Next suppose a small angular displacement (a) about C, 
then G is raised through a space which depends on a 2 , and there- 
fore may be neglected in comparison with quantities depending 
upon a, and if the body, supposed at rest, be then left to itself, itf 
will (on the supposition that the equilibrium is stable) oscillate 
about a horizontal axis through G. 

It would in fact come to the same thing if the initial dis- 
placement were about G, as the point C would move sensibly 
(that is, considering small quantities of the first order only) in a 
horizontal direction, and the quantity of fluid displaced would, as 
before, remain unchanged. 

If M be the metacentre, the moment of the fluid pressure 
about G 

= gpV.MG. sin 6, 

and tends to diminish 0, the angle made by GH with the vertical 
at the time t. 

la A 

But 4fG = ~-a, ii HG = a; 


therefore, since the horizpntal axis through G is a principal axis, 
we have 


mK^= , -gp(lc‘A-aV)d, 


9—2 
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neglecting higher powers of 0 } where mK* is the moment of inertia 
of the body about the horizontal axis through <?, or 

an equation which, when k?A >aV> that is, when M is. abQy.eJS, 
indicates small oscillations taking place in the time 

If G is below H the sign of a will of course be changed. 

/ It will be seen that the criterion of stability is deducible from 
the result just obtained; it is an obvious condition for an oscillation 
that k*A - aV must be a positive quantity. 

108. Secondly when the line joining H and 0 does not pass, 
through Cy the two motions are not independent, but the law 
which defines these motions can be determined as follows. 



Suppose the body to be slightly displaced in the vertical plane 
of symmetry, and then left to itself ; and at the time t let $ be 
the angle made by HG with the vertical, and z~CE the depth 
of C below the surface. 

Let HG meet the plane of floatation in D, 

HG — a, CD = b, DG = c, 

and other symbols as before. 

Then the depth of G**z + b sin 6 + c cos 0 

® z + bd + c, to the order considered. 

The weight of the fluid displaced is the weight of a volume of 
fluid equal to , 

< QFb A EC, or AFB EC ; 

this weight « gpV + gpAz , 
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and m^(z + c + b6) = mg-(gpV+gpAz) 

= -gpAz; 


or 


d?z ,d?6 
jl dt > + 0 dt a 


~9 





Another equation is to be obtained from the consideration of 
the angular motion about* the horizontal axis through G, which is 
a principal axis, perpendicular to the plane of displacement 

The moment of the fluid pressure about G may* be divided 
into two parts, the one due to the portion aFb, and the other to 
the portion EG of the fluid displaced. 

The former part of the fluid pressure =*gpV acting upwards 
through M the metacentre ; and the latter = gpAz, and may be 
considered to act through C the centroid of the plane of floatation. 
The moment, in the direction tending to diminish 0, 

=* gpV. GM sin 0 - gpAz (b cos 0 - c sin 0) 

— gp - aV) 6 - gpAz (b - c0 ) 

= gp (k?A - aV) 0 - gpAbz, 
neglecting the product of z and 0 ; 


(P0 

mK 2 =~gp (Jc*A -aV)0 + gpAbz. 


. mdM fteA \ A . 

K 'de = - g {-T- a ) ( >+9v- h *- 

From the equations (I) and (II) we obtain 

d 2 z gA /- b 2 \ gb /k?A \ a A 

s +V( I+ r.)‘-r.(T-T- 0 ’ 

d 2 0 gAb g (h^A \ a A 

dt* VK >+ K'\V a ) e “ 0 ’ 
which may be written 

~ + rz~bn0=* 0, 
dt' 




..(II). 


..(III). 


To integrate these equations, multiply the second by and 

add it to the first, then, x 

. \n—bn A , T „. 

; < IV >- 

\ 


we hare 


dt' 


(* + 


\6) + fr- ^ ( 


> + M)-0, 
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3. A solid, the lower portion of whose surface is spherical, 
floats in a heavy fluid ; shew that the time of a small angular 
oscillation is the same in whatever homogeneous fluid it floats. 

- 4. A hollow hemisphere moveable about a horizontal diameter 
is partly filled with fluid ; shew that the time of a small oscillation 
is the same as if there were no fluid in it. 

- 5, A solid ellipsoid floats in a liquid of twice its own specific 
gravity with its shortest axis vertical ; find the time of a small 
vertical oscillation, and also the times of small angular oscillations 
about the two horizontal axes. 

v 6. A cube (the length of whose edge is 2a) is floating in 
a fluid with its centre of gravity at a depth c below the surface ; 
if it receive a small displacement so that two of its faces remain 
vertical, shew that the times of its small vertical and angular 
oscillations are 

27 V ( a f) and ’ respectiveiy - 

.7. A cylinder makes vertical oscillations in a liquid contained 
in another cylinder, the radius of which is n times that of the 
former; shew that the length of the axis immersed when in 
a position of rest is 

gt^^r 47r 2 (n a — 1), 

where t is the time of a complete oscillation. 

' 8. A candle of density p floats vertically in still water of 
density or. It is lighted and the flame is observed to descend 
towards the water with uniform velocity u , and the velocity with 
which the candle bums is v : prove that 
v {or — p) — <ru. 

Prove also, that if the flame be extinguished* when a length 
l of candle remains, the candle will rise out of the water if 
v be > s/clgjp ; but if v be < ^alg/p the time of an oscillation will 
be m 2ir V pi/ eg. 

.» 9. A right cone is floating with its axis vertical and vertex 
downwwds ifc a fluid, and ~th part of the axis is immersed; 

a weight equal to the weight of the cone is placed on the base, 
Upon which the cone sinks till its axis is totally immersed, before 
rising; shew that f 

»* + »* 4 »*■ 7 . 
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J 10. A oone of vertical angle 2a floats in a cylinder of 
radius a with a length h of its axis immersed. If it be pushed 
vertically downwards through a small space, shew that the time 
of an oscillation is 

0 /(a 9 — A 9 tan 9 a) A 

W — I aV ' 

11. A vessel, in the form of a paraboloid of revolution with 
its axis vertical, contains a quantity of liquid equal in volume 
to that of a segment of a paraboloid, of the same latus rectum, 
floating in it: if this be raised till its vertex is just on the 
surface, and if it then sink to a depth equal to 3/4 of its axis 
before returning, prove that the density of the liquid : that of 
the paraboloid :: 48 : 7. 

12. A solid cone, of given vertical angle, is supported on 
an axis, about which it is moveable, coincident with a diameter 
of its base; if the axis be held horizontally, and lowered until 
one-eighth of the volume of the cone, vertex downwards, is 
immersed in homogeneous liquid, find the ratio of the densities 
of the liquid and cone, when the equilibrium is neutral. 

If, in the previous case, the axis be not lowered so far as to 
make the equilibrium neutral, and the cone be then slightly 
displaced, find the time of a small oscillation. 

j 13. An oblate spheroid is completely immersed in two fluids, 
the specific gravity of the lower being twice that of the upper 
fluid, and floats with its axis vertical, and its centre in the 
common surface of the fluids. 

Supposing a small displacement to take place, 1st, in a vertical 
direction, 2ndljv about a horizontal line through its centre of 
gravity, shew that the times of the small oscillations will be 
respectively 

2 V(f)’ and 2 V(1]S): 

where a and b are the semi-axes of the generating ellipse. 

/ 14. A homogeneous solid floats completely immersed in * 
liquid, the density of which varies as the depth, with its centre 
of gravity at a dqpth A; prove that the time of a small vertical 
o&illation is 2 ir^/h/g. 
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15. A lamina of uniform thickness, in the form of an isosccjes 
right-angled triangle, has one of the acute angles fixed below the 
surface of a fluid, and rests with the side which is not immersed 
horizontal. Prove that the time of a small oscillation in its own 
plane is 

2tt V a/g, 

where a is the length of each of the sides of the triangle. 

. 16. A solid generated by the revolution of the curve, 

--i * . ' 

y oc x* , about the axis of x , floats with a portion h of the *axis 

i 

immersed; if the solid be depressed through (w n_1 — 1) h, it will, on 
its return, just emerge. 

' 17. A solid of revolution of mass m floats in different liquids. 
If the time of vertical oscillation in any liquid and its density p 
are found to be connected by the equation 

/ denoting a given function, shew that the equation to the 
meridian section of the solid is 

y <•+«>-/*/•(&). 

/ 18. A uniform wedge, whose section perpendicular to its 
edge is everywhere an isosceles triangle of which the semi-vertical 
angle is tan _1 \/2 and base 6, floats with its edge fixed in the 
surface oi a liquid of twice its specific gravity: it is then de- 
pressed through a small angle B about the vertex: prove that 
the time in which it will return to its original position is 
approximately 


1 5b 



CHAPTER VII. 


PRESSURE OF THE ATMOSPHERE. 

109 . If a glass tube, about three feet in length, having 
one end closed, be filled with mercury, and then inverted in 
a vessel of mercury so as to immerse its open end, it will be 
found that the mercury will descend in the tube, and rest with 
its upper surface at a height of about 29 inches above the surface 
of the mercury in the vessel: this experiment, first made by 
Torricelli, has suggested the use of the Barometer , for the purpose 
of measuring the atmospheric pressure. 

The Barometer , in its simplest form, is a straight glass tube 
AB , containing mercury, and having its lower end 
immersed in a small cistern of mercury ; the end A 
is hermetically sealed, and there is no air in the 
branch AB. 

It is found that the height of the surface P of the 
mercury above the surface C is about 29 inches, and, 
as there is no pressure on the surface P, it is clear 
that the pressure of the air on C is the force which 
sustains the column of mercury PQ. 

We have i&ewn that the pressure of a fluid at 
rest is the same at all points of the same horizontal 
plane ; hence the pressure at G is equal to the pressure 
of the mercury at Q. 

Let <r be the density of mercury, and II the atmospheric 
pressure at C, then 

U^gaPQ, 

and the height PQ measures the atmospheric pressure. 

On account If its great density, mercury is the most con- 
venient fluid which can be employed in the construction of 
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barometers, but the pressure of the air may be measured by 
using any kind of liquid. The density of mercury is about 
13*568 times that of water, and therefore the height of the 
column of water in the water-barometer would be about 33f 
feet. 

The density of mercury changes with the temperature, and 
<r must therefore be expressed as a function of the temperature. 

Experiment shews that, for an increase of 1° centigrade, the 
expansion of mercury is ^^th of its volume ; hence if a t be the 
density at a temperature f, and <r 0 at a temperature 0°, 

<r„ = <r, fl + = a t (1 + -000180180 ; 

<r, = o- 0 (1-00 if 6 = -00018018, 
and II = ,<7<r 0 (1 — 8t) PQ. 

By means of the formula, U = ga 0 (l - 6t) h } the atmospheric 
pressure at any place can be calculated, making due allowance 
for the change in the value of g consequent on a change of 
latitude. It is found that this pressure is variable at the same 
place, with or without changes of temperature, and that in 
ascending mountains, or in any way rising above the level of 
the place, the pressure diminishes. This is in accordance with 
the theory of the equilibrium of fluids, for, in ascending, the 
height of the column of air above the barometer is diminished, 
and the pressure of the air upon C, which is equal to the weight 
of the superincumbent column of air, is therefore diminished, and 
the mercury must descend in the tube. 

If then a relation be found between the height of the mercury 
and the height through which an ascent has be§n made, it is 
clear that by observations, at the same time, of the barometric 
columns at two stations, we shall be able to determine the 
difference of their altitudes. 

We shall investigate a formula for this purpose ; but it is first 
necessary to state the laws which regulate the pressures of the air 
ted gases at different temperatures, and also the laws of the 
mixture of gases. 

110. We have before stated the relation 
pmkp{l+at) 
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between the pressure, density, and temperature of an elastic 
fluid : it is deduced from the two following results of experiment : 

(1) If the temperature be constant the pressure of air varies 
inversely as its volume . {Boyle's Law,) 

(2) If the pressure remain constant , an increase of temperature 
of 1°C. produces in a mass of air an expansion ‘003665 of its 
volume at 0°C. {Dalton's and Gay-Lussac s Law,) 

Henqe, if p be the pressure and p 0 the density of air, at a 
temperature zero, 

P = kpo. 

Suppose now the temperature increased to t, the pressure 
remaining the same : the conception of this may be assisted by 
considering the air to be contained in a cylinder in which a 
moveable piston fits closely, and has applied to it a constant 
force, so that an increase of the elastic force of the air would 
have the effect of pushing out the piston, until the equilibrium 
is restored by the diminution of density, and consequent diminu- 
tion of pressure : we shall then have from the 2nd law, 

p 0 = /o (1 +at), 

taking p as the new density and a » *003665 ; 


,\p = kp{ 1 +ctt). 


If p, p' be the pressure and density of the same fluid at a 
temperature If, 

p' * lcp' ( 1 + at'), 

and £_el±* 

p p' 1 + at 


The quantity a is very nearly the same for gases of all kinds, 
but k has different values for different gases, and must of course* 
be determined experimentally in every case* 


f 111. Absolute Temperature. If we imagine the tem- 
perature of a gas lowered until its pressure vanishes, without 
any change of volume, we arrive at what is called the absolute 
zero of temperature, and absolute temperature is measured fHfa 
this point. 

/ 

* Methods of determining the value off a are described in Oeschan^l’s Naturof 
Philosophy , translated and edited by Professor Everett. 
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Assuming t 0 to represent this temperature on the centigrade 
thermometer, we obtain, from the equation 1 + at 0 *= 0, 

<o = -- = - 273°. 

a 

In Fahrenheit’s scale the reading for absolute zero is — 459°. 

The equations, p = kp ( 1 + at), 

0 = kp (1 + at 0 ), 
lead to p = kpa (t — t Q ) 

= kpa T, 

if T be the absolute temperature. 

Since pV is constant, it follows that pV/T is constant, and 
this law expresses, in the absolute scale, the relation between 
pressure, volume, and temperature. 

c/112. Mixtures. The pressure of a mixture of different 
9 elastic fluids. 

Consider two different gases, contained in vessels of which the 
volumes are V and V', and let their pressures and temperatures, 
p and t, be the same. 

Let a communication be established between the two vessels, 
or transfer both the gases to a closed vessel, the volume of which 
is F+ V' : it is found in the case in which no chemical action 
takes place, that the two gases do not remain separate, but 
permeate each other until they are completely mixed, and that, 
when equilibrium is attained, the pressure and temjterature are 
the same as before. From this important experimental fact we 
can deduce the following proposition. 

If two gases having the same temperature be mixed together in 
a vessel, the volume of which is V, and if the pressure of the two 
pases, alone filling the volume V, be p and p', the pressure of the 

fixture will be p + p'. 

• 

Suppose the two gases separated ; let the gas, of which the 
pressure is p, have its volume changed, without any alteration of 
temperature, until its pressure becomes p' ; its volume will be, by 
®oyle’s la*w, pV/p\ 
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Let the two gases be now mixed in a vessel, of which the 
solid content is 

F+jF, or P -±£v-, 

P P 

the pressure of the mixture will still be p, and the temperature 
will be unaltered. If the mixture be then compressed into a 
volume V, its pressure will become, by the application again of 
Boyle’s law, p + p\ 

, This result is obviously true for a mixture of any number of 
gases. 


113. Two volumes V, V' of different gases , at pressures p, p' 
respectively , are mixed together, so that the volume of the mixture is 
U ; to find the pressure of the mixture. 

The pressures of the two gases, reduced to the volume U , are 
respectively 

V V' , 
u p> U p ’ 


and therefore, by the preceding article, the pressure of the 
mixture is 


V V , 

U P+ U P ’ 


and if vr be this pressure, we have 

wEr-pF+yr. 


If the absolute temperatures of the gases before mixture are 
T and T', and if after mixture the absolute temperature is t, and 
the volume U, the pressures of the gases will be respectively 


P v t j 
~~T U 


jfTr 

r v 


Hence sr, the pressure of the mixture, is the sum of these two 
quantities, and therefore 


*U pF p'F 
— “ T + -j?r • 


In the case of the mixture of any number of gases, we have 

«U ~pV 
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114 . The laws and results of the preceding articles are equally 
true of vapours, the only difference between the mechanical 
qualities of vapours and gases, irrespective of their chemical 
characteristics, being that the former are easily condensed into 
liquid by lowering the temperature, while the latter can only be 
condensed by the application either of great pressure or extreme 
cold, or of a combination of both * 

115. Vapour. If water be introduced into a space con- 
taining dry air, vapour is immediately formed, and it is found 
that the pressure and density of the vapour are dependent only 
on the temperature, and are quite independent of the density of 
the air, and indeed are exactly the same if the air be removed. 
If the temperature be increased or the space enlarged, an addi- 
tional quantity of vapour will be formed, but if the temperature 
be lowered or the space diminished, some portion of the vapour 
will be condensed. 

While a sufficient quantity of water remains, as a source from 
which vapour is supplied, the space will be always saturated with 
vapour, that is, there will be as much vapour as the temperature 
admits of ; but if the temperature be so raised that all the water 
is turned into vapour, then for that, and all higher temperatures, 
the pressure of the vapour will follow the same law as the pressure 
of the air. 

In any case, whether the space be saturated or not, if p be the 
pressure of the air, and nr of the vapour, the pressure of the 
mixture is p + nr. 

U6. The atmosphere always contains aqueous vapour, the 
quantity being greater or less at different times ; if any portion 
of the space occupied by the atmosphere be saturated with 
vapour, that is, if the density of the vapour be as great as it 
can be for the temperature, then any reduction of temperature 

* Professor Faraday succeeded in oondensing carbonio acid gas, and other gases 
requiring a considerable pressure for the purpose, and the result of his experiments 
led to the conclusion that, in all probability, all gases are the vapours of liquids. 
This conclusion was remarkably supported in 1877, when M. Pictet, in the early 
part of the year, liquefied oxygen by applying to it a pressure of 800 atmospheres, 
and, in Deoember of the same ye2r, M. Cailletet liquefied nitrogen, and atmospheric 
air. In 1884 hydrogen was liquefied by Wroblewski, in 1899. Dewar obtained solid 
hydrogen, and now liquid air and various other gases in liquid form are artiole^of 
oommeroei 
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will produce condensation of some portion of the vapour, but if 
the density of the vapour be not at its maximum for that tem- 
perature, no condensation will take place until the temperature 
is lowered below the point corresponding to the saturation of 
the space. 

Formation of Dew. If any surface, in contact with the 
atmosphere, be cooled down below the* temperature corresponding 
to the saturation of the space near it, condensation of the aqueous 
vapour will ensue, and the condensed vapour will be deposited in 
the *form of dew upon the surface. The formation of dew on the 
ground depends therefore on the cooling of its surface, and this is 
in general greater and more quickly effected, when the sky is free 
from clouds, and when, consequently, the loss of heat by radiation 
is greater than under other circumstances. 

The Dew Point is the temperature at which dew first begins 
to be formed, and must be determined by actual observation. 

The pressure of vapour corresponding to its saturating densities 
for different temperatures must also be determined experimentally, 
and, if this be effected, an observation of the dew point at once 
determines the pressure of the vapour in the atmosphere. For. 
if If be the dew point, and p' the known corresponding pressure, 
then at any other temperature t above H the pressure p is given 
by the equation 

p _ 1 + at 
p' ~ 1 + at' * 

117. Effect of compression or dilatation on the pressure and 
temperature of a gas. 

It is found by experiment that if a quantity of air, enclosed 
in a vessel impervious to heat, be compressed, its temperature is 
raised; and that, if a quantity of air, enclosed in any kind of 
vessel, be suddenly compressed, so that there is no time for the 
heat to escape, the temperature is similarly raised. 

J 118. Thermal capacity. The thermal capacity of a' bedy^ 
is measured by the amount of heat required to raise the tempera- 
ture one degree. 

The unit of heat which is actually employed is the quantity of 
heat required to faise by one degree the temperature of one unit 
of mass of water, supposed to be between 0° G. and 40° C. 
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Specific Heat. The specific heat of a body is the thermal 
capacity of one unit of mass, or, which is the same thing, it is the 
ratio of the amount of heat required to increase by 1° the tem- 
perature of the body to the amount of heat required to increase 
by 1° the temperature of an equal weight of water. 

If an amount of heat dQ produce in the unit of mass a change 
of temperature dt> the measure of the specific heat is . 

In gases it is necessary to consider two cases ; (1) when the 
pressure remains constant, the gas being allowed to expand, 
(2) when the volume remains constant. 

We shall denote the specific heat in these two cases by the 
symbols c p and c v . 

It is easy to see that c p is greater than c v , for in the first 
case the heat imparted does work in expanding the gas as well 
as in raising its temperature. 


^ 119. Adiabatic expansion. To determine the effect of a 
compression or a dilatation of a given quantity of gas, it is clear 
to begin with that the heat required will be a function of v y p , and 
T, and since pv oc T, the heat required for any expansion will be a 
function of v and p. Therefore it follows that 

dQ = fv dv + fp dp ' 

and, in general, p = kpaT or, if the mass of the given quantity of 
gas be the unit of mass, 

pv-k%T - KT. 

If the pressure be constant, dQ -c p dT\ 


1 dv s= CndT 


p dv 


dv~K P ‘ 


If the volume be constant, 


dp K 


10 
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^Therefore, if no heat be imparted, that is, if dQ » 0, 


dv 


+**-•: 

P 


p c * . v Cp is constant, 

if we assume that the ratio of c v to c p is constant. 

If p, v be changed to p\ v', we obtain 

, p w ) 9 

where 7 =»c p /c f , and 

pv WJ 

The equation pvv = constant is, in thermodynamics, the 
equation of the adiabatic, or isentropic lines, and it represents 
the relation between the pressure and volume of a mass of gas, 
when, during a change of volume, no heat is lost or imparted. 

The equation is true in the case of a sudden compression or 
dilatation of a mass of air, because there is no time for any sensible 
loss of heat, or for any addition of heat from external sources. It 
will be found that this relation is of great importance in the theory 
of sound. 


120. c F - c* constant. It can be shewn by the aid of the 
principle of energy that the difference between c p and c„, for any 
given gas, is constant. 

By a law of thermodynamics, the energy imparted to a system 
by the application of heat is proportional to the amount of heat 

Hence, J being the mechanical equivalent of the unit of heat, 
the energy imparted to the unit mass of a gas by a rise of 
temperature dT when the pressure is constant is 

« J.c p dT. 

But this energy is partly expended in elevating the temperature 
at a given volume, and partly in expanding the volume ; 

.v J.c p dTmpdv + J.c v dT 
and * ^pv * KT t v 

JiCp-cJmK, 

dewing that Cp - c* is constant 
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We can employ this equation in obtaining the result of 
Art. (119). 

For, if no heat be supplied, no energy is imparted, 
and pdv + J.c v dT = 0. 

But pv = KT=J.(c p -c v )T ; 

pdv + vdp «= J . (c p - c v ) dT \ 
and pdv (c p - c v ) + c v ( pdv + vdp) = 0, 

whence c p . p dv + c v . vdp = 0, as before. 


121. The work done during an adiabatic compression of a gas. 

In Art. (14) we have assumed that the temperature is constant, 
or in other words that the compression is isothermal. 

This state of things can be secured by performing the opera- 
tion so slowly that any heat which may be generated is dissipated 
during the process. 

If the compression is adiabatic, that is, if the process is so 
arranged that no heat is lost or imparted, which is practically 
the case when the compression is very rapid, we have from 
Art. (119) the relation 

pv y = constant = C. 

Hence it follows that the work done in compressing from 
V to U 

- f Gv~y dv 


■s 

■tL { v '-- H- 


Whole mass of the earth's atmosphere. 

122. Some idea may be formed of the mass of air and vapour 
surrounfling the earth by means of the barometer. Supposing 
the earth to be a sphere of radius r, and <that the height of the 
barometric column, h t is * the same at all points of its surface, 
the mass of the atmosphere is approximately equivalent to the 
fliass 4jnrr*h of mercury. 


10 — 2 
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«Le t p be the mean density of the earth ; 
then, the mass of the atmosphere : the mass of the earth 

= 4nrar*h : $7rpr* 

3 ah : pr. 

But, taking water as the standard substance, <r=13 57, and 
p has been found to be about 5*5; and, if we take 29*9 inches 
as an approximate value of h, it wilf be found that the ratio 
of the masses is somewhat less than the ratio of one to a 
million 11 . ' 

The height of the homogeneous atmosphere. 

^ 123 . If the whole column of air had the same density 
throughout as at the surface, its height being l , and the height 
of the mercury being h , we should have 
ah = pi, 

where p is the density of the air. It has been found that the 
ratio a : p is about 10462:1, and therefore employing as before 
29*9 as a value of h , it will be found that l is a little less than 
5 miles. 

Necessary limit to the height of the atmosphere . 

It is dear that, since at a distance from the earths surface 
its attraction diminishes, and the density and pressure of the 
air are therefore diminished, the above result is very far from 
the truth. A limit to the height can however be found from 
the consideration that, beyond a certain distance from the earth's 
centre, its attraction will be unable to retain the particles of 
air in the circular paths, which they must describe about the 
earth, in order to remain in a state of relative equilibrium. 

At the equator the expression w 2 r, co being the earth’s angular 
velocity, is equrfl to g/ 289, and therefore, at a height z , the force 
necessary to retain a particle m of air in its circular motion is 
equal to mg (r + s)/289r ; the earth's attraction at the same 
height 

mgr* 

~(r -M) 3 ’ 

* The mean density of the earth has been frequently the subject of o&loulation 
based on experiment: v. J. H. Poynting, Adams Prize Essay 1899, where the result 
obtained is 5*4984. C. V. Boys, Phil. Trans. 1896, and 0. Braun, Denksckrift d . 
math, naturw. Klasse d. Wiener Akad, 1896-7 give the result 5*527. See also 
Article Gravitation Cimtant and mean density of the earth , by J. H. Poynting* 
Encycl , Brit, eleventh edition. 
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and the extreme height is given by the equation 
r 3 _ r + z 
(r + zY 289r 

or t = r (4/(289) - 1}, 

that is, z is a little greater than 5 r. 

It is possible however that this height is considerably beyond 
the true height, for the temperature of the air has been found, 
by experiments made in balloons, to diminish with gr^at rapidity 
during an ascent, and it is therefore quite possible, that, # at a 
height less than 5 r, the air may be liquefied by extreme cold, 
and its external surface would be, in that case, of the same kind 
as the surfaces of known inelastic fluids. 


The determination of heights by the barometer. 

124 . In attempting to establish a relation between the height 
of the mercury column of a barometer and the height of the 
instrument above sea-level, we must make a hypothesis about 
the temperature of the atmosphere. First let us suppose the 
temperature to be constant and that p, p denote the pressure and 
density at a height z, and p , p their values at a height z ; then 
the equations of equilibrium are 

dp** — gp dz, 

and p/p = p'/p ~ k ; 

k\ogp=C-gz‘ 


log|,=f(/-4 


Also if h, h! denote the heights of the barometer at two stations 
whose heights are z and s\ then 



k . p k , h 


,(i). 


If the temperature be not constant, let r, r be the temperatures 
•at the two stations; then if we proceed on the hypothesis of a 
mean uniform temperature t = J (t 4- t') between the two levels, 
the relation between p and p is now p = kp (1 + at), and equation 
(1) becomes 


■( 2 ), 


^ (V+ ia(T + f')} log ^ 
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ancLif we also allow for the difference in the temperature of the 
mercury in the barometer at the two stations, we have by 
Art. (109) 

, where 6 = *00018018 ; 

p tl — UT ) 

and equation (2) becomes 

+ <» 

125 . If however the heights above the earth’s surface be 
considerable, it is necessary to take account of the variation of 
gravity at different distances from the earth’s centre. We proceed 
then to an investigation of a more exact formula. 

Let g be the measure of gravity at the level of the sea, and r 
the radius of the earth ; then, at a height z, the attractive force is 
measured by 

r 2 

9 {r + Z y 

and the equation of equilibrium is 

we have also p = kp (1 + at), and it is here important to observe 
that p is the sum of the pressures due to the air itself, and to 
the aqueous vapour which is mixed with it, so that, if p be the 
density of the aqueous vapour, p is the sum of two quantities 
of the form 

kp (1 + at) + k f p' ( 1 + at), 

and therefore the quantity kp in the above equation is the sum of 
the two kp, k'p , corresponding respectively to the air and the 
aqueous vapour. 

From the two equations above we obtain 
, dp 1 gr*dz 
*7" 1 + «*(r + *r 

and, as before, we shall consider t constant, and equal to the mean 
of the temperatures at the two stations. 

By integration 
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Let h t h! be the observed heights of the mercury, and % r 
the temperatures, as before ; then, since the force of gravity at a 

height z is measured by the quantity > we h ftVe 


fr + 2 \ 2 1 - Ot' h! 

■ Or h 


p' _ fr + z \ 2 1 - 1 
p~~\r + z) 1 - ( 


•(2), 


and therefore, observing that 6 is a very small quantity, 

, k(\ + at) (r + z)(r + /)(. K r + z , .1 

{ °8” 1 + 2 og' 0 r + z’ ~ ^ ( T - T >)’ 

where = log 10 e — *4342945. 

From this formula, if / be known, the value of z can be 
calculated. 

If the lower station be nearly at the level of the sea, z f = 0, and 

,-*Jl±">( i + £)) i og 4' +21og „( 1+ i)-^ (/ - T) }... w 


126 . In the preceding investigation we have taken no account 
of the variation of gravity at different parts of the earth’s surface. 
On account of the spheroidal shape of the earth and its rotation 
about its axis the value of the force of gravity differs in different 
latitudes, and in consequence of the constitution of the earth’s 
crust the value differs on land and sea and has been found to be 
greater on small oceanic islands than on continent®. 

A recent formula for the mean value of g is 

g = 978*046 (1 + *005302 sin 3 <j> - *000007 sin 3 2<£) cm./sec.*, 

or g » 980*632 (1 - *002644 cos 2 <f> 4* *000007 cos* 2^) cm./sec. 3 , 

where $ is the latitude, the numbers 978*046 and 980*632 giving 
the values of g at the equator and in latitude 45° *. 

• 

* Handbuch der Phyeik, A. Winkelmann, Leipzig 1906, p. 479. See also the 
Artiole Figure of the Earthy A. R. Clarke and F. R. Helmut, in the Encyel. Brit 
eleventh ^dition. • 
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Jf we take g- 980'6(1 - •002644 cos 2$), then the last ex- 
pression /or e becomes 


k(l + at) (l +z/r) 

' 9806/t (1 - -002644 cos 2 <f>) 


|log„^+21og„(l + ^) 




In these formulae the value of k, as we have seen, depends on 
the amount of aqueous vapour in the air ; but for dry air, taking 
p =5 kp (1 +‘a£), if the air is at 0° C. and a pressure of 760 mm. of 
mercury, the value of k is got from kp = p = 7Q0ga, where o- is 
the density of mercury. And taking <r/p = 10462, this makes 


k = 760 x 10462$r mm. 

= 7951*12^ metres. 

This would make the coefficient fc/980’6/x = 18308 metres, but this 
neglects entirely the aqueous vapour, and a value for k that gives 
results more in accordance with observed facts is 7963‘2$r metres, 
making 

kj 980-6/x. = 18336 metres. 

In order to obtain z from the formula (4) an approximate value 
must be obtained first by neglecting z\r in the right-hand member 
of the equation ; if this approximate value be then employed in 
the same expression, a more accurate value will result, and the 
same process may be repeated if necessary. 


127 . Other corrections are however necessary in order to 
render the determination of heights by the barometer very exact 
in practice; the value of k for instance is modified by the fact 
that the density of aqueous vapour at a given temperature and 
pressure is less * than the density of dry air under the same 
circumstances, and the proportion of aqueous vapour to dry air 
may be, and in general will be, different at the two stations. 

Moreover, if the upper station be on the surface of the ground, 
the attraction of the portion of the earth which is above its mean 
level must be taken account of. The effect of this attraction is to 
increase the quantity gr % j(r 4- zf by Zgz/Ar so that, at a height z, 
the force of gravity is measured by 

9 * 

(^r*> + t r ’ 
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or, approximately, g |l - (Routh, Analytical Statics, II.-p. it) ; 
the equation for p will be in this case 

dp = ~9 \\-^pdz, 

and therefore, if the lower station be at the level of the sea, 

&(1 + at) logoffs (l-|?) 

or i + |^l 0 g?-. 

9 \ 8 r) 6 p 

In place of the equation (2) of Art. (125) we shall have 

p' _ / 5 z \1 — Or h' 

p \ + 4r/l-^T /? 

and the final equation for z will be obtained by substituting in 
(4) of Art. (126) 1 + %z/r for 1 + z/r , observing that log (1 + \z/r) 
• is approximately equal to 2 log (1 + §z/r). 

We may note however that when z and r are measured in 
metres, z/r = 0000001572 approximately, so that the error arising 
from neglecting z/r will generally be small. 

A formula of this kind appears to have been given first by 
Laplace*. 

128. It must also be noticed that we have assumed the 
temperature of the mercury in the barometer to be the same as 
that of the air surrounding it ; but in some cases, as for instance 
when observations are made in a balloon, the barometer may not 
remain long enough in the same place to acquire the temperature 
of the air round it. The temperature of the mercury can, however, 
be observed by a thermometer, the bulb of which is placed in the 
cistern of the barometer, and the temperatures so obtained must 
be employed in the equation (2) of Art. (125). 

M€caitique Ctleste, Livre x. chap. iv. Laplace’s formula differing only in 
numerical coefficients from (4) Art. (126) remains the fundamental formula in this 
connection. It is quoted in Sir ‘John Moore’s Meteorology (1910), p. 149. For 
forking formulae for barometrio corrections see any modern text-book on Physios, 
such as Ohwolson, Lehrbuch der Physil \ 1902, i. p. 443, and ^numerical tables see 
fhe Observer's Handbook published by the Meteorological Offioe, 1908. 
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• 128 a. Oonvective equilibrium. An alternative hypothesis 
is that of the convective equilibrium of temperature in the 
atmosphere. As explained by Lord Kelvin * “ when all the parts 
of a fluid are freely interchanged and not sensibly influenced by 
radiation and conduction, the temperature of the fluid is said to 
be in a state of convective equilibrium.” This state implies that 
if equal masses of air at different levels were interchanged without 
gain or loss of heat, i.e. adiabatically, they would merely inter- 
change pressure, density and temperature so that on the whole 
there would be no change. In this case therefore the equations 
are 

dp = - gpdz (1), 

p = kpy and p-KpT , 

where T denotes absolute temperature at the height z ; 

kypy-*dp = — gdz } 

and by integration 

-“J py--i -G-gz; 


—2— = G-gz\ 

7-1 p V 

K(T-T t ) = -gz, 


where T 0 denotes the absolute temperature at sea-level ; 
• T - l _ 7~ 1 JL 

•• 2T 7 ' kt ; 

And if H is the height of the homogeneous atmosphere 
Kp Q l o = p 0 = ypoH ; 


T--i _zzi £ 
r. 7 'H 


.( 2 ). 


If in equation (1) we take gr-;(r + z'f instead of g, as before, we 
get on integration and substitution as above 


T _ . 7 - 1 rs 

~’T(7+z) 


,( 3 ). 


189 . The two following problems are illustrative of the 
principles of this chapter. 


Collected Papen , Vof. m. p. 255, 
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(1) A piston without weight Jits into a vertical cylinder, closed 
at its base and jilled with atmospheric air, and is initially at the 
top of the cylinder ; water being poured slowly on the top of the 
piston, find how much can be poured in before it will run over . 

Let a be the height of the cylinder, and z the depth to which 
the piston will sink; then in the position of equilibrium the 
pressure of the air in the cylinder is IT 4- gpz, where II is the 
atmospheric pressure, and p the density of water: but 


this pressure : 11 : : a : a - z ; 


Ila 

a— z 


= II + gpz- 


Let h be the height of the water-barometer, 
n = gph, 

ha ~(a — z){h + z), 

and 2 = 0 or a-/?. 


Unless then the height of the cylinder is greater than h , no 
, water can be poured in, for, even if the piston be forced down and 
water then poured on it, the pressure of the air beneath will raise 
the piston. 

The negative solution, when a < h, can however be explained 
as the solution of a different problem leading to the same algebraic 
equation. Suppose the cylinder to be continued above the piston, 
and let it be required to raise the piston through a space z by a 
force which shall be equal to the weight of the cylindrical space z 
of water. 

This leads to the equation 

II - gpz _ a 
II a + z ’ 

or z = h — a. 

4 (2) To determine the motion of a balloon on the supposition that 
the mass of air displaced by it in any position is homogeneous, and 
that the temperature throughout is constant,. 

• Let z be the height of the centre of mass of the balloon, m its 
m &S8, V its volume, and p the density of the air at the height z ; 
then the equation which determines the motion is 

tfpV-mg'> 



156 


EXAMPLES 


wher< 


9 , = 9 i 


(r + zf * 

But from the equations dp = - g'pdz and p = kp, we obtain 


and therefore 


--IT* 

p = lief 

Tl For 8 - -g*. 

= 7 e *tr+3 — 


dh 

1 dt* k{r + z ) a 


m9 ^Tzf' 


dz 


from which, putting m = <r7, multiplying by 2 ^ , and integrating, 


■ 2n^ (r+2) + 


2agr i 


initially 


a S) “ Cf -“ w _r r + ^’ 

0 — 0 — 2fl 4" 2<r$rr, 


(a)’- 2 ' 1 ' 1 - 


— crrz 
0 k(r+z)\ 


2<rgrz 
r + z 

The greatest height of the balloon is given by putting 
dz 


dt 


= 0, 


and, if the mean density of the balloon differ very little from that 
of the air, zjr will be small, and an approximate value may be 
found. 


EXAMPLES. 

1. If the specific gravity of air be *0013, that of mercury 13*59, 
and if the height of the barometer be 30 inches, prove that the 
numerical value of k is about 836300, a foot and a second being 
units of space and time. 

2. The weight of 1 litre of dry air at 15*5° C. when the height • 
of the barometer is 760 mm. is 1*23 grammes. The pressure of 
aqueous vapour at this temperature is 12 6 mm. of mercury, and 
its density is to that of dry air at the same temperature and 
pressure as 5 to 8. Find the weight of a litre of air when saturated 
with aqueous vapour at the above temperature and pressure. 

3. A faulty barometer indicated 29 2 and 30 inches when the 
indications of a correct instrument w r ere 29*4 and 30*3 inches 
respectively ; find the length of tube which the air in the tube 
would fill under pressure of 30 inches. 
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4. The barometer standing at 30 inches, a cubic, yard *>f 
atmospheric air is compressed into a vessel containing a cubic 
foot; find approximately the numerical measure of the energy 
stored up, the specific gravity of mercury being 13*596 referred to 
water, of which a cubic inch weighs 252*77 grains. 

i 5. The readings of a perfect mercurial barometer are a and ft, 
while the corresponding readings of a faulty one, in which there 
is some air, are a and b; prove that the correction to be applied to 
any reading c of the faulty barometer is 

(a- a) (ft -b) (a - b) 

( a — c) (a — a) — (b - c) (ft - b) * 

6. If a thermometer, plunged incompletely in a liquid whose 
temperature is required, indicate a temperature t, and r be that of 
the air, the column not immersed being m degrees, prove that the 

correction to be applied is being the expansion 

of mercury in glass for 1° of temperature, assuming that the 
temperature of the mercury in each part is that of the medium 
• which surrounds it. 

7. A closed vertical cylinder of unit sectional area contains ' 
a piston, weight W. The piston is originally halfway up the 
cylinder, and the space above and below is filled with saturated 
ai$ On being left to itself the piston sinks to half its former 
height; prove that the tension of the saturated vapour is 3 W — 411 
where II is the pressure of the atmosphefe: the temperature being 
supposed the same at the end and beginning of the process. 

8. A vertical barometer tube is constructed, of which the s 
upper portion is closed at the top, and has a sectional area a?, the 
middle portion is a bulb of volume b\ and the lower portion has 

a section c*, and is open at the bottom ; the mercury fills the bulb 
and part of the upper and lower portions of the tube, and is 
prevented from running out below by means of a float against 
which the air presses ; the upper part of the tube is a vacuum : 
find the change of position of the upper and lower ends of the 
.mercurial column, due to a given alteration of the pressure of the 
atmosphere. 

Shew also that, if the* whole volume of the mercury in the 
instrument be o % H, where H is the height of the barometer, the 
Upper surface will be unaffected by changes of temperature. 
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J 9. A cylindrical diving-bell sinks in water until a certain 
portion V remains occupied by air, and in this position a quantity 
of air, whose volume under the atmospheric pressure was 2F, is 
forced into it Shew how far the bell must sink in order that the 
air may occupy the same space as in the first position. 

Find also the condition that when the air is forced in at the 
first position no air may escape from 'beneath the belL 

J 10. -A vessel, in the form of the surface generated by the 
revolution about its axis of an arc of a parabola terminated by 
the vertex, is immersed, mouth downwards, in a trough of mercury; 
shew that the pressure of the air contained in the vessel varies 
inversely as the square of the distance of the vertex of the vessel 
from the surface of the mercury within it. Supposing the length 
of the axis of the vessel to be to the height of the barometer as 
45 is to 64, find the depth of the surface of the mercury within 
the vessel, when the whole vessel is just immersed. 

0( 11. A piston without weight fits into a vertical cylinder, 
closed at its base and filled with air, and is initially at the top of 
the cylinder ; if water be slowly poured on the top of the piston, 
shew that the upper surface of the water will be lowest when the 
depth of the water is >J(ah)-h, where h is the height of the 
water-barometer, and a the height of the cylinder. 

12. The barometer stands at 29*88 inches, and the thermo- 
meter is at the Dew Point : a barometer and a cup of water are 
placed under a receiver, from w'hich the air is removed, and the 
barometer then stands at *86 of an inch; find the space which 
would be occupied by a given volume of the atmosphere, if it 
were deprived of its vapour without changing its pressure or 
temperature, 

13. A straight tube, closed at one end and open at the other, 
revolves with a constant angular velocity about an axis meeting 
the tube at right angles; neglecting the action of gravity, find the 
density of the air within the tube at any point. 

1 14. A bent tube of uniform bore,' the arms of' which are at 
right angles, revolves with constant angular velocity » about the ( 
axis of one of ifc^ arms, which is vertical and has its extremity* 
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immersed in water. Prove that the height to which the wat^r 
will rise in the vertical arm is 



a being the length of the horizontal arm, TI the atmospheric 
pressure, and p the density of water, and k the ratio of the pressure 
of the atmosphere to its density. 

15. A thin uniform circular tube of radius a contains air and 
rotates with angular velocity co about an axis in its plarfe, distant 
o from the centre ; find the pressure at any point neglecting the 
weight of the air. If c is less than a, and if p and p' are the 
greatest and least pressures, prove that 

10 gj-ac+* 

16. Prove that for rough purposes the difference of the 
logarithms of the heights of the barometer multiplied by 10000 
gives the difference of the heights of two stations in fathoms. 

17. Two non-conducting vessels, of volumes v and xf, contain 
atmospheric air at pressures p and p\ at the temperatures T and 
T ; if these masses of air be mixed together in a non-conducting 
vessel of volume V, find the pressure of the mixture. 

^18. Two bulbs containing air are connected by a horizontal 
glass tube of uniform bore, and a bubble of liquid in this tube 
separates the air into two equal quantities. The bubble is then 
displaced by heating the bulbs to temperatures t degrees and 
t' degrees: prove that, if the temperature of each bulb be decreased 
t degrees, the bubble will receive an additional displacement 
which bears to the original displacement the ratio of 
2ar : 2 + a (t + 1’ — 2t), * 

where a is the coefficient of expansion. 

19. An elastic spherical envelope is surrounded by air 
saturated with vapour ; when the air within it is at a pressure of 
two atmospheres it is found that its radius is twice its natural 
•length, $nd again the radius is three times its natural length 
when the envelope contains 77 times as much air as it would if 
open to the air; assuming *that the tension at any point varies as 
, the extension of the surface, prove that ^ of the pressure of the 
•air is due to the vapour it contains. 
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A conical shell, vertical angle 7r/2, and height H t can hold 
double its own weight of water. It is inverted and immersed, axis 
vertical, in a mass of water. The water is now made to rotate 

with angular velocity and the cone sinks till its vertex 

lies in the surface : prove that the height of the water- barometer 
is to that of the cone as 3 : ^28. 

21. A small balloon containing air is immersed in water and 
has 100 grains of lead attached to it, the envelope of the balloon 
beipg of the same density as the water. If at the temperature of 
the water and the pressure of the atmosphere the balloon contain 

I cub. inch of air, find the depth to which it must be immersed in 
the water to be in a position of unstable equilibrium when the 
height of the water-barometer is 33 feet ; it being given that the 
density of air : that of water : that of lead : : 1 : 800 : 9120. 

22. A cup is formed out of a uniform solid paraboloid, by 
removing half the volume, so that the inner boundary is an equal 
coaxal paraboloid with its vertex at the focus of the former one. 
The cup is immersed in vacuo in a fluid, vertex upwards and axis 
vertical, and gas is forced in from below till the vertex rises to 
the surface : if the water be now halfway up the inner boundary 
of the cup, prove that the density of the fluid is $ that of the 
paraboloid. 

723. If the pressure of the air varied as the (1 + l/m) th power 
of the density, shew that, neglecting variations of temperature and 
gravity, the height of the atmosphere would be equal to (m + 1) 
times the height of the homogeneous atmosphere. 

j 24. A piston of weight w rests in a vertical cylinder of 
transverse section k, being supported by a depth a of air. The 
piston rod receives a vertical blow P, which forces the piston down 
through a distance h : prove that 

(w + Uk) + a log (l~jj j + 2 ~ ** 0. 

II being the atmospheric pressure. ^ iT* 

/ , 25. If a spherical balloon of radius r, containing a quantity t 
of gas of density^ at the pressure p 0 of the atmosphere on the# 
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surface of the earth, be just able to sustain a tension T, shew tjat 
it will burst when its velocity is given by 

where the resistance to the motion of the balloon is neglected. 

26. Supposing the atmosphere to fill the whole of space and 
to be of uniform temperature throughout, prove that the ratio of 
the density of the atmosphere at the surface of Mars to that at 
the Earth will be e~ m nearly ; it being given that the density of 
Mars is the same as that of the Earth, that his radius is one-half 
the Earth’s radius, which is 6366800 metres, and that the atmo- 
spheric pressure on the Earth is 1033 grams per sq. cm., while the 
mass of a cubic cm. of air is ‘001247 grams. 

27. If after graduation a small volume v of air is allowed 
into the vacuum above the mercury in a barometer, shew that the 
necessary correction of any observed reading h , the temperature 
remaining unaltered, is 

h v 

C^n){h^H) 

where a is the area of the section of the tube, - that of the basin, 

n 

|pd G is the length of the apparent vacuum corresponding to 
another observed reading H of the faulty barometer. 

* 28. Prove that if the temperature in the atmosphere fall 
uniformly with the height ascended, the height of a station above 
sea level is given by 

* - a (1 - (A/A 0 ) m }> 

where h } h 0 are the readings of the barometer at the station and 
^ at sea level respectively, and a, m are constants. * 

29. Shew that in an atmosphere in “ convective equilibrium * 
the temperature would diminish upwards with a uniform gradient; 
and calculate this gradient in degrees centigrade per 100 metres, 
assuming the following data (in c.G.s. units) : 


height of barometer 

=•760, 

temperature (absolute) 

= 272°C., 

density ofi air 

= 00129, 

density of mercury 

= 13-60, 

ratio of specific heats ( 7 ) 

mI f . 


11 



CHAPTER VIII. 

THE TENSION OF FLEXIBLE SURFACES. 

130 . The general problem of the equilibrium of flexible 
surfaces was considered by Lagrange, Mdcanique Analytiqne, Tom. I., 
and also more fully by Poisson, Mtmoires de V I nstitut, 1812 ; it is 
proposed in this chapter to discuss one class of the questions 
which arise out of the general case, those namely which have 
reference to the action of fluids upon flexible surfaces. 

The pressure of a fluid at rest being normal to any surface 
with which it is in contact, we have, in fact, to consider the 
equilibrium of flexible surfaces at rest under the action of normal 
pressures, and of the tensions at their bounding lines. 

For the sake of generality the term ‘ flexible surface' is 
employed as the representative of substances, such as cloth and 
thin paper, which do not offer any sensible resistance to bending, 
and which, when bent or twisted, do not tend to return to their 
original form. Perfectly flexible surfaces, whether extensible or 
inextensible, are therefore to be looked upon as inelastic. 

In the following articles we shall suppose that the stress 
between any t$o portions of a flexible surface is wholly tangential 
to the surface. 


Measure of Tension. 

Conceive a flexible and inelastic surface, extensible ^ .in- 
extensible, in a state of tension, and let QPQ' be a small sac of, 
the section through P made by a normal plane ; then if {. QQ' be 
the resultant action, perpendicular to QQ' in the tangent plane, 
between the portions of surface bounded by the line QQ', t is the 
measure of the pension at P; in mother words, t is the rate of # 
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tension at P, or the force which would be exerted on a section 
of the substance, the length of which is unity, in the same state of 
tension throughout as the surface at P. 

In general the stress between the portions of surface separated 
oy QQ will not be perpendicular to QQ, and will therefore be the 
resultant of the tension t . QQ and of a force t . QQ ' tangential to 
the curve QQ f , r being a quantity of the same kind as t and 
measured in the same way. 


f 131. A vessel in the form of a right circular cylinder , the 
curved surface of which is flexible , contains fluid ; the axis of the 
cylinder being vertical , it is required to find the relation between 
the pressure and tension at any point. 




Let PQ' be a small portion of the surface contained between 
two planes perpendicular to the axis 
and two generating lines of the 
cylinder. 

Let t be the horizontal tension 
and p the pressure, at any point of 
PQ; then the equilibrium of the & 
element PQ' of the surface will be maintained by the normal 
pressure of the fluid, pPF . PQ, the tangential forces tPP f and 
tQQ, and by the vertical tensions on PQ and P'Q', if there be * 
any tension in the vertical direction. 



Hence, resolving the forces in the direction of the normal OE , 
drawn to the middle point E, 

p.PF.PQ = 2tPFsm (£P0Q), 

= 2tPF ^ — , if r be the radius, 

2 r 

or t = pr. 


1132. If fluid at rest be contained in a flexible cylindrical 
*■ surface of any form, the tension at any point of a sectionjger - 
pendic&lar to the axis of the cylinder is the same. 


Let PQ (figure, Art. 131), be an element of the surface, 0 the 
centre of curvature at A, t the tension at A, t + & at B t and 
the angle between the tange&ts at A and B. 


11 — 2 
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Also, let $y/r be the inclination to OA of the direction of the 
fluid pressure on PQ', which must lie between OA and OB, 

Then, resolving along the tangent at A , 

(t + &) cos 8<f> r- 1 = pAB sin 8\fr 
— pr8(f> sin 8y/r, 

if r be the radius of curvature at A . 

Hence, ultimately, when 8(f> vanishes, 



and, as this is the case at every point of the section, it follows that 
. t is constant. 

By resolving the forces in the direction OE, we shall obtain, 
as in the previous article, the relation 

t~pr, 

between the tension perpendicular to the generating line, the 
pressure, and the curvature, at any point of the surface. 

Taking t constant, the equation pr = t determines the pressure 
at any point if the surface is given. 

If the forces acting on the fluid are given, so that p is a known 
function of the co-ordinates of a point in the fluid, the same 
equation determines the form assumed by the flexible surface. 


The Lintearia and the Elastica. 

133. The Lintearia is the curve formed by pouring water 
upon a rectangular piece of thin cloth, the ends of which are 
supported horizontally, while 
the water is prevented from 
escaping at the sides. 

Thus, if the ends A B } CD , 
of the cloth or membrane be 
fastened to the sides of a box, 
and if the sides AD , BC fit 
the box closely and water be 
poured in, the cross section of the cloth by a vertical plane 
parallel to AD o^BC is the Lintlaria* 


A 
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The pressure being normal, the tension of the cloth is constant, 
and therefore, if r be the radius of curvature at P, and BO the 
surface of the water, 


gpPL . r is constant. 

Assuming gpc? to represent the tension, and taking PN=y, 
we obtain 

- r =PL = h-y. 

TT c 2 * * dr dy . , 

Hence - j - = -tt = r sin 9> 

r 2 d(p d<j> 


and 

if a be the deflection at B , 


77— = cos d) - cos a, 
2 r 2 r 






the intrinsic equation. 


Vcos <f> — cos a 



Putting 
this becomes 


sin| = fc, and sin ~ = kmu 
cd<t> 


2 ^/sin 2 1 - sin 1 1 ■ 

cfc cnwdnw 

A; Vl-A? 9 sn*w Vl - sn 2 w 

= cdu. 

8 »-ci4 + constant, 


or if we measure 8 from the lowest point 
& 


8 * CU 




.* 1 ). 
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Then the depth PL = h - y = c*/r, 


or 

Again if 
we have 


or 


= c V 2 Vcos^-cosa, 


= 2c& Vl — sn 2 u, 

h-y = 2ckcnu 

ON = x f 


dx 


= cos <p = 1 - 2& 8 sn 2 w. 

x = c I (1 — 2k 2 sn i u) du 
Jo 

x-c (2P(am u) - u) 


.( 2 ). 


•( 3 ), 


where E is the elliptic integral of the second kind. 

The terminal conditions are that x, y , s all vanish together 
when u = 0, and using these values in equation (2) we get h = 2ck; 
also if x = a and 8 = l when y - h, then substituting in equation 
(2) we get 0 = cn u, so that the corresponding value of u is K the 
real quarter period of the elliptic function, and therefore from (1) 
and (3) we have 

l = cK, 


and a- c {2P(am K)-K}. 

The curve is therefore given by equations (1), (2), (3), subject 
to the foregoing relations between the constants. 


^134. The Elastica is the curve formed by an elastic rod when 
bent, and is identical with the Lintearia. 

Taking BOO £8 the rod, suppose the equilibrium maintained 
by forces at B and 0 in opposite directions. 

,|lThe bending moment at P is proportional to the curvature * 
and therefore, considering the equilibrium of the portion BP> and 
taking moments about P, it follows that the curvature at P varies* 
as PL y so that 

t . PL = c 8 , 

and the Elastica is therefore identical with 1 the Lintearia. 


# Booth, Analytical Statics, ii, p. 269, or Kelvin and Tait, Natural Philosophy , 
§50L * 
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136. The Elastica* may have any number of convolution^ as 
in the appended figures, 




and the Lintearia can be made to have convolutions by a proper 
adjustment of the water level and the water pressure. 

Thus, if we imagine BC to be the water surface, and if 
arrangements be made to let the water fill the space OE, and 
press upwards on the portions BE, GE, we have a Lintearia 
identical with an Elastica of one convolution. 


If we imagine that BC touches the bent rod at B and (7, 
necessitating, as will be seen, an infinite length of rod, and if, 
as before, we measure the deflection from the tangent at 0, 


and therefore 


r = oo , when <£ = 7r, 


2 r 3 


, , U/O 

= 1 + cos (p , or jj - 


.Measuring s from 0, this leads to 


? - c log tan ^ ~ - 



It will be seen hereafter that this is the Capillary curve. 


* For a full discussion of the Elastica, see Kelvin and Tait, Natural Philosophy , 
§ 611 ; Love, The Mathematical TiJtory of Elasticity, p. 884, or L. Levy, Precis 
fitenuntyire de la TMorie dts Fonctions Elliptiques, p. jfl2. * 
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■0138. We may also obtain the equations of the Lintearia* in 
terms of Weierstrass’s Elliptic Functions. Thus, from Art. (133) 
we have 

fry dp 

h — y _ 1 _ da? — ^ dy 

~~ f ~ji + (gy} r d+W' 


so that 


and 


Put 


and let 
so that 
dx 


2hy-y* _ 1 

— 02 “ 1 “ = 1 - COS <f> 

2 c 1 Vl +p' t r 


dx 


dx _ i _ 2 hy - f 
ds 2 c 2 

2c 2 4- y 2 — 2 hy 


dy V {(2% - y 2 ) (4c 2 - 2% + y 2 )\ * 
2% ~i/ = z so that 2 (h — y)dy = dz. 

dx _ 2c 2 — z 

’ ’ dz <J{4sz (z — 4c 2 ) (2 - A 2 )} ’ 

z — ^ J r\ (4c a + A 3 ), 
j(2 c?-h 2 )-v 


...( 1 ), 


rfv V[4 {t> 4 £ (4c 2 + A 2 )} {v- J (8c 2 - A 2 )) {v + J (4c 2 - 2A 2 )}] * 

Now let u — [+■ 

JV 


l\/{4i(v-e 1 )(v-e' t )(v-6 i )} } 


where 


Cx-J^-A 3 ), c 2 = -4(4c 2 -2A 3 ), e 3 = -£(4c 3 + A 2 ), 
so that since from (1) A = 2c sin ^ , A s < 4c 3 , 

u 

and e x >e a >e 9 . 

* 

Hence v = §> (w + e) where e is a constant. 

Now 0 < y ^ A so that 0 ^ ^ A 3 , 

and -^(4c 2 + A 2 )^v<-J(4c 2 -2A 8 ), 

thatis 

Hence taking u to be real, the imaginary part of e mush be the 
imaginary half period a> 9 , and its real part may be taken as zero by 
suitable choice of the lower limit for u. 

* The investigation of the equation of theJUntearia was first effected by James 
Bernoulli. 



THE TENSION OF FLEXIBLE SURFACES 169 

V ~ (a + a> 8 ), 

dx - (fr e 2 j- v) 

dv m V{4 (v - <0 (v - e 2 ) (v - c 8 )} * 
dx = - ( £ e 2 + jf) (w + ©,)} du, 
x = C “* i + ?(w + a>s)> 
where f is Weierstrass’s Zeta-Function. 

Also when x = 0 then 2 = 0 and v = c 3 = jp (a> 3 ) so that w = 0 
and C = -?(o> 3 ), hence 

x = ? (w + o>„) - f (tu 3 ) - i *2 m (2), 

and since 2% - y* = 2 = v - e Sf therefore we have 

2/iy-i/ = p(u + co 3 )-e 3 (3). 

Again 

ds _ f fdxy I* W 

1 + \dyj ) V{(2 hy - ?/ 2 ) (4c 2 - 2hy + f )) * 

so that with the same substitutions 

ds _ 2c 2 __ 

dz ~ V{42 (2 - 4c 2 ) (2 - h ? )J 5 

2c 2 

dv V(4(v — ei)(v-e a )(v — e s ))' 
cfo = 2c 1 du, 

/. s = 2c 2 w (4), 

provided we measure s from 0 where, as above, u vanishes. 

137. If x = a, and s = £ when y = /t, then for this value we have 
and v = -£ (4c 2 - 2h?) = e 2 . Therefore p (w 4- o> 8 ) = e 2) so 
' that the corresponding value of u must be a^, and the constants 
and periods are connected by the relations 

a = f (et> a ) - £((o 3 ) — ke 2 (t) ly 
l=s 2C 8 <Mj. 

We have drawn the figures for the case in which the water is 
filled up to the level BO, but, if a smaller quantity of water is 
poured in, the portions of 'cloth not in contact with the water will 
« be plane, and the value of h will be the depth of the vertex below 
*the surface of the water. 


and 

Hence 


so that since 


and 
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4 438. Tensions and Tangential actions. Considering the 
equilibrium of a plane flexible membrane, the stress along any 
line, that is, the action between the contiguous portions of the 
surface bounded by that line, is in general oblique to the line, and 
is therefore represented by a tension t and a tangential action r ; 
we shall now shew that for any two directions, at right angles to 
each other, t is the s ame, and that there are two directions for 
which t vanishes. 

Taking any small square element of the surface, the tangential 
actions t& and (t + 8t) 8s on a pair of opposite sides form 
ultimately a couple t8s?> if 8s be a side of the element ; and, since 
this must be balanced by the other couple, t'8s a , if r be the 
tangential action in the direction at right angles, it follows that 
r and t are equal. 

Now take a small triangular element, OAB, right-angled at 0, 
and represent the stresses as in the figure. 



Resolving parallel to BA, we obtain 
r A B -f tOA cos 6 + t'OA sin 6 = tOB cos 6 + tOB sin 6, 


* 2t' = (t - 1’) sin 20 - 2t cos 20, 

and t vanishes when 

(t — t') tan 20= 2 t, 

giving two directions at right angles. 

1 139 .. If in the figure we assume that 0A and OB are t)ie 
directions of zero tangential action, and if we resolve^ in tie « 
directions perpendicular and parallel to BA, we shall obtain the 


. fsin^ + ^cos 3 #, 
t' * (t — if) sin tf.cos 0. 
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The quantities t and If are now the greatest and least, or the 
least and greatest tensions, and we shall therefore call them the 
Principal Tensions. 

J 140. If <f> be the inclination to OA of the resultant stress, 
R.AB , upon AB, 

. t.OA t' 
tan * = 7roB = t cotd ’ 

.'. tan <f> tan 6 — y . 

Also B?.AB a -?.OB > + t t .OA*, 

jS 2 = t 3 sin a ^ + i' a co8 2 ^ 
and, eliminating 0, we obtain the relation 
1 _ cos 2 1 p sin 2 <f> 

R 2 “ ~'tT + ~W~ * 

If then t and If are the principal tensions at the point 0, in 
the directions OA and OB, and if 6 is the inclination of OE to 
oOA, the direction OF of the stress across OE is given by the 
equation 

t' 

tan (j> tan 6 - - , 
t 

and the magnitude of the stress, per unit of length, is represented 
by the radius, in the direction OF, of an ellipse, the semi-axes of 
which are represented by the principal tensions. 

J 141. Conjugate stresses. If the stress across OE is in the 
direction OF, the stress across OF is in the direction OE. 



For, if we consider the equilibrium of an element in the form 
°? a parallelogram PQRS \ the sides of which are parallel to OE 
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and OF, the stresses on PS and QR equilibrate, and therefore it 
follows that the stresses on PQ and RS equilibrate, and are there- 
fore in the directions OE and EO. 

142 . If R and R ' are the conjugate stresses across OE and 
OF, and if 0 and </> are the inclinations of OE and OF to the 
direction of the principal tension t, we have from Art. (140), the 
equations 

1 _ cos 2 <f) ( sin 2 <£ 

jp - + ~7 r ~ ’ 

1 _ cos 2 0 sin 2 6 

W* ¥~ + ~7 r ’ 

where 0 and <f> are connected by the relation 

tan <f> tan 0 = ~ . 

t 

Eliminating 0 and <£, we find that 
RR f = tt', 

so that, at any point, the product of two conjugate stresses is 
constant, and equal to the product of the principal tensions. 

j 143. The same results can be obtained by writing down the 
conditions of equilibrium of two elemental triangles OAB, 0A'B\ 
where AB and A’B! are parallel to OE and OF. 



We should thus obtain the equations 

R cos <f>-t sin 0, R sin <f> = tf'cos 0 , 

R cos 0 a t sin <j> , R sin 0 » t' cos 

Horn Which we can obtain the relations already given. 



THE TENSION OF FLEXIBLE SUBFAOES 


173 


144. If now we take the case of a flexible membrane 
exposed to fluid pressure, and consider the equilibrium of a 
small element of the membrane, the results of the three preceding 
articles are at once applicable to the case, for in the limit the 
components of normal pressure disappear in comparison with the 
tangential action. 

^ 14B. Principal tensions. A flexible surface of any form is 
exposed to the action of fluid; required to find the relation between 
the pressure, principal tensions , and the curvatures in the directions 
of these tensions, at any point*. 

Let Q, Q', be points contiguous to P, on the lines of principal 
tension PQ, PQ', through P ; draw 
normal planes through Q and Q', 
perpendicular to the lines PQ, PQ', 
cutting the surface in the arcs AB, 

AD, and let BC, CD, be the circs 
of sections made by normal planes 
through contiguous points in Q'P, 

QP , produced. 

The element BD is kept at rest by the tangential forces tAB , 
tCD, t'AD, t'BC, and the normal force, p . AB . BC. 

Let r, r\ be the radii of curvature at P of the curves PQ, PQ ' ; 
then, resolving along the normal at P, we have ultimately 

p.AB.BC=2tAB^-- + 2t'BC^-, 

r r 1 

a t < 

r r 



If the nature of the surface be such that t'«=t> the above 
equation is 


1 1 1 

- -t 

r r p p 


if p and p are the principal radii of curvature. 


p The student must be guarded against the idea that theVe is any connection 
between principal tensions and principal curvatures. 

For instance, imagine a membrane folded round a cylinder, and draw a number 
of helical lines of the same pitch »on the membrane. 

The membrane can be tightened in the directions of these lines, whioh will 
i become the directions of greatest tension, the perpendicular tension being zero, and 
•the stress along a generating line being oblique to that line. 
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# Hence if »mf(x i y) is the equation to the surface, it follows 
that 



- fi + § )'!£- s r m + |i + (rVlS ; 

( \cy/)dx? oxdyoxdy ( \dxj dy 1 
which is the equation obtained by Lagrange and Poisson. 

r 146. * pensions in any directions. If the directions of t 
and H are not those of principal tensions the tangential action will 
appear in the equation. 

Taking any point 0 on the surface, two directions OA, OB. at 
right angles to each other, let 
t, t' be the tensions in these 
directions, and T, T the tan- 
gential actions in the same 
directions. 

Oz being the normal at 0, 
draw four planes parallel to, and 
very near to, the normal planes 
AOZy BOzy cutting the surface in 
CD y DEy EE y FC. 

Then, ultimately, the tan- 
gential actions, T.CD and T.EF on CD and EF, are equal and 
opposite, as are also those on ED and CF. 

Hence, by taking moments about Oz, it appears that T~T', 
as in Art. (138). 

If 0 be the inclination to the plane xy of the tangent at A to 
the curve CD ,• 



tan 0 

and similarly at the point a, 
tm0' 

* For we may write 



d*z 

dxdy 


(-Oa). 


tan*=/«M)«/(0) + CU. /'<<))+.., 


where /(0)= value of tan# at 0 , i.e. value ol 



at 0, and /' (0)« value of 
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Hence the sum of the actions T . CD and T.EF in $he 
direction Oz 

-T.CDJ^-OA- T.EF (- Oa) = T. GD.DE. 

oxoy oxoy ' oxoy 

and a similar term arises from the action T. 

Resolving along Oz, we now obtain 

p.CD. DE = 2 tCD — + 2 t'DE -? + 2T.CD.DE^L, 
r r r oxoy 


and 


... p J.+(. + 2T^I-* 

r r r oxoy 


147. The same result may be deduced from the formulae of 
Arts. (139) and (145), and though this method is a much longer one, 
it emphasizes the importance of distinguishing between directions 
of principal tension and directions of principal curvature. 

If t x , t y are the tensions in any two directions Ox, Oy at right 
angles to each other, and T the tangential action in either of these 
directions, and t, t' the principal tensions in directions OP, OP* and 
the angle POx = 0 ; then by Art. (139), 



t x = t cos 3 6 + 1' sin 3 6, 
t y = t sin 3 0 + 1' cos 3 0, 
and T = (£ — £') sin 0 cos 0 . 

Again, if OG, 0C / are the directions of principal curvature and 
the angle COx — <f>, and p, p are the principal radii of curvature and 
T %>r y ,r i r f those of the normal sections through Ox, Oy, OP, OF ; 
then * * 


l _ cos* <j> t sin*^ 1 _ sin* </> t cos 3 <£ 

P. P r v P P 

1 __ cob* {0 — <£) 8in*(P~^) 1 sin 8 (0-<£) cos 1 ^-^), 

r p p r p p 

o * The general question- of the equilibrium of flexible surfaoee is discussed in a 

*P*per by W. H. Besent, in the Quarterly Journal of Mathematiet, Vol. iv. I860* 



.. <■ + *X m (I cos* $Vi Bin' 8) (! 

y* r y \ 


eoh 2 * + 

7 


J 


+ ( t sin’0+tW0)(^ + ^) 


coe?(0 — 4>) sm28sm2(p sin" (8 — <f>) sin 20 sin S 
p 2p p' V 

, (sin*(0 — 0) sm20sin2<£ cos’ (0 - <£) sin 20 sin 2<£" 
+ ‘l T + 2 p + p 1 2 p' . 


■t 


•» - + - ■ — (£ - sin 0 cos 0 sin 2<£ . (- - , 

rr \p p ) 

= - + Tsin 2<f> ; 
r r T \p pi 

r , t JL + t y+Tsm2<j> (---,) = - + -/-p. 
r. V ^Vp p) r v * 

But the equation to the surface in the neighbourhood of 0 may be 

written 2s = — + — , referred to 0(7, 00\ and the normal Oz as axes 
P P 

or 2z = oaf 2 4* 2 hxy + by 2 referred to Ox, Oy, Oz, and since <j> is the 
angle between the two systems of axes, 


and 


• «. 2h 
8in <i> ~ (a- by + 4h' 

(a _ iy + W = (a + by - 4 (ab -**) 

-(-MY- A 

\P Pi PP 


e-?t 


0V 


V> P 
at 0, 


and A is clearly the value of 


0*g . 


.•.S^+arm-JP- 


9a% ’ 


148 * We observe that if the chosen directions Oaf, Oy, oqtpcjd^ 
with the directions of principal curvature, then <jh, e 

formula reduces to 
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so that this formula holds good when the chosen directions are 
either directions of principal tension or directions of principal 
curvature. 

X149. If we imagine a surface of such a nature that the 
tension at any point is always perpendicular to a line of division 
through that point, it can be shewn that the tension at any point 
is the same in every direction. 

Considering a small triangular portion of the surface the 
equilibrium in the tangent plane is entirely determined by the 
tensions of the sides of the triangle, for the tangential impressed 
forces, if there be any, will ultimately vanish in comparison with 
the tensions; and since these tensions are perpendicular to the 
sides, they must be in the ratio of their lengths, and therefore the 
measures of tension in all directions are the same. 

Further, the tension will be the same over the surface, for, if 
a small rectangular element be considered, the tensions on the 
opposite sides must be equal. 

* The conception of such a surface is of the same nature as the 
conception of a perfectly rigid body or of a perfect fluid ; never- 
theless we obtain approximate specimens in the case of liquid films, 
such as soap-bubbles, or the films which may be seen in a clear 
glass bottle containing liquid which has been shaken about. 

The consideration of the equilibrium of liquid films we defer to 
a subsequent chapter. 

^ 160 . A vessel , formed of flexible and inextensible material is 
in the form of a surface of revolution , and is held with its axis 
vertical , and filled with homogeneous liquid: it is required to 
determine the 'principal tensions at any point. 

Let 0 be the lowest point of the vessel, and, take 0 for the 
origin. 

Measure x vertically upwards, 
and let PEQ be any horizontal 
section, the upper rim being 
*ACB, which is supposed to be 
fixed. * 

At all points of the horizontal 
section PQ, the tensions are 
evidently the same. 

b. it. 



12 




1 78 THE TENSION OF FLEXIBLE SURFACES 

Let t be the meridional tension, i.e. the tension at P, in 
direction of the tangent at P to the curve AP, and t' the 
horizontal tension at P; these are the principal tensions. 

The vertical resultant of the tension t along the section PQ 
counterbalances the resultant vertical pressure on the surface 
POQ; hence, if 

OE=x, EP — y, and angle PTO = 6, 

2iryt cos 0 = [ gpTT]/'dx' + gpny* ( c - x), if OC = c. 

Jo 

This equation determines t, and t' is given by the equation 

Art. (145)*, 

rr 

where p-gp{c - x). 

It will be observed that r is the radius of curvature of the 
curve AP at P, and that r', the radius of curvature of the 
perpendicular normal section, is the normal PQ. 


J 151 . A more general proposition is the following : 

A flexible vessel , in the form of a surface of revolution , is 
subject to fluid pressure , such that it is the same at all points of 
the same circular section ; it is required to determine the principal 
tensions at any point. 


Let PEQ, FE’Q' be two consecutive circular sections, and 

let t be the meridional tension at P. 

If OP = 8, the resultant tension, 

parallel to the axis, on the circle PQ, 

~ dx 

= 2 ^; 

/. the resultant tension, parallel to Ox, 
on P'Q', 





if PF = I 


The difference of these two counterbalances the resultant 


* This equation may also be obtained, for this^oase, by taking a small element 
bounded by lines of curvature, that is by meridians and horisontal circle* ; it will 
be peonary to employ Meunier’s theorem, and to observe that the osculating plane* 
of lines of curvature are not generaUy normal planes. 
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pressure, parallel to Ox, on the strip of surface between the circles 
PQ, P'Q!, which is equal to 

P'^ds’ 

if p be the pressure at any point of the circle PQ ; 

d ( _^dx\ dy 

•• ds^dsrpp-cb’ 

and p being a given function of x, and therefore of 8, this equation 
determines the tension t , and, as before, t' is given by the equation 


>/ 152 . By eliminating p we obtain a relation between t and t\ 
but it is better to obtain the relation directly. 

Taking a small element PP'R'R bounded by meridian arcs, 
PF, RR\ and by circular arcs PR, FR, 
let 8(f> be the angle between the meridian 
planes and 2 8\jr the angle between the tan- 
gent lines, at P and R, to the meridians. 

Then PR = y8(f>, and PP' = 6s. 

Resolving parallel to the direction of 
'the meridian bisecting PR and FR , 


( ty &<l>) hy = 2£'Ss sin 8\/r, 


and, since 


PR y8<f> 

t 08 . — t 8s prp > 


/y= 8infl = ^, fig. Art. (150), 

' we obtain t^he* equation 

Observing that r' « y sec d> we also have 

=p, 



l t ’ cos 6 _ 
r y 


therefore t and t are determined by these two equations. 

12-2 
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From the first of these equations, we observe that, if at any 
horizontal section t is a maximum or a minimum, so that dt/dy 
vanishes, then 

t' = t. 

But if y is also a maximum or a minimum this relation does not 
follow, for we cannot infer that dt/dy vanishes. Again if t' = t at 
every point, it follows that dt/dy = 0, and therefore that t is 
constant. 


J 153. Examples. (1) A conical perfectly flexible and elastic 
bag attached, mouth downwards , by the rim to a horizontal plane, 
and filled with liquid by a small hole at the apex, has, when at rest , 
the figure of a right circular cone ; find the equation to the figure 
it will assume when detached and the liquid let out, neglecting its 
weight 


Let t be the tension at P in the direction perpendicular to the 
generating line VP, t! the tension in the 
direction VP, and 2a the vertical angle of 
the cone. 

t tf 

Then p = - + - gives, if VN = x, 
t t 

9P X — pg x ^ a gec a > 

or i = gpx? tan a sec a. 


/ 

\ 


**Vp 



/ : 

\ 

i 



But 27rPNt' cos a = the resultant vertical pressure on VPQ 
= IgpiroP tan 3 a ; 

. \ t' » igpx 2 tan a sec a. 


Let V'P'Q' be the generating curve of the surface of revolution 
into which the surface forms itself after the liquid has been let- 
out, V'N * £, FN = rj, F corresponding to the* y 
point P. 

If P’Q' = $8, a small arc of the curve, 

Bx sec a » ^1 4* ^ , 

and fl?tana*7; ^1 + 

talking the modulus of elasticity different \n the two directions.* 
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Taking account of the values of t and t' obtained above, x csyu be 
eliminated between these two equations, and the relation between 
f and rf will result. 

Ti ... go tan ol sec a 1 

From the first equation, putting — — = — , 

OA, Cl 


ds 

-j- cos a = 
dx 



8 cos a s= tan -1 ~ , measuring s from V, t 


or 



Substituting this expression for x in the second equation, we 
obtain 

j , (8 ^ f, opa 2 tanaseca Js \) 

a tan a tan f -cos a) = rj jl + ^ tan- ( - cos an ^ , 

as the differential equation to the curve. 

If X = X', a tan a = rj jcot ^ cos + 3 tan ^ cos 

^ (2) A flexible membrane in the form of a catenoid , that is, of 
the surface generated by the revolution of a catenary about its 
directrix , has its ends fastened to two equal circular boards of 
radius a, and the excess p of the air pressure inside over the air 
pressure outside is given. 

In this case the curvatures are in opposite directions, and if 
PG be the normal at P, each radius of curvature is equal to PG, 
and the equations of equilibrium are 

t f -t-p .PG, and £' = (yt) ; 

i ♦ V 2 dt 

and since PG--- , c ^ =■ py, 

2c(*-T) = p(y 2 -e 2 ), 

r being the Vneridian tension of the vertex ; 



rad « , = T+£(3y J -c s ). 

The first of these equations may at once be obtained by con- 
sidering the equilibrium* of the portion AP, A denoting the vertex 
of the catenary, and then the value of t follows from the equation, 
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Neglecting the weights of the boards, and supposing the form 
of equilibrium to be maintained by the inside air pressure, we 
obtain 


2ira 


which gives 


2r = pc, 


— pira 2 , 


and the tensions then become 


t = 


pf 

2c ’ 


and t' 


W 

2c 


J 154. We have hitherto considered only laminae of uniform 
thickness, but, in order to include cases in which the lamina 
is of variable thickness, a more general measure of the tension 
can be given. 

Suppose a bar AB of any homogeneous material to support 
a weight W, and let k be the area of the section of the 
bar; then the tension at the section through P supports 
W and the weight of the bar PB\ and if tk is equal 
to the sum of these weights, t is the measure of the 
tension at P per unit of area. 

It will be seen that t is one dimension lower than t. 

In fact, if e be the thickness of a flexible lamina at any 
point, the tension at which, measured in the usual way per 
unit of length of section, is t , we have 
tbs =* r eSs, 

or t s= er. 

155. The investigations of this chapter will not in general 
be applicable to surfaces which are inflexible, or of imperfect 
flexibility, but, if in any particular case the action between 
adjacent portions of a surface be wholly in the tangent plane,’ the 
relations obtained between the tension and the normal pressure 
will hold good. 

For instance, if a vertical circular Cylinder formed of any 
inflexible substance be filled with fluid, the action at any point 
will be wholly tangential and of the nature of tension. 
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EXAMPLES. 

1. Supposing the cylinders of a Bramah^Press made of the 
same material, and the stress to be the same in each, what should 
be the ratio of the thicknesses of the cylinders ? 

' 2. A cylindrical vessel is formed of metal a inches thick, and 
a bar of this metal, of which the section is A square inches, will 
just bear a weight W without breaking. If the cylinder be 
placed with its axis vertical, find how much fluid can be pqured 
into it without bursting it. 

3. The tensile strength of cast iron being 16000 lbs.-weight 
per square inch of section, find the thickness of a cast iron water- 
pipe whose internal diameter is 12 inches, that the stress upon it 
may be only one-eighth of its ultimate strength when the head of 
water is 384 feet. 

y 4. A hollow cone, the vertex of which is downwards, is filled 
with water ; find where the horizontal tension is greatest. 

Also find where the tension in the direction of a generating’ 
line is greatest. 

5. The top of a rectangular box is closed by an uniform 
elastic band, fastened at two opposite sides, and fitting closely to 
the other sides; the air being gradually removed from the box, 
find the successive forms assumed by the elastic band ; and when 
it just touches the bottom of the box, find the difference between 
the external and internal atmospheric pressures. 

y^6. An elastic tube of circular bore is placed within a rigid 
tube of square bore which it exactly fits in its uhstretched state, 
the tubes being of indefinite length ; if there be no air between 
the tubes and air of any pressure be forced into the elastic tube, 
shew that* this pressure is proportional to the ratio of the part 
of the elastic tube that is in contact with the rigid tube to the 

part that is curved. 

• 

f 7. A vessel, formed of a thin substance, in the shape of a 
cone with its axis vertical and vertex downwards, is just filled with 
liquid and closed at the top. If it be made to rotate uniformly 
about its axis, find the principal tensions at any point. 
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V«8. A spherical elastic envelope is surrounded by, and full 
of, air at atmospheric pressure (II), when an equal amount is 
forced into it. Prove that the tension at any point of the 
envelope then becomes II (2r* — r' 3 )/2r' a , where r, r' denote the 
initial and final radii. 

♦ 9. An elastic spherical envelope, whose natural radius is d, has 
air forced into it so that its radius becomes b ; it is then placed 
under an exhausted receiver, and its radius increases to c ; find the 
quantity of air forced in, assuming that the tension is proportional 
to the increase of surface. 


j 10. An elastic spherical envelope of radius a is filled with air 
at the same pressure and temperature T as the surrounding air. 
Assuming that the tension varies as the increase of surface, and 
that if the quantity of air inside be doubled, the radius becomes 
ma, and that if the temperature inside be then raised to T\ the 
radius becomes na, prove that 


T 

2 r 


3 ^ n 2 (n 2 — 1 ) (2 — m*) 


»n 3 + 


m a (ra a — 1) 


ill. A hemispherical bag of radius a, supported at its rim, is 
filled with water ; shew that the principal tensions at a depth x 
are in the ratio 

a? + ax + a a : 2a? 3 + 2 ax - a 2 . 


Find also where the horizontal tension vanishes, and explain 
the circumstance of its being negative for a portion of the bag. 

v 12. If the hemispherical bag be closed at the top by a rigid 
plane to which its rim is tied, and then inverted, shew that the 
principal tensions at a depth x are in the ratio 

3a - 2x : 9a - 4a\ 

3 13. A spherical envelope of radius a is just filled with liquid 
of density p, which rotates about a diameter with uniform angular 
velocity o>; neglecting gravity, prove that the principal tena&fcs at 
an angular distance <f> from the axis of rotation are 

£po> 8 a 8 sin fl <£ and sin 1 <£. 

/ 14. A cylindrical shell of finite thicknesa is formed of a 
material such that a bar, one square inch in sectfhn, can sustain 
a tension r without giving way. If this shell be* subjected to *n 
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internal fluid pressure m, which is only just not sufficient to burst 
the cylinder, prove that m = r log ~ , where a and b are the ex- 
ternal and internal radii of the shell. 


15. A cone contains heavy liquid; if the tension of the cone c 
in the direction of the generating lines is the same at all points,^ 
prove that the density of the liquid varies inversely as the square ' 
of its height above the vertex. 

lfl. A convex inextensible pliable envelope in the’ form of a 
surface of revolution with its axis vertical is exposed to water 
pressure from within. Prove that at the widest part the tension 
along the meridians is a maximum or a minimum according as it 
is less or greater than the tension across the meridians. 

^17. A flexible bag, in the form of a right circular cone, 
just filled with liquid, has the rim of its base fastened to a 
rigid plane, and the liquid is acted upon by repulsive forces from 
the centre of the base, varying as the distance ; find the principal 
tensions at any point. 

If an aperture be made in the rigid plane, fitted with a piston, 
and a blow be struck on the piston, find the principal impulsive 
tension at any point. 

y/18. If, in Art. (151), the vessel be a paraboloid, and if the 
principal tensions be equal at any point of the horizontal section 
through the focus, shew that the length of the axis is fths of the 
latus rectum. 


1 19. A quantity of liquid within a thin spherical shell rotates 
about the vertical diameter with uniform angular velocity: find 
the principal tensions at any point, and examine the effects of an 
. increase in the velocity of rotation. 

v 20. A flexible surface, such that the tension at any point 
is the same in every direction, and whose form is given by 
the equatioh z** </>(&, y), is exposed to the action of fluid; find the 
ratio of the pressure to the tension at any point. 

• Shey that this ratio* is 1 : 3 at the points of the surface 
4#* = 3s s (a? + y*), where 

* 21. A right eircular’ cylinder is made of elastic material 
/attached to rigid fixed plifae ends. It is distended by fluid 
•pressure. Supposing that the tensions in the # meridian &nd 
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circular sections are regulated by Hooke’s law, obtain equations 
sufficient to determine completely the shape it will assume. If 
the pressure p be constant, prove that the meridian curve is 

where a is the original radius, \ one of the moduli of elasticity, 
and Ay B, C constants of integration. 

J 22. If an elastic membrane when unstretched forms the 
curved surface of a cylinder of radius a, shew that if its ends 
be fixed and air be forced into it ajid its ends closed, the bounding 
curve of any section through the axis will be given by 

(j/ a +/) sec <j> - l) = 2a (c - y ), 

where <f> is the angle made by the tangent with the axis, y the 
perpendicular on the axis, p the difference of the external and 
internal pressures, and \ the coefficient of elasticity. Explain 
how the constants c, / and a third obtained on integrating the 
equation must be found. 

J 23. A vessel is constructed of thin flexible and inextensible 
material, in the shape of the surface formed by the revolution of 
a catenary, of which c is the parameter, about its axis. If t, t' are 
the principal tensions at the distance x from the axis, prove that 
2t—tf:2t : : x/c : sinh 2 x/c, 

the difference of the pressures inside and outside being supposed 
constant. 

24. If a flexible vessel, generated by the revolution of a 
cycloid about its base, is just full of liquid which rotates uniformly 
about the axis finder the action of no external forces, prove that 
the ratio of the tensions along and perpendicular to the meridian 
curves is as 2 : 7; the pressure being assumed to vanish at 
the axis. 

25. The shape of a perfectly flexible vessel is that produced 
by rotating a cycloid about its axis, which is vertical. Shew that 
if the vessel is nearly full of water the .horizontal tension at a # 
point where the tangent plane is inclined at 45° to the horizon 

( 23 * 

96 *" 128/ ^ mes tens ^ on l° wes fc P°int. Why may 

nofr the vessel be quite full ? 
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26. A receptacle for liquid is formed of a weightless disc»to 
which is attached a flexible piece of cloth in the shape of a zone 
of a sphere radius a, of which one plane section justs fits the disc, 
and the other passes through the centre of the sphere. This 
is supported by the rim of the larger section and filled with 

a heterogeneous liquid whose density varies as 2 (a 2 - 2 2 ) - ®, where 
z i 8 the depth : find the ratio of the principal tensions. 

27. An inextensible flexible envelope in the form of a 
paraboloid of revolution (latus rectum 4a) hangs from a fixed 
horizontal circle of radius c ; and contains fluid of density a which 
is rotating round the vertical axis of the paraboloidal envelope with 

angular velocity (<//26)i Prove that at any point of the envelope, 
at distance r from the axis, the horizontal tension is 


1 _ lj c a (2a a + r a ) — f 1 (3a 2 + r 2 ) 
« b ) (4« 2 + r 3 )^ 


^28. A flexible membrane is in the form of a surface of 
revolution, the meridian curve being such that the normal at 
any point is n times the radius of curvature. The membrane is 
just filled with liquid, and the whole revolves about the axis as if 
solid, with uniform angular velocity ; shew that, if the liquid is 
under the action of no external forces and the pressure is zero 
along the axis, the ratio of the principal tensions at any point is 
4-n : 1. 



CHAPTER IX. 

RIGID OR ELASTIC LAMINA SUBJECTED TO 
FLUID PRESSURE. 

16 & We shall now consider the case of a cylindrical lamina, 
subjected to fluid pressure, such that it is the same along any 
generating line. 

If APQ is a cross- section perpendicular to the generating 
lines, the stress between the two portions separated by the ^ 
generating line through P , perpendicular to the plane of the 
paper, will consist of a tangential force, a shearing force, and a 
couple. 



Taking unit length of the generating line, lve< shall denote 
these quantities by T, N, and G, observing that T, N and G 
represent the stresses exerted at P upon the element PQ, and 
that T 4- ST, N + G + SG, in the contrary directions, are the 
actions at Q upon PQ. 

Let pBs be the fluid pressure upon PQ on the concave side 4 
ahd let <f> be^the deflection of the tangent at P from the tangeirt 
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at A. Then by resolving parallel to the tangent and normal, at 
P, and by taking moments about P, we obtain the equations 

ST + (N+ZN)ty+pSs.^ = 0, 


BN-(T+&T) S<£+pSs = 0, 




f>G-(N + ZN)S8 + (T+BT)-*.S<l>-pSs.^0; 

or, ultimately, 


dT 

d(j> 


+ N= 0, 


dN m ds 

^- T+ p-dr o - 


d<f> d<f> 

If the form of the lamina is given, that is, if the intrinsic 
equation of the curve AP is given, and if p is a known function 
of <£, these equations determine the stress along any generating 
line. 


157. Plane lamina. If the lamina be elastic and naturally 
plane, we have the additional condition that G is proportional to 
the curvature, or that G = E/r , where r is the radius of curva- 
ture at P. 


In this case the third equation becomes 

iVr- = - - ™ 
r* d<f> ’ 

and therefore, from the first equation, 


dT = Ech; 

d(j> r 3 d<l > ' 


so that 


r-o- 


E_ 
2 r 3 ’ 


Substituting these values in the second equation, we obtain 
the equation 


E (drV n E 

r*d<l > * r 4 \d<f>) 2 r* 


pr. 


This equation determines the form assumed by the lamina 
for a given law of pressure, or, if the form be assigned, it deter- 
mines the law of pressure. 
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, In the case in which p is constant, or a given function of r, 
a first integral of the equation con be obtained by putting 

[%j =Z ’ ^ thUS find M ^ termS ^ ^ 


158. If the lamina is naturally of a given cylindrical form, 
and is bent from its natural form, the couple 0 } the flexural 
couple, is proportional to the change of curvature, so that if r {) 
is the original radius of curvature at P, 


The truth of this equation depends upon the assumption that 
the length of the mean fibre, across the generating lines, remains 
unchanged. We also assume that no effect is produced upon the 
equation by the existence of external fluid pressure. 

159. Elliptic cylinder. To illustrate the use of these equa- 
tions, consider the case of an elliptic cylinder, formed of some thin 
rigid substance, closed at its ends and filled with air, the pressure 
of which exceeds by p the pressure of the external air. 

Eliminating N, we obtain 


<PT 

d<f) 2 


+ T-pr. 


Measuring s and <f> from one end of the conjugate axis, 

- 91 * _ __ a ^ 2 

a b (a 2 sin 2 <f> + b 2 cos 2 <j > )- 

and, by the method of the variation of parameters, it will be 
found that 

T=p . (a 2 sin 2 </> + ¥ cos 2 <j > + A cos <f) + B sin <f>, 
and therefore * 

(a 2 - b 2 ) sin <p cos <f> 

(a 2 sin 2 <£ -f 6 2 cos 2 </>)^ 

Employing the consideration of symmetry, an A dlso the law 
of the equality of action and reaction, it follows that N vanishes 

7T 

at the apses, i.e. when <f> * 0, and when <j> — ^ • 


jV'ss A sin <f> - B cos <f> — p . - 


Hence it appears that A = 0, and B*— 0, and therefore 
TmPjj} and =-p~-^CI)sm</>.cosf 
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Also — = Nr = - . 

d<f> (a 2 sin 2 0 + & 2 cos 8 </>) a ’ 

^ [ T - m —~b — - - + const.) 
r \ei 8 sm 2 <£ + 6 2 cos 2 <£ / 

= ^p(CD 2 + const.), 

so that G'-G = \p(CU*-C]>). 

160. The Lintearla. 

We have shewn, in Art. (134), that the Lintearia and the 
Elastica are identically the same curves. 

If two opposite sides of a thin elastic plate are drawn together, 
and connected by a tightened sheet, the curve formed is the 
Lintearia of Art. (133). 



In this case p — 0, and, as an exercise, it may be useful to 
observe that the integration of the equation of Art. (157) will lead 
to the intrinsic equation of the Lintearia. 

If Q is the tension of the connecting sheet, and if T and N are 
i the tension and shearing force at P, we obtain, by considering 
the equilibrium of the portion PB of the lamina, the equations 
T — — Q cos </>, N = — Q sin </>. 

161. We now propose to determine the law of pressure which 
will deform a thin elastic lamina, resting on twq parallel fixed 
bars, in the same horizontal plane, into a Lintearia. 

The quantities T and G will both vanish along the lines in 
contact with £he bars, and therefore the radius of curvature at 
these lines will be infinite. 


Hence in the equation, 




E 

2r 2 ’ 


we find that (7=0, and therefore 


r- 


E 

2 r 2 * 



192 


RIGID LAMINA 


# The intrinsic equation of the Lintearia is 

r V2 = c (cos $ - cos 
and p is given by the equation 

E d*r SE /dr V E 
^ r ' mm r 3 d<j> i r 4 \d<j>) 2r a * 

Making the substitutions it will be found that 

Pcosa 
P r = — • 

Now, in the Lintearia, Art. (133), 


r = 


PL' 


so that 


p = PL . 


A' cos a 


and therefore the requisite pressure can be obtained by pouring in 
liquid of density p, such that 

E cos a = gptf. 

Hence it appears that the Lintearia form can be maintained 
by pouring in liquid, of the density given by the preceding 
equation, to the level of the bars. 

Further, 

E 


xr LJ dr 

N =-?df 


j sin 


N - - sin <£ see a, 

N being the shearing force, at P, of the left-hand portion on the 
right-hand portion, inwards, so that — N is the action on the 
left-hand portion. 

Hence at B and C 

— N = gpc 2 tan a. 

This last result can be tested by the fact that the reactions 
of the bars support the weight of the liquid. 

Thus we have 

- 2^008 a = 2 j gpPLdx 

* 2 gpc* sin a. 
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162. If we have an elastica formed by bending a given plate* 
and fixing the ending generating lines in the same horizontal 
plane, 6? = 0, at B and C, and the stress at each end contains 
tangential and normal components. If we now pour in liquid 
of the density suitable to the particular elastica, the shape will be 
unaltered, but the value of T at B and G will be increased, while 
the value of N at B and C will remain unchanged. 


EXAMPLES. 

1. A vessel of thin rigid material, in the form of half a 
circular cylinder, is filled with water and supported by vertical 
forces at its bounding generating lines, which are horizontal; 
prove that the stresses at any point distant <j> from the lowest 
point are such that 

2 T = gpa * (<f> sin (f> + cos <f>), 2 N = — gpa 2 $ cos <£, 

2 G = gpa? sin <\> - cos <j>j . 

2. A lamina in the form of a rigid parabolic cylinder bounded 
by planes perpendicular to the generating lines, forms a vessel 
which, being closed in by a band of thin cloth joining the 
generating lines through the ends of the latera recta, is filled with 
air, the pressure of which exceeds by p the pressure of the 
external air. If the breadth of the band of cloth be to the latus 
rectum, (4a), in the ratio it \/2 : 4, prove that, measuring <j> from 
the tangent at the vertex, T= pa (sec <j> - *J2 cos <f>), calculate the 
values of N and G, and prove that at the vertex • 

2Cr=pa 8 (3 + 2v/2). 

6. A, rigid cylindrical vessel, the cross-section of which is 
formed of two cycloidal arcs with the ends fitting together, has 
’an excess of air pressure inside; investigate the stresses along 
any generating line. 

4. A rigid thin laniina in the form of a cylinder, the cross- 
section of which is the catenary, s = c tan <£, is subjected to an 
excete j) of air pressure on the concave side, and supported by 

kn. w 
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two* equal forces parallel to the axis of the catenary, at the 
angular distance a from the vertex ; prove that, in this case, 

T (it <f>\ 

— « cos $ sec a - 1 + sm </> log tan ( j ^ J , 

N /7T <f>\ 

— = sin</>seca-tan</>-cos</>logtan^ + |J, 


— = sec <£ sec a - $ sec 3 - J jlog tan ^ ^ J j + if, 

where 4 A =» i |l°g tan -^sec 2 * 

Prove also that each of the supporting forces 
=pc log tan (! + !). 

5. A plane elastic lamina rests on two parallel horizontal 
bars, and is bent downwards between the bars by a constant air 
pressure above; prove that the radius of curvature and the 
deflection are connected by the equation 

\d<f>) 4 E r ‘ 

6. Find the law of fluid pressure which will bend the same 
lamina into the form of a catenary. 


7. If the same lamina is bent into the form of a parabolic 
cylinder, resting on the parallel bars, prove that the fluid pressure 
at the angular deflection <f> from the vertex varies as 
cos 7 </> (7 cos 2 </> — 6). 
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CAPILLARITY. 

163. It is a well-known fact that if a glass tube of small bore 
be dipped in water, the water inside the tube rises to a higher 
level than that of the water outside. 

It is equally well known that if the tube be dipped in mercury, 
the mercury inside is depressed to a lower level than that of the 
mercury outside. 

If a glass tumbler contain water it will be seen that at the 
line of contact the surface is curved upwards and appears to cling 
to the glass at a definite angle. 

If the tumbler be carefully filled, the level of the water will 
rise above the plane of the top of the tumbler, the water bulging 
over the round edge of the top. 

If water be spilt on a table, it has a definite boundary, and 
the curved edges cling to the table. 

These facts, and many others, are explained by the existence 
of forces between the molecules of the fluids, and of the solids 
and fluids, in contact ; the field of action of the force exerted by 
any particular molecule being infinitely small *. # And since these 
molecular forces are only exerted at very small distances, it follows 
that as far as molecular forces are concerned, every element of a 
homogeneous body, not near its bounding surface, is under the 
same conditions; but that at the surface itself the sphere of 
♦action of a particular molecule is incomplete, and the molecule 
also falls within the field of action of molecules of whatever matter 
is on the other side of the bounding surface. 

* The field through whioh Capillary forces are exerted is extremely small. In 
Quincke’s experiments the same phenomena were observed with water in a glass 
tube silvered with a coating *0000642 mm. thick, as in a silver tube of the same 
diameter. Pogg. Ann. oxxxix. (1870), p. 1. # 


' 13 - 7-2 
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A] so if we assume that the linear dimensions of the field 
of action are infinitely small as 

compared with the radii of curva- ^ 

ture of the surface, then all parts -* 
of the surface of separation of 
two homogeneous substances are 
under similar conditions as far as 
molecular forces are concerned, 

and the surface potential energy due to molecular forces must 
be in 'a constant ratio to the area of the surface, the constant 
depending on the nature of the substances in contact. 

v 164. Application of the principle of energy to the case of a, 
homogeneous liguid at rest in a vessel under the action of 
gravity *. , 

In equilibrium the value of the potential energy must be 
stationary, and it is composed of four parts : the gravitational 

energy gp J jj zdxdydz, where z is the height of an element dxdydz f 

and the energy of the surfaces separating (a) liquid and air, (ft) liquid 
and vessel, (7) air and vessel. 

Hence we require that 


g pjjj zdxdydz + AS X + BS 2 + CS» 


should be stationary, where 8 U S 9 , S, denote the surfaces (a), (ft), (7) 
and A, B , C their energies per unit area respectively ; subject to 

the condition that the volume JJJ dxdydz is constant. 

For a slight displacement of the surface S lt between the liquid 
and air, if Sn denote the element of the normal to the surface S 1 
between corresponding elements of S x in the old and new positions,' 

the variation of the first term is clearly gpjj zBndS^f. < 

Suppose, in the first place, that the line of contact of the liquid* 


* This discussion of the theory of Capillarity is taken from Mathieu, ThiorU de 
la CapiUaritt, 1883. « ' . 

1 f It is probable that the density of the liquid infinitely near the Burfaoe varies 
owing to the xnoleoularaetion, but as the thickness of the layer of variable density 
Iji infinitely tmalf Compared with 8n, we may neglect this variation without affecting 3 
theargument. 
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with the vessel does not vary, then S 3 and 8 S are constant %nd $, 
changes to Si. Consider an element ds x ds 2 of S x bounded by lines 
of curvature ; the normals through the boundaries of this element 
cut the surface S x in an element ds x ds^, and if p u p % are the 
principal radii of curvature, 



this is equivalent to 


where h is a constant and bn is arbitrary. 

A {i +1 p) =9p(z - h); 

. A (-4- -^1 = — /) -f constant, 

\pi pJ ~ 

ie - A (} l + i)= n - p (1) * 

where II is the atmospheric pressure and p the pressure just within 
the surface of the liquid, so that the effect is the same as if thA 
surface wa$ in a state of tension, the tension at any point being 
constant and equal to A the energy per unit area. 

Secondly, suppose that the line of contact of the liquid with 
the vessel is displaced from s to s'. If we draw normals to the 
surface 8 t at all points of the line s f they will meet the surface 8 / 

That the constant is equal to n is evident from the consideration that' if the 
surface energy ^ were aero, then the pressure in the liquid dose to its surface of 
separation from the air Would hare to be equal to the atmosjdierio pressu ' 
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in a ljne <r, and the surface 8 [' may be considered as composed of 
two parts, the one 2 enclosed by the line <r, and * the other 
2' between the lines a and s'. H , 

As before, we get ^ 




and, if 8X denote the distance 
between the elements ds> ds\ 2' 
may be considered as the projection 
of the elements 8Xds of the surface 
of the vessel on the surface $/, so 
that if t is the angle between the normals to the surfaces S 1 and 
S if then 



cos i8Xds. 


Also 


8S,= -8S a =Js\ds. 


Now since the potential energy is stationary we have 
8 1 gp jjj zdxdydz + AS : + BS 2 + - 0 

subject to the condition that the mass is constant ; or 

gp Jj z8ndS 1 + A (2 + 2' - S ,) + B8S,+ G8S, = 0 ; 

°r JJjgpz — A J(Acoai + B-C)8\ds = 0 

subject to the condition 

JJSndS,- 0 * 

and, since fix, is arbitrary, this gives equation (1) as before, and also 

A cos i + B — (7« 0 (2); 

or the angle between the surfaces of the liquid and the vessel is, 
constant along the line of their intersection. 


* Is the figure, PQ is an element dt of the line of contact t of the liquid with 
the vessel, and pq are corresponding elements of the lines # / , <r respectively : 
P'pqQ' is an dement of the surface 2'. The variation in the mass represented by 
the wedge-ehaped dements PP'q round the line of contact of the liquid and the 
vessd is*of a higher order of small quantities than the restflnd may be neglected. 
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166. From the foregoing considerations combined with^the 
results of experiment we are led to two laws which may be stated 
as follows : 

(1) At the bounding surface separating air from a liquid, 
or between two liquids, there is a surface tension t which is the 
same at every point and in every direction. * 

(2) At the line of junction of the bounding surface of a gas 
and a liquid with a solid body, or of the bounding surface of two 
liquids with a solid body, the surface is inclined to the surface 
of the body at a definite angle , depending upon the nature of the 
solid and of the liquids. 

In the case of water in a glass vessel the angle is acute; 
in the case of mercury it is obtuse. 

Assuming these laws we can account for many of the pheno^ 
mena of capillarity and of liquid films. 

1 166. Rise of liquid between two plates. 

If t be the surface tension, a the constant angle at which the 
surface meets either plate, called the angle of capillarity, h the 
mean rise, and d the distance between the plates, we have, for the 
equilibrium of the unit breadth of the liquid, 

2 1 cos a = gphd, 



so thqt the rise increases with the diminution of the distance 
between the plates. 

It will be seen that* the pressure at any point Q is less than 
the pressure at N by gp . QN, 

and *11 -gpQN, 
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*yhe atmospheric pressure at P being sensibly equal to the 
pressure at the water level outside, it follows that the weight PAT 
is supported by the resultant of the surface tensions on its upper 
boundary. 

7 167. Rise of a liquid in a circular tube. 

In this case the column of liquid is supported by the tension 
round the periphery of its upper boundary, and therefore, if r be 
the interna) radius, 

27 nrt cos a = gpTrr*h , 

or 2 1 cos a = gprh. 

The pressure at any point of the suspended column being less 
than the atmospheric pressure, it follows that if the column were 
high enough, the pressure would merge into a state of tension, 
which would still follow the law of fluid pressure of being the 
same in every direction. 

| It may be observed that the potential energy, due to the 
'ascent of the column, is independent of the radius. 

^ 168. The Capillary Curve. The capillary curve is the form 
assumed by a liquid in contact with a vertical wall. 

We shall take the case in which the angle of contact of the 
liquid with the wall is acute, such for instance as when water is 
in contact with a vertical plate of glass. 



If OF is the vertical wall, and OA the natural surface of 
the liquid, r the radius of curvature of the section through P 
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perpendicular to the wall, and t the surface tension, then equatipn 
(1) of Art. (164) gives 

t Jr 

r = n-p~gpy. 

Hence, putting 4 1 = gpc\ 

c 2 

r ^=4’ 


and, inverting the figure of Art. (135), we see that the capillary 
curve is a particular case of the elastica. 

The particularity consists in the fact that OA is a tangent to 
the curve, so that dy/dx = 0 when y = 0, and enables us to obtain 
the Cartesian equation. 

Observing from the figure that dy/dx , which is the tangent of 
7 t /2 + 0, is negative, and decreasing numerically, it follows that 
d 2 ylda? is positive, and that the equation, 4 ry = c 2 , becomes 

g/MS'f-?- 

Putting p “ for an( * integrating, we obiain 

- 1 2 y 2 * , dx , 2y 2 - c 2 

(1 + jtja)? ' c 2 ay 2y vc 3 -y 3 

Observing that the tangent is vertical when y \J2 = c, and that 
the curve should meet the vertical plane at an acute angle, we 
have y \/2 less than c at all points under consideration, and 

dx _ 2 y 2 — c a 
dy 2 y\/c 2 —y 3 

Integrating this equation, and taking the origin in* a new position 
such that x = 0 when y =* c, we obtain 

/— — - c , cWc a -y a 
- a? + Vc a -y a = 2% > 


- = sech 
c 



If y-0, a? is infinite, and, taking the figure of Art. (135), the 
elastica is identical with the capillary curve when BC is the 
tangent at B and <7, but this is only possible when the length is 
very great. 
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, If a is the angle at which the liquid meets the wall, we obtain 
the height OF by putting - cot a for dy/dx, so that 

2 ^ = - coseca » 

and OF =c sin 

In the case of a liquid, such as mercury, for which the angle 
of contact is obtuse, it will be convenient to measure y downwards. 


'169. To find the intrinsic equation, measure the arc from F y 
and the deflection <f> from FO ; 



then 


T .. . ! c 8 . , da 


( ( - Vu. ' f ~~- 


4 sin 


hi-*)' 


’( 




tan 


- , ■ 

:J~ ° tan(l-f) 

f f {> f* -t) \ 8 

If we measure the arc a and the deflection ^ from A and the 
tangent at A, 

then, when 
and when 


8 m - (FA - <r), 
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and we shall obtain 

•^-logtang + J), 
which is the equation obtained in Art. (135). 


y 170. Parallel Plates. Form of the surface of a liquid 
between two parallel vertical plates , of the same substance , which 
are partially immersed in the liquid. 



In this case it will be convenient to take the axis Oy halfway 
between the plates, and the origin 0 in the natural surface of the 
liquid, and further, to measure the deflection $ from the tangent 
ftt A. 


As in the previous case, 


ry 


c 2 


4’ 



Hence we obtain 


so that 0 — cos <f> must be positive, and therefore G must be >1. 
4 % ds c* 
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Put cos <f> = z and V2s/c*w, 

and substituting z ® v + C/3 

this becomes 

j - dv 

” V{4 (v - 2C/3) (v - 1 + C/3) (v 4* 1 + C/3)} * 
f dv 

° f W_ i»v/[4(D-e l )(«'-e 2 )(»-e,))’ 

where e! = 2C/3, 6^ = 1 -C/3, e s = — 1 — C/3, 
so that e 1 >e 2 >e 3 . 


Hence v = p (w 4- €), where e is a constant. 

Now s or cos </> lies between 1 and sin a, where a is the angle 
of capillarity, 

.*• 1 - C/3 > v > sin a — C/3, 
or e 2 > v > e s ; 

and hence it follows that as p (u 4- e) lies between e 2 and e t , the 
imaginary part of e must be the imaginary half- period <n> 8 . Also 
when <j> = 0 or z = 1, and if we measure s from A then w= 0 
when <£ = 0, and so we must have jp€ = e a =s jpa> 2 , and therefore 
€ * G> a = a), 4- (o t ; and v = fp (u 4- a> 2 ). 

Again ^ = cos <£ = v + \e Xi 

••• fg=p(«+«.)+K 

. • . *J2x/c 4- constant = — f (u 4- g> 2 ) 4- \e x u 
and a? * 0 when u « 0, so that 

V2a?/c » -f(« + c t) 9 ) + ?<»« (!)• 

We have also 2y a /c a = C — 2 = e x — v, 

that is 2y a /c* = ^ - p (u + © a ) . . . . (^)* 

To complete the solution, we have that if 2a be the distant 
between the plates, then the u corresponding to x * a is given by 

sin o * z sb p(w + g> 9 ) + C/3, 


Mid since 


( 3 )> 
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that is 


sin a 


1 + 


2(1-C) 

pu, - 1 + C/3 ' 


__ (7(5 + sin g )/3— (1 + sin a) 
3 (1- sin a) 


We may further remark that the relation (3) enables (2) to be 
written 2y a /c 3=s 1) ; also that the elevations of the 
points A, B are given by 2y 2 /c a = G - 1, and (7- sin a, respectively. 


1 171. Circular Tube. Differential equation for the form»of 
the surface of a liquid inside a vertical circular tube , which is 
partly immersed in the liquid. 

Employing the figure of Art. (170) to represent a meridian 
section of the surface, we have, from Art. (164) (1), 

ii 

r f r' t c a * 

gpy being the excess of the atmospheric pressure over the pressure 
•of the liquid just beneath its surface. 

Hence, since r' =% cosec <f>, we obtain the equation 



which may be written in the form 



We have also the boundary condition, that, if a is the internal 
radius of the tube, and if a is the acute angle of contact of the 
liquid with the surface of the tube, 


If the angle of contact^ is obtuse, the liquid will be depressed 
in the tul>e, and, if we measure y downwards, gpy will be the 
•excess of the pressure of the liquid just beneath its surface over 
\he atmospheric pressure. 
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As the case under consideration includes that of the free 
surface of the mercury in a barometer tube, it has been the 
subject of much discussion. A solution of the differential equation 
for the meridian curve has been obtained by Lohnstein* in the 
form of a series which converges so long as the tangent to the 
curve does not become vertical. The equation was also considered, 
as an example, in an article on a numerical method of solving 
differential equations by C. Rungef ; and a geometrical method 
of approximating to capillary curves suggested by Lord Kelvin 
in •NatureX has been discussed at length by C. V. Boys§. A method 
of approximation has also been given by F. Neumann ||. 

172. Drop of liquid. If a drop of liquid be placed on a 
horizontal plane, the equation of equilibrium will be 

1 1 m 

4* "7 = , 

r r t 

where t is the surface tension, and zj is the difference between the 
internal pressure and the atmospheric pressure. 

In genera] the drop will assume the form of a surface of 
revolution. 

Taking this. case, let 11' be the pressure inside the liquid at 
the highest point, and II the atmospheric pressure; then, 
measuring x vertically downwards from the highest point, 

«■ * IT + gpx — II, 

. 1 l n ff-n + gpx 

r r' t 

Hence, if a is the radius of curvature at the highest point, 

2 = rr-n 

a t * 



* Dissert. Berlin, 1891. t Math*AnnaUn, 46 (1895), p. 167. 

X Nature, July and August, 1886. 
y Phil. Mag . Series 5, Vol. 86, p. 75. 1898. 

|| Vorlesungen ilber die Theorie der Capillaritdt . Leipzig, 1894. 
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Taking the oase of a drop of mercury upon glass, or of a drop 
of water upon steel, we observe that dyjdx is decreasing from the 



vertex downwards, and we obtain the differential equation of the 
meridian curve, 



_ d _p _ + 1 __ 2 x 

d x (\ + y(l + p u )^ a c2 
Hence, if <f> is the inclination of the tangent at any point of 
the meridian curve to the axis of x t p — tan </>, and 



2 x 
a c 2 


If the drop be large so that we may consider the top flat, and 
if we neglect the curvature of horizontal sections, the equation (1) 
becomes 


1 _ x 
r c 8 ’ 


or d P 1 _ x 

dx j c 8 

so that = 1 - — , since p = oo when x - 0, 

2c 8 * 

dy 2c 8 -a* 

dx V^c 4 - (2c a — a? 8 ) 8 } * 

To integrate this equation put x = 2c sin 6, ^ * v 7 c • 

that dy = c (cosec 0 - 2 sin 0) d0 ; ^ e ~ ^ c * 0 * 2 

/. y + fr ■» c log tan g + 2c cos 0, ^ H ^ w? a {i- a) 



m 


OjtWSiiffiPTY 


. . 2c — V4c* — d? 8 , ..nr? — IT. 

or y + 6 = clog + v4c a -aj | , 

where 6 is a constant. 

At the point where the tangent is vertical, p = 0, and 
x-Cs/2. 

If ol is the acute angle between the meridian curve and the 
horizontal plane, i.e. if ir — a is the angle of contact of the mercury 
with tftq plane, and if h is the height of the drop, 

, when x — h, 


and 


h = 2c cos ^ . 


173. Drop between parallel plates. If a drop of mercury 
be placed between two parallel horizontal plates of glass, so near 
to each other that the action of gravity may be neglected, the 
pressure inside the drop will be constant, and, if the surface be a 
surface of revolution, we shall have the equation 

1 1 m 

— h - == t > 
r r t 

where ir is the excess of the inside pressure over the atmospheric 
pressure. 



In this case it will be convenient to measure x UoWnwards fcP m 
the plane which is midway between the two surfaces of glass* and 
we then have the equation 




(i*P*y 


$ + y *' 


y W- 
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Integrating, and taking l as the value of y when x - 0, 

- hy -=f+ih-i\ 

(i+P s )* 

^ dx y^+lb — P 

s° that ^ • 

Put y 2 = 2 , then we have 

(s 4- lb — P) dz 
</{fz(z-P)(l~^z)}' 

Whence if we write z = - v 4* fa + £ (J — ft) 2 , we get 

^ = {-»+&(&»+ m> - p)) 


dx — — 


Now let 


' V[4 {* - 1ft- 1 (i - &)’} {* - Ift+ i (i - 6) a ) {V + fft- i(i - bf}] ■ 

_ f dv 

“~JV{4(V- e,) (v - e } ) ( v - e»)j ’ 

where e, = 1ft + |(J — by, e, = lft-f (l -by, e, = -%l' + $(l- by, 
so that e l > e 2 > e a ; 

then it follows that v = p (u + e), 

where e is a constant. 


Now dyjdx = 0 when y — l, so we may assume that y $ l And 
z^Py and for dx/dz to be real we must therefore also have 
z ^ (l — b) 2 . Hence we have 

p — v + fa + ^ (i — by (i — by, 

or -p + Hl-Vn**P-W-br, 

that is, v lies between e 2 and e 3 ; so if we take u to be real it follows 
that the imaginary part of e must be the imaginary half period 
ft> 8 , and its real part may be taken to be zero by suitable choice of 
the lower limit for u ; 

v = (jf> (u 4- o) 3 ). 

Hence dx - {- p (u + w 3 ) + fab 2 4* lb - 2 2 )} du, 
and by integration 

* x 4* const. = f (u 4- &>s) + fa (6 a 4* lb - P). 

But x — 0 when z = P, 

• or wh*n v**-fa + fal — 6) 3 = e 3 = (o> 8 ) ; 

so that, for this value of x y u must be zero. 

f(w4*ft) 8 )-?(<»8)+i u(b 2 + lb-P) 
y* “ — jp (w 4" <Ws) 4* ^ (2 P “ 2lb 4* & a ) 


and 
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give, the values of the Cartesian co-ordinates in terms of the 
parameter u. 

/ If the drop is so large that we can neglect 1 //, then r = — , so 

tsr 

that the meridian curve is circular. 

In this case, if 2h is the distance between the plates, it is seen 
from the figure that 

r = h sec a, 

a being the acute angle between the mercury and the surface of 
each plate outside. 

174. If a drop of water between two parallel horizontal plates 
of glass takes the form of a surface of revolution, the surface will 
be anticlastic, since the angle of contact of water and glass is acute. 

In this case, if II is the atmospheric pressure, and IT the 
pressure of the water inside the drop, and if r is the radius of 
curvature of the meridian curve, and r the radius of curvature 
of the perpendicular normal section, that is, the length of the 
normal intercepted by the axis of the surface, the equation of 
equilibrium is 

1 _ 1 = n-ir = ^ 

r r' t t * 

for, in resolving along the normal, the resultant of two of the 
tensions will be outwards, and the resultant of the other two will 
be inwards in direction. 



Measuring x downwards, as before, from the plane which is 
midway between the plates, the equation becomes 

Jz 

* dy 1 m2 

(1+i*) 1 y( 1 + jt)* 1 b 
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leading to the equation 


by 


-t = lb + — y a , 


( 1+^)4 

from which we may deduce, as in the last article, 

#= f (© 2 )-f(u + g> 3 ) + ®i)(^ + ^-6 a ), 

and 3/ 2 = - jf> (w + <w 3 ) + £ (2/ a + 2lb + ¥). 

For a large drop, we obtain, as before, 


r = h sec a, 

a being the acute angle between the surface of the water and the 
surface of each plate inside. 


7 176. Floating needle. The well-known experiment of 
floating a needle on the surface of water can be explained by 
aid of the laws of surface tension. 



The figure representing a section of the needle and the surface 
of the water at right angles to the axis of the needle, the forces in 
action on the needle are the tensions at P and $, and the water 
pressure on PAQ, which is equal to the weight of the volume 
NPAQM of water; these forces counterbalance the weight of the 
needle. 

Further the horizontal component of the tension at P, together 
with the horizontal water pressure on BD, is equal to the tension 
at B, PD being horizontal and BD vertical. 

These conditions determine the equilibrium, and lead to the 
equations 

2 1 sin (6 - + gpc ( cO + c sin 6 cos 6 - 2h sin 0) = w, 

4st sin 8 \ (6 - a) = gp (c cos 6 - h)\ 

where a is the angle of capillarity, w the weight of unit length of 
the needle, h the height of its axis above the natural level of the 
water, and 26 the angle POQ. 

*14—2 
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176. Liquid films. Liquid films are produced in various 
ways ; a soap bubble is a familiar instance, and liquid films may 
be formed, and their characteristics observed, by shaking a clear 
glass bottle containing some viscous fluid, or by dipping a wire 
frame into a solution of soap and water, or glycerine, and slowly 
drawing it out. 

The fact that films apparently plane can be obtained, shews 
that the action of gravity may be neglected in comparison with 
the tension of the film. 

It is found that a very small tangential action will tear the 
film, and it is therefore inferred that the stress across any line is 
entirely normal to that line. From this it follows, as in Art. (149), 
that the tension is the same in every direction. 

177. Energy of a plane film. If a plane film be drawn 
out from a reservoir of viscous liquid, a certain amount of work is 
expended, and the work thus expended represents the potential 
energy of the film. 

Imagine a rectangular film A BCD, bounded by straight wires 
A D, BC\ AB being in the surface of the liquid, and CD a moveable 
wire. 

The work done in pulling out the film is equal to r.AB.AD, 
and therefore, if S be the superficial energy, per unit of area, it 
follows that 

S — T. 

It should be observed that what we have here called the 
tension of the film is equal to twice the surface tension of either 
side of the film. 

J 178. A wire in a vertical plane of any shape has a piece 
of thready of given length and weight, fastened at two points, 
and the wire and the thread form the boundary of a plane 
liquid film. 

To find the form assumed by the thread, we shall express the ( 

condition that the potential energy of the system is a minimum. 

* 

If A be the area OABC, the energy of the film 
«*SA-JSyd<c, 
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and therefore if w be the weight of unit length of threap the 
potential energy of the system is a minimum when 
J Sydx + wf yds 

is a maximum, with the condition 

jds = l. 

We have then to find the condition that the variation of the 
expression 

j {Sy + (wy + X) Vl + p % \ dx 
shall be evanescent. 



By the aid of the Calculus of Variations this leads to the 
equation 

wy 4- X 
G — Sy ' 




dx . ... t a + by 

.*. is of the form — , 

dy va + /8y + 72/ 3 

an expression which is easily integrated. 

This equation may represent, for certain values of the constants, 
a circle or a catenary, as is obvious d 'priori . 


J 179. The question can be otherwise treated by writing down 
the conditions of equilibrium of an element of the thread. 

Measuring the arc from 0, let <j> be the inclination to OA of 
the tangetot at P. 

Then,* if t is the tension of the thread at P, and r the tension 
of th$ filmt we obtain the equations 

St + wb $ . sin </> = 0, 


r 


' T$S + W&S . COS (j > , 


r being the radius of curvature of the thread at P. 
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and 


Hence 


dt \ 

dy = ~ w ’ 

_ dp 

P dy 1 / w \ 

(1 +p>ji~™(a-y) V T + (l+ps)i/' 


so that -^LJL = + C, 

Vl + f w 

which is the form obtained in the preceding article. 

In fact, if we assume that <f> = a, when y = 0, and that <\> = 
when y=AB=k , the two unknown constants in each of the 
equations will be determined, and, observing that t = S, the same 
value of p, as a function of y, will result from each equation. 


180. Energy of a spherical soap bubble. The energy 
of a soap bubble is the work done in producing it. This 
consists of two parts, viz. the work done in pulling out 
the film and the work done in compressing the air in the 
bubble. 


If t be the surface tension, the former part is tS, where 
S denotes the surface, for the energy of a small plane element 
is tSS. For the latter part, let p denote the pressure of the air 
inside when the radius is r, and II the atmospheric pressure, then 
2 1 i . 

p — II « — ; and, if the bubble contains a mass of air which at 
r r 

pressure II would occupy a volume V, then 
IIF=§7 rrtp^pV', say, 

and by Art. (14) the work done in compressing the air from volume 
V to volume V' 

= nv\o g y,-n.(r-V') 


■ J7rr* 




If we assume that the difference between the pressures inside 
and outside the .bubble, is small compared with the atmospheric 
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pressure, we may take 


2 1 

rU 


as small, and the last expression becomes 



= 1? rr 5 . 


2P 

r 3 II 


2 g \ _ 2tf 
r^nv rj 



so that the work done in compressing the air is to that done 
in pulling out the film as 2 1 : 3rII. 


181. The forms of liquid films. If the air pressure be 
the same on both sides of a film, the condition of equilibrium is 
that 



or that the mean curvature is zero. 

This condition is satisfied in the cases of the catenoid and the 
helicoid, which are therefore possible forms of liquid films. 

In Cartesian co-ordinates the equation becomes 

as in Art. (145). 

The discussion of this equation is the subject of many memoirs 
by eminent mathematicians, and several very remarkable special 
solutions have been obtained. 

For instance, the surfaces 

e* — and 4 sin z = (e* — ( e y — e~ y ) 

cos x ' 

will be each found to possess the property that its mean curvature 
is zero* . 

In Plateau's work, Sur les liquides soumis aux seules forces 
moWculaifa (2 vols. 1873), will be found an elaborate account of 
the labouVs'of mathematicians on this subject, and of his own 
extensive series of experiments; and, in Darboux’s Thlorie Gtntrale 
des Surfaces, Tome I., Livre hi., there is a full discussion of 
minima surfaces, that is, of surfaces which satisfy the condition 
given above. 

Catalan, Journal dt Vltcole Poly technique, 1856. 

*' * • 
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\ 82 . If the form of the film be that of a surface of revolution, 
then, taking the axis of the surface as the axis of z ) 

r a -o^ + y 2 =f(z). 

The vanishing of the mean curvature in this case gives 



Integrat ing, 

dz _ a 

dr~ Jr*Za}’ and -■- * + b = a\og(r + -Jr* -a?), 

z+b z+b 

or 2r = e a + a 2 e a . 

b h 

Assuming e? = ae®, 

z+h z+h 

the result is 2 r = a(e a +e a ), 

shewing that a catenoid is the only possible form of revolution of 
a film when the pressure is the same on both sides. 

183. The same result is obtained by the principle of energy, 
for the surface 

J 27 ryds 

is then a maximum or a minimum, and, by the Calculus of 
Variations, this leads to a catenary as the generating curve, the 
axis of revolution being the directrix of the catenary. 

In Todhunter’s Researches in the Calculus of Variations it is 
shfewn that it is not always possible, when a straight line and two 
points in the same plane are given, to draw a catenary which shall 
pass through the two points and have the straight iine for, ite 
directrix. 

It is also shewn that, under certain conditions, two* such 
catenaries can be drawn, and that, in a particular case, only one 
such catenary can be drawn. The two catenaries, when they 
exist, correspond to the figure formed by a uniform endless stripg 
hanging over two smooth pegs. 
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When there are two catenaries the surface generated by # the 
revolution of the upper one about the directrix is a minimum, but 
the surface generated by the lower one is not a minimum. When 
there is only one catenary, it is not a minimum. 

Hence it appears that if a framework be formed of two circular 
wires, the planes of which are parallel to each other and per- 
pendicular to the line joining their centres, it is not always 
possible to connect the wires by a liquid film. In certain cases 
it is possible to connect the wires by one of two catenoids, but, in 
the case of the catenoid formed by the revolution of the upper 
catenary, the equilibrium is stable, while the other catenoid is 
unstable. 

When there is only one catenoid it is unstable. 

There is also a discontinuous solution of the problem, consisting 
of the two circles formed by the revolution of the ordinates of the 
points, and an infinitesimally slender cylinder connecting their 
centres. 

In the article on Capillarity in the Encyclopaedia Britannica* 
by Clerk Maxwell, the question is discussed in the following 
manner. 

When two catenaries, having the same directrix, can be drawn 
through two given points, and the catenoids are formed by 
revolution about the directrix, the mean curvature of each cate- 
noid is zero. 

If another catenary be drawn between the two catenaries, 
passing through the same two points, its directrix will be above 
the directrix of the other two, and therefore its radius of curvature 
at any point will be less than the distance, along the normal, of 
the point from the first directrix. 

The mean curvature of the surface of revolution is therefore 
convex to the axis, and it follows that if either catenoid is 
displaced iirttf another catenoid between the two, the film will 
move away, from the axis. 

Again, if a catenoid be taken outside the two, its mean 
curvature will be concave to the axis, and therefore if the upper 
catenoid be displaced upwards and the lower one downwards the 
film will, ip each case, move towards the axis. 

* This article has been revised by Lord Rayleigh in the eleventh edition of the 
Encycloppedia. 



218 


CAPILLARITY 


Hence it follows that the outer of the two catenoids is stable, 
and that the inner one is unstable. 

This argument however does not apply to any other form of 
displacement, and therefore, for a complete proof of the case of 
stability, it is necessary to have recourse to the methods of the 
Calculus of Variations. 


184 . If the pressures on the two sides of a film be different, 
and if p be the difference, the condition of equilibrium is 

1 1 p 

- + - = 7 , 

r r t 


or that the mean curvature is constant. 

We shall apply the principle of energy to prove this relation 
for the case of surfaces of revolution. 

The fact that p is constant may be expressed by closing the 
ends and assuming that the volume of air inside is constant. 

The variation of the expression 

f(2iryds + Xiry^dx) 

is therefore zero. 


This leads to 


dx _c _ \y , d?x _ ( c \\dy 
ds y 2 ’ an da* \ y* 2 ) ds 

Hence, if PG be the normal, 


1 

PG 


± - = - \ since 
r 


dto _ 1 dy 

d&~* r da’ 


according as the curve is convex or concave to the axis of x ; that 
is the mean curvature is constant. And, in the general case, we 
have to express the condition that the surface is a maximum or 
a minimum with a given volume, leading to the same general 
result*. 


186 . If the film be in the form of a surface of .revolution, we 
can shew that the meridian curve is the path of the focus of 
conic rolling on a straight line. 

If p be the radius of curvature of the conic, and r the radius 
of curvature of the path of S, 

► * See Jellet’s Calculus of Variations, or Todhunter’a Integral Calculus. 
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1 _ 1 ^ p cos SPG # 
r ~ SP SP* 

1 PG* 

= gp - p£ ~g pi > being perpendicular to SP, 

= 1 PL 

SP SY-’ 

1 JL^ _ PL 
•• r + SP ~ SP SY 2 ' 



In the case of the parabola, this vanishes, and r — — SP. 


For the ellipse, 


$F 2 _ BC * 1 

SP*~SP:HP' and r + SP~AG' 


and for the hyperbola, r + 


The first is the Catenoid ; the second and third are called by 
Plateau the Unduloid, and the Nodoid, the former being a sinuous 
curve, and the latter presenting a succession of nodes. 



To obtain a clear view of the generation of the nodoid, it must 
,be considered that, as one branch of the hyperbola rolls, the point 

* See Roulette* and OlUsettes. 
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of pontact moves off to an infinite distance ; the line then becomes 
asymptotic to both branches, and the other branch begins to roll, 
thereby producing a perfect continuity of the figure*. 

Of the numerous works and papers on the subject of liquid 
films the student will find full accounts in Plateau’s work, and in 
Professor Clerk Maxwell’s article in the Encyclopaedia Britamica; 
and on the subject of Capillarity generally the following works 
and references may be useful : 

Mathieu, Theorie de la Capillarity 1883. 

F. Neumann, Vorlesungen iiber die Theorie der Capillaritdt, 
1894. 

Poincar^, Capillarity 1895. 

The articles Kapillaritdt by H. Minkowski in Encyklop. der 
Math. Wissensch. Bd. v. 1907, and by F. Pockels in Winkelmann’s 
Handbuch der Physik, Bd. I. 1908, both of which contain a full 
bibliography of the subject. 

</ Example. A soap bubble extends from fixed boundaries , so as 
with them to form a closed space whose volume is v 0 , and contains 
a gas at pressure p 0 and absolute temperature 0 o . The temperature 
of the gas is gradually raised. If A be the area of the film when 
the temperature is 6 } and pressure p, shew that 



where t is the surface tension supposed constant , and the eaiemal 
pressure is neglected . Deduce the relation between p and 6 when the 
bubble is spherical. 

The change of energy = t 

=*p8v.' 

But pv — kd ; 

pbv = kS6 -vhp\ 



* Plateau, VoL i. p. 136. See also an article by Delaunay, Liouville’s* 
Journal , 1841, and an article by Lamarle, Bulletins de VAcadtmie Belgique, 1857. 9 
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For a sphere 


A = 47 rr 2 , and p — 
A = 16irt 2 /p 2 . 


2t 
r ’ 


Hence from above 



but pv = kd; 


$prA = £0 or f fcd = ; 

dp , kO dp 
p dO p d6 ’ 


20 dp 

p dd + 


1 = 0 ; 


p 2 # = constant. 


EXAMPLES. 

1. Two spherical soap bubbles are blown, one from water, and 
jhe other from a mixture of water and alcohol : if the tensions 
per linear inch are equal to the weights of one grain and ^ grain 
respectively, and if the radii be £ inch and inch respectively, 
compare the excess, in the two cases, of the total internal over 
the total external pressure. 

/ 2. If two soap bubbles are blown from the same liquid, of 
radii r and r\ and if the two coalesce into a single bubble of radius 
R, prove that, if n be the atmospheric pressure, t he tension is 
equal to 

II R s — r 3 — r' 3 
2 V + r' s - R 1 ‘ 

3. The s superficial tensions of the surfaces separating water* 
and air being 8*25, water and mercury 42 ’6, mercury and air 55, 
what will be the effect of placing a drop of water upon a surface 
of mercury ? 

4. A drop of oil, placed on the surface of water, at once 
spreads itself out into a layer of extreme tenuity; explain the I 

cause of this expansion of the oil, and prove, from observation of I 

. * 
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an attendant phenomenon, that the thickness of the layer may 
become less than *00001 of an inch. 

What will take place if another drop of oil is placed on the 
surface ? 

5. Shew that if a light thread with its ends tied together 
form part of the internal boundary of a liquid film, the curvature 
of the thread at every point will be constant. 

If the thread have weight, and if the film be a surface of 
revolution about a vertical axis, prove that, in the position of 
equilibrium, the tension of the thread is 

V W 3 , 

Z7T 

l being its length, w its weight per unit length, and r the tension 
of the film. 

6. A plane liquid film is drawn out from a soap-sud reservoir ; 
prove that the numerical value of the energy per unit of area (e) 
is equal to that of the tension ( T ) per unit of length. 

If the film be removed from the reservoir, and if a denote 
subsequently the mass of unit of area, prove that 

b T = e - <t . ( Clerk Maxwell.) 

J 7. Any number of soap bubbles are blown from the same 
liquid and then allowed to combine with one another. Find an 
equation for determining the radius of the resulting bubble, and 
prove that the decrease of surface bears a constant ratio to the 
increase of volume. 

8. The surface tension of water exposed to air is such that 
the stress across an inch is equal to the weight of about 3*3 grains. 
If 1,000,000,000 spherical drops combine to form a single spherical 
raindrop inch in diameter, shew that the work done by the 
surface tensions is equal to about *0001277 foot-pbunds. 

9. If a film under unequal internal and external pressure fornj 
a surface of revolution, prove that the inclination <f> of the tangent 
plane at P to the axis is given by the equation 

, x b t , 

cos © = - + ~ : 
a x 

x being the perpendicular from P on the axis and o, b constants. 
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y/l 0. A drop of liquid with uniform surface tension is made to 
revolve about an axis. Prove that the meridian curve of the 
surface will be the roulette of the pole of the curve 

c 2 r 


yll. Two soap bubbles are in contact ; if r u r 2 be the radii of 
the outer surfaces, and r the radius of the circle in which the 
three surfaces intersect, 

A = I 1_J_ 

4r a rf r 2 2 i\r 2 * 


>12. If a frame of line straight wire in the form of a tetra- 
hedron be lowered into a solution of soap and water and drawn 
up again, there are found in certain cases plane films starting 
from the edges and meeting in a point. Shew that this is not 
a possible form of equilibrium for every tetrahedron, and that it 
is so if one face be an equilateral triangle and the others isosceles 
triangles, whose vertical angles are each less than sec -1 (— 3). 


Jf 13. If water be introduced between two parallel plates of 
glass, at a very small distance d from each other, prove that the 
plates are pulled together with a force equal to 


2Atco$a 
d ~ 


4- Bt sin a , 


A being the area of the film and B its periphery. 

14. A hollow right circular cone of glass is placed with its 
axis vertical and vertex upwards in homogeneous liquid. Find 
the height to which the liquid will be raised in the cone, and 
write down the differential equation of the surface inside. Deduce 
results for a cylinder. 


* 15. A needle floats on water with its axis in the natural level 
of the surface; if a be the specific gravity of steel referred to 
water, the angle of capillarity, and 2a the angle subtended 
at the axis b*j the arc of a cross-section in contact with the water, 
prove that * • 

(w - a) sin £ (a - /S) = cos a cos £ (a + £). 


# 16. A capillary tube in the form of a surface of revolution 
is partly immersed in a liquid with its axis vertical. Find the 
equation of the generating curve if the liquid is in equilibrium at 
•whatever height it stands in the tube. 
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^ 17. A soap bubble is filled with a mass m of a gas whose 
pressure is k x (its density) at the temperature considered. The 
radius of the bubble is a, when it is first placed in air. The 
barometer then rises, the temperature remaining unaltered. Shew 
that the radius of the bubble increases or diminishes according as 

9 IcTYt 

the tension of the film is greater or less than ^ z . 

° 8 7ra a 

j 18. Prove that the equation 

e* cos x *■ cos y 

represents a possible form of a liquid film, the pressure on both 
sides being the same. (Catalan.) 

19. If two needles floating on water be placed symmetrically 
parallel to each other, shew that they will be apparently attracted 
to each other, and that this is due to the surface tension. 

^ 20. A small cube floats with its upper face horizontal, in 
a liquid such that its angle of contact with the surface of the cube 
is obtuse and equal to tt - a. If p is the density of the liquid, 
and cr that of the cube, and if gpc 2 is the surface tension, prove 
that the cube will float if 

<t , . c 9 0 c . (ir a\ 

- < 1 + 4 - cos a + 2 - sin r - s . 

p a 2 a \4 2 J 

^ 21. Two equal circular discs of radius a are placed with their 

planes perpendicular to the line which joins their centres, aqid 
their edges are connected by a soap film which encloses a mass 
of air that would be just sufficient in the same atmosphere to fill 
a spherical soap bubble of radius c. If the film be cylindrical 
when the distance between the discs is 6, prove that in order that 
it may become spherical the distance between the discs must be 
lessened to 2 z, where 

*(3a J + 2z 5 ) 1 8c’ - 3a6 + ^====r} = 6a6c a (fy- c). 

22. A framework of wires forms a prism of height b, tfee bases* 
being equilateral triangles of side a. If the framework is dipped 
into soapy water, describe the arrangement of plane films in the 
state of equilibrium. Prove that for equilibrium to be possibly 
witji plane films b must be greater than a/\/6. 
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J 23. A film of fluid adheres to two wires each of which forms 
one turn of a helix, the axes of the two helices being coincident, 
and their steps equal. Shew that the condition of equilibrium 
of the film will be satisfied if the differential equation to any 
section of the film through the axis is of the form 


d X = Ady 


/tf + f 

V f-A} 


when 27ra = step of either helix (i.e. distance between consecutive 
threads). 


24. To the extremities of the axis of a wire helix of pitch 6, 
whose length is very great compared with its diameter, an elastic 
string (modulus of elasticity E) is fastened, the wire being bent 
over radially at each end so as to meet the axis. The string when 
straight is tight but unstretched. If the helix and string be 
dipped into a solution of soap and then removed with a film 
adhering to the wire and string, shew that, except near the ends, 
the string will be drawn into a helix of radius r where r is given 
by the equation 

(16t - Mir*E' 2 ) r 4 + 32 tt *h*TEi* + 8? r 2 A 4 ZV 

+ Sn^TEr + h*T 2 = 0, 

T representing the whole tension per unit of length (of both 
surfaces) of a soap film. 


y 25. A plane plate is partly immersed in a liquid of density p 
and surface tension t. The angle of capillarity for the liquid and 
substance of the plate is $, and the plate is inclined at an angle a 
to the horizontal. Prove that the difference of the heights of the 
liquid on the two sides of the plate above the undisturbed surface 
level is 


4 



7T — 2ft • 

cos - — . sin 

4 


7T - 2a 

“ 4~~ 


26. A framework A BCD is formed of three straight wires 

I iff 

AB, BC, CD joined by an arc of a helix DA of angle BC being 
the axis and AB, CD radii of length a. Prove that, if the frame 

• * i 
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be dipped into a soap solution, a film will be formed whose surface 
energy is 

~ (V2 + log(V2 + 1)}, 

where T is the surface tension and a the small inclination of 
AB to CD L 


y 27. A fluid of density p and surface tension T is drawn up 
within a fine capillary tube of radius a, with which the angle of 
contact is* a. Shew that, if T= gpc ?, the height to which the 
fluid rises at the circumference of the tube is 

2c* a 

— cos a + ■= (2 sec 3 a - 2 tan 3 a — 3 tan a), 

do 

where the third and higher powers of a/c are neglected. 


28. A volume $7 rc 3 of gravitating liquid of astronomical 
density p is surrounded by an atmosphere at pressure II and 
contains a concentric cavity tilled with air, whose volume at this 
atmospheric pressure is $7ra 3 . The surface tension of the liquid 
is t. Prove that the radius x of the cavity in the configuration 
of equilibrium is given by the equation 



[l + 


1 


y/((f + a?)\ 




c 3 + 3ar J 
#(* + x>)' 


3a? . 


29. If a mass of liquid of density p is in equilibrium under 
the action of a conservative system of forces whose potential at 
any point is ft/r, where r is the distance from a fixed point 0, and 
if two parallel plates of glass are placed in the liquid with their 
nearer faces at very small distances on opposite sides of 0, and 
have small apertures opposite 0 through which the liquid can 
flow, prove that a, 6, the radii of the inside and outside circular 
areas of either plate wetted by the liquid, are connected by the 
equation 

/acp(l/a- 1/6) = $cos a, 

where a is the angle the air-liquid surface makes with the glass, 
and 8 is the capillary constant. 


30. A large glass plate is lifted from the surface of a liquid 
so that the liquid is drawn up to a height h, and ft is the 
complement of the angle of contact at the under surface of the 
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plate. Prove that the radius of the circle wetted by the liquid 
is approximately 

(1 - cos 3 - ¥ sin 3 £#), 

where 6 8 = 4>T/gp, T being the surface tension, and p the density 
of the liquid. 

^31. A liquid film hangs in the form of a surface of revo- 
lution with its axis vertical. The upper boundary of the film 
is a circular wire held horizontally, the lower boundary is a heavy 
elastic thread, hanging freely in the form of a horizontal circle 
of radius r. The natural length of the thread is 27m, its modulus 
of elasticity is X, and its weight is 2iratu. The tension of the film 
is t. Prove that r satisfies the equation 

(X 2 - aH 2 ) r 2 - 2X 2 ar + (X 2 + wW) a 2 = 0. 


32. A liquid film is bounded externally by a closed rigid wire, 
not necessarily in the form of a plane curve, and contains as internal 
boundary an endless flexible thread. Prove that the radius of 
curvature of the thread at any point is constant, and that the 
radius of torsion is numerically equal to either of the radii of 
principal curvature of the film at that point. 

33. A wire circle (radius a) is placed in the surface of soapy 
water and raised gently, so as to draw after it a film. Prove that, 
neglecting its weight, the meridian section of the film is a catenary, 
and investigate the angle at which the film meets the undisturbed 
surface of the water. Also prove that the parameter of the 
meridian catenary, when the area of the film is equal to 7ra 2 , 
is a/z, where z is given by 

cosh -1 z + z(z 2 - 1)^ = z\ 

34. When the end of a capillary tube is dipped into water, 
the water is observed to rise to a height h ; the tube is withdrawn 
from the watfer, and a drop of radius r is formed at its extremity. 
If h ! be t|je height of the suspended water, measured from the 
bottom of the drop to the top of the column in the tube, prove 
that the surface tension is given by the formula 

2 T{gp = r{h! 

p denoting the density, and it being assumed that the drop is 
of 1 spherical form. 


16 — 2 
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35. Two circular rings with a common axis at right angles 
to their planes support a closed liquid film containing air at a 
greater pressure than the external air : shew that the ends of the 

2 T 

film are spheres of radius a = — and that the surface between the 

P 

rings is a surface of revolution of which the meridian curve has an 

intrinsic equation sin <j> = ~ ± - , where <f> is the inclination of the 
(X x 

normal to .the axis and x is the distance from the axis. 

36. Prove that, if fluid be drawn up by capillary action 
between two parallel vertical plates, the elevation at any point 
of the free surface above the undisturbed level is hjdn (2s/fcc), 
where h is the elevation of the vertex, s the arc of the free surface 
measured from the vertex, the surface tension, T } is ±gpc* t and the 

modulus k = c/(A 8 -f c 2 )^. 

37. A long circular cylinder of radius r entirely immersed 
in liquid, whose acute angle of contact with it is a, is gradually 
made to emerge, its axis being kept horizontal. Shew that 
contact with the liquid finally ceases when the axis reaches a 
height h above the original and ultimate level of the liquid given 
by the equations 

h = r cos (<f) - a) -f c cos 

~ sin (<f> - a) + 2 sin - - tanh" 1 sin ^ = 2 sin j — tanh -1 sin j , 

the ratio of the surface tension to the density of the liquid 
being J^rc 8 . 

38. A drop of water hangs from the lower surface of a 

horizontal plate of glass ; if ft be the ratio of the surface tension 
to the specific weight of water, and where s is the 

arc of the meridian curve of the drop, and <f> is thp, angle the 
tangent to the meridian curve makes with the horizontal, proVb 
that 

(sin (f> + u) (2 sin <f> + 3 uj » 2a tan <f> (see + tan <f> . u' + u") 
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where u'^du/d<j), u" = cPu/dft. If the square of /a be neglected, 
prove that the square of the curvature of the meridian curve is 

4 s f Xi 6~ x dx 

a— X, 

P J* (l + lfoB)*X™ 

where x — tan 2 <£, and x x is the value of x at the point of 
inflexion. 

39. A long wedge, of vertical angle 2a, floats in water with 
its base horizontal and its top edge in the natural level of the 
surface. Prove that, if the capillary action at the ends be 
neglected, 

w - w' — 2Tsec a (sin a -f cos 7), 

where w is the weight of the wedge per unit length, w that of an 
equal volume of water, T ^he surface tension and 7 the supple- 
ment of the angle of capillarity. 

40. A drop of mercury of volume V under no external forces 
is pressed between two parallel glass plates at distance h , t being 
the surface tension, and i the angle of contact for glass and 
mercury. Shew that the magnitude of the pressure required is 

27rtak f /(l — k'), 

where 

h = 2a f (dn 2 u - k') du, V = 2^0* f (dn 2 u — k f ) dn 2 udu, 

J 0 J 0 

and k' = A = cotam /a cot (i + am /a). 

Shew that when the plates are very close together, the value 
of the pressure is, to a first approximation, 

2 Vt cos % 

A 2 ’ 

r 41. A drop of fluid under no forces except uniform external 
"pressure and surface tension rotates as a rigid body about an axis ; 
shew that on the surface 3/i2 a - 1/R X is constant, where R u are 
the prjncipal radii of curvature of the surface. 
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42. Prove that, when the axis of z is along a downward 
vertical, and the origin suitably chosen, the surface of separation 
of two fluids of densities fi u satisfies the relation 

2* = a 3 (p- 1 + p / - 1 )> 

where p, p are the principal radii of curvature taken positive 
when the concavity is downwards, a 2 = 2Tj[g(p fl — /a*)}, and T is 
the capillary constant of the interface. 

If the Surface is one of revolution about the z axis, shew that 
the approximate equation (in cylindrical coordinates) of the part 
near the axis is of the form 

2 (z- z 0 ) = z 0 a~ 2 f 2 + J (z Q a? + 2 zf) a “ 6 r 4 , 

and indicate how, in the case of liquid in a tube, can be 
expressed in terms of the angle of contact. 



CHAPTER XI. 

THE EQUILIBRIUM OF REVOLVING LIQUID, THE 
PARTICLES OF WHICH ARE MUTUALLY ATTRACTIVE. 

186 . If a liquid mass, the particles of which attract each 
other according to a definite law, revolve uniformly about a fixed 
axis, it is conceivable that, for a certain form of the free surface, 
the liquid particles may be in a state of relative equilibrium; 
since, however, the resultant attraction of the mass upon any 
particle depends in general upon its form, which is unknown, 
a complete solution of the problem cannot be obtained. 

For any arbitrarily assigned law of attraction, the question is 
one of purely abstract interest, and it is only when the law is that 
of gravitation that it becomes of importance, from its relation to 
one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our 
attention to two cases ; in the first of these the attractive forces 
are supposed to vary directly as the distance, and, in the second, 
to follow the Newtonian law. 

' 187 . A homogeneous liquid mass , the particles of which attract 
each other with a force varying directly as the distance, rotates 
uniformly qbout an axis through its centre of mass; required to 
'determine* tie form of the free surface . 

The resultant attraction on any particle is in the direction of, 
and proportional to, the distance of the particle from the centre 
of mass; and if p be* a measure of the whole mass of fluid, 
M#, py, fiz may represent the components of the attraction, 
parallel to the axis, on a particle of fluid about the point a?, y f z . 
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faking the origin at the centre of gravity, and axis of rotation 
as the axis of z , the equation of equilibrium is 

dp- p {(cd 2 # - fix) dx + (a) 8 y - fiy) dy - pzdz } ; 
and therefore 

p = C + \p {(a) 4 - fi) (a 2 + f )~ pl‘}. 

At the free surface p is zero or constant, and the equation to 
the free surface is « 

+ y 3 ) + * 2 = A 

the constant D depending upon o>, and upon the mass of the fluid. 

When (o is very small, the free surface is nearly spherical, and 
as a 2 increases from 0 to p, the spheroidal surface becomes more 
oblate. 

When a) 2 = ft, the free surface consists of two planes ; to render 
this possible we may conceive the fluid enclosed within a cylin- 
drical surface, the axis of which coincides with the axis of rotation. 

When ft) 2 > p, the free surface is a hyperboloid of two sheets, 
which for a certain value (ft/) of w becomes a cone, the fluid filling 
the space between the cone and the cylinder. Taking account 
of the volume of the fluid, the value of a/ can be determined by 
.putting 2) = 0, since the pressure in this case vanishes at the 
[origin. 

If ft) > &)', the surface is a hyperboloid of one sheet, which, 
as ft) increases, approximates to the form of a cylinder, and it is 
therefore necessary, for large values of a >, to conceive the contain- 
ing cylinder closed at its ends. 

The results of this article, it may be observed, are equally 
true of heterogeneous fluid, whatever be the law of variation 
of density in the successive strata. 

1 188. A mass of homogeneous liquid , the particles of which 
attract each other according to the Newtonian law , rotates Uniformly , , 
in a state of relative equilibrium , about an axis through its centre 
of mass ; required to determine d possible form of the surface. 

For the reason previously mentioned b direct solution of this 
problem cannot be obtained, but it can be shewn that an oblate 
spheroid is a possible form of equilibrium. 
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Let the equation to the spheroid be 

+ f =1 
c* c’(l+X s l ’ 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin, on a particle 
at the point ( x , y, z) will be represented by 

X = -jjf- 1(1 + X a ) tan -1 X - X}, 

F=^p{(l + V)tan-\-\), 

Z = (X-tan- X)(l+n 

parallel, respectively, to the axes*. 

The equation of equilibrium is 

dp = p ((o> 2 # - X) dx + (w 2 y -Y)dy- Zdz). 

But from the equation to the spheroid, 

^ xdx + ydy + (1 + \*)zdz = 0 , 

and as this must be a surface of equipressure, we must have 
<w a — = a) 2 — Y\y — — Z/( 1 + X 2 ) z. 

Hence we get 

ft> 3 _ (1 + X 2 ) tan -1 X - X 2 (X - tan" 1 X) 

2t rp ~ X* X* 

Ar w 2 _ (3 + X*) tan -1 X — 3X ^ 

2 7rp~ X 8 

If © and p are given, this equation determines X and thence 
the ratio of the semiaxes of the spheroid is known. 


* These expressions will be found in Laplace’s Mtcanique Celeste, Poisson’s 
Mfcanique, Duhtunel’s Mtcanique , and Todhunter’s Statics. In the last named, 
t the equation to the spheroid is (a: 8 + y 8 )a a + 2 a /a a ( 1 -«*) = 1 , but the expressions 
used in the text wiU result from the expressions there given by putting 

,l-e*=l/(l+X»). 

By the use of X, irrational quantities are avoided. Equivalent forms are given 
in Kelvin and Tait's Natural Philosophy, § 527, and Booth’s Analytical Statics, 
Vol. n. 8,219. 
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JTo investigate the real solutions, let 

__ (3 + a?) tan -1 x - 3x 


m 


Substituting the series for tan -1 x , which is known to be 
convergent when x<l, we get 


Also 


4n 


y )n ‘ (2n + 1) (2« + 3) 

dy = (Tx 1 + 9) _ (a? + 9) ^ 

dx («“ + 1 ) iT* 


4*4-9 f 7* 3 +9« . ) 

“ *• |(^+I)(®*+ 9) tan X \ 

444-9 


-m 


Ay)- 


•( 8 ) 


V /•/ \ 4--1 

where /<•> >+ i)$ji+9) “ * 

The forms (7) and (#) shew that y vanishes for # = 0, and 
x= oc } respectively; we shall shew that as # increases from zero y 
has one maximum value and only one. 

The sign of ^ depends only on that of f(x), 


also when 
and when x 

Again, we find that 
/'(*) 


x * 0, f(x) = 0, 


“»> /(*)-“ 2* 

Sx i (3-^x l )_ 

'(0+lY(af+W 


and this is positive from x — Q to x — ^JS, and negative for all 
greater values of x, so that f(x) begins by being, positive and 
increases as x increases to V3 and then decreases continuously ; 
f(x) therefore vanishes for a value of x greater thanV3. By the 
help of tables we can easily shew that /( 2) is positive and 
f( 3) negative, so that the value lies between 2 and 3. Also 
/( 2*5) = *0025 approximately, and Newtoh’s method of approxima- 
tion gives for the root 2*5 * 2*5 + *0293 « 2^5298... . 
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Hence vanishes only when x = 25293... and y is theft a 

maximum and its value is *2247. 

The graph of equation (f3) is therefore as in the figure, in which 
however the ordinate is drawn on a larger scale than the abscissa. 



/ We conclude that if (o*l2np >’2247 the oblate spheroid is not 
a possible form of equilibrium, but if ufftirp < *2247 there are two 
spheroidal forms possible, for there are two real values X 1} X* of! 
the abscissa corresponding to every value of the ordinate less 
than *2247. 


189. The ellipticity of the spheroidal forms. When 
there are two real values X,, X 2 of X, one is greater and the other 
less than 25293. Let X 2 be >\ ly then as <u 2 /27 rp is diminished we 
see from the graph that \ decreases and Xs increases, and since 
Xj* > 2*5293 therefore Vl +X2 2 > 2 72 ; but the ratio of the semiaxes 
is Vl + X a :l, so that the larger value of X always represents a 
much flattened spheroid, and the smaller we take &> 2 / 27 rp the 
flatter does the spheroid become that corresponds to the root A-,. 
On the other hand for small values of o> 9 /27 rp the root Xj will be 
small, and if € denote the ellipticity of the spheroid, we have 


c (1 + e) = c s/l + V so that e = £ V approximately, 
and therefore 'from ( 7 ) 

1 

4 n 

1 

as far as the first power of e ; or 

e® ISt^/Mforp approximately * 


“ S/2 "P = 2( ~ )n " (2» + lj(2n +'3) Xl " - H’ 


* For a discussion in which the value of w 8 /2 rp is obtained correct to the third 
power of the ellipticity, see Darwin’s Scientific Paper s, Vol m. y. 428. • 
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Maclaurin was the first to prove that an oblate spheroid is a 
possible form of equilibrium of a rotating mass of homogeneous 
fluid, and the spheroids are therefore commonly called Maclaurin’ a 
Spheroids. 


190. Application to the case of a fluid , the density of which is 
equal to the earth's mean density. 

Assuming for the moment that the earth is a sphere of radius 
and mean density p, the attraction at the surface, which also 
measures the force of gravity (g) at the pole, is J 7 rpr. In C.G.s. 
units g = 980 approximately and 27rr = 4 x 10° cm. 

Therefore in astronomical units 

p = 3^/47rr = 367*5 x 10~ 9 . 

If we make co 2 /2irp equal to its limiting value *2247 for the 
spheroidal form, and use the value just found for p, we obtain for 
the time of rotation 27 t/co — 2 hrs. 25 mins. This is therefore the 
smallest time in which a homogeneous mass, of density equal to 
the earth’s mean density, could rotate uniformly in the form of an 
oblate spheroid. 

2tt 

Again, if we take for a> the earth’s angular velocity > 

we obtain 

6,2 27tx10* . AAOO . ^ 

2 V P = 24 s x «0*x 387-5 = 0023 a PP r <™teIy. 

which is less than the critical value *2247, so that for this density 
and angular velocity two spheroidal forms are possible, there being 
two real values for X as explained in Art. (188). The larger value 
corresponds to a very flat spheroid, and the smaller gives a 
spheroid whose ellipticity is by Art. (189) 


low* 
167 Tp 


x *0023 = *0043 or ^ nearly. 


The earth, as is known by geodetic measurement^ differs very 


slightly in its form from a sphere, its ellipticity being 


1 

29915 


that 


is the axes of the spheroid are in the ra^io 30015 : 29915. The 
fact that the axes of the homogeneous fluid spheroid, of the same 


flee Encyc. Bfit. Art. Figure of the Earth , by A. R. Clarke and F. B. dflelmert. 
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mean density as the earth and rotating in the same time, are, as 
we have just seen, in the ratio 233 : 232 shews that it is extremely 
unlikely that the earth was at any period of its history a homo- 
geneous fluid mass. 

191. . The prolate spheroid not a possible form. It must 
be observed that we have not solved the general problem of the 
form of a mass of rotating fluid in relative equilibrium, but merely 
shewn that if g > 2 /27 rp < *2247 an oblate spheroid is a possible form. 
And we notice that this result is independent of the mass of the 
fluid and depends only on the density and angular velocity. If 
offiirp > *2247, it does not follow that equilibrium is impossible 
but only that there is no oblate spheroidal form possible in this 
case. 

To examine whether a prolate spheroid is a possible form we 
may write — X' 2 instead of X 2 in Art. (188), where X' is to be < 1. 
Equations (a) and ( 7 ) of that Article then give 

_^ = _Y * vsn 

27rp 1 (2n + l)(2n+ 3) 

which is impossible because the opposite sides of the equation are 
of unlike signs. Hence a prolate spheroid is not a possible form 
of equilibrium. 

y 192. An important distinction has been pointed out by 
Poisson (Tome II. p. 547 ) between the surfaces of equal pressure 
in a fluid at rest under the action of extraneous forces, and in 
a fluid at rest, or revolving uniformly about a fixed axis, under 
the action of the mutually attractive forces of its particles. 

Let ABC be the free surface, and DBF any surface of equal" 
pressure; then, in the former case, the resultant force at any 
point of BEF is perpendicular to the surface at that point, and 
is unaff ected by the existence of the fluid between ABC and 
BEF ; this* fluid could therefore be removed without affecting 
•the equilibrium of the fluid mass bounded by BEF \ In the 
latten case, the force at any point of BEF \ although perpendicular 
to the surface at that point, is the resultant of the attractions 
of the mass of fluid contained by BEF , and of the mass contained 
between BEF And ABC ; these two components of the resultant 
force are not necessarily perpendicular to the surface, and the 
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fluid external to DEF cannot in general be removed without 
affecting the equilibrium of the remainder. 

If, however, the fluid be homogeneous, and the particles 
attract each other according to the Newtonian law, so that the 
free surface may be spheroidal, the surfaces of equal pressure will 
be similar spheroids ; and in this case, since the resultant attrac- 
tion of an ellipsoidal shell, bounded by two concentric, similar, 
and similarly situated ellipsoids, on an internal particle is zero, 
the portion of fluid between ABC and DEF may be removed, 
provided the rate of rotation remain unaltered. 

Moreover we have shewn, Art. (188), that for a given value 
of gj not exceeding a determined limit, there are two possible 
spheroidal forms: let ABC, the free surface, have one of these 
forms, and describe within the fluid mass a concentric spheroid, 
GHK , similar to the other spheroid ; then the fluid between ABC 
and GHK may be removed without affecting the fluid mass 
GHK 

The action of the shell upon a particle at a point P of the 
surface GHK is not perpendicular to the surface at P, but this 
action, combined with the attraction of the mass GHK, and the 
hypothetical force measured by a ) 2 r, is perpendicular to the surface, 
at P, of the spheroid passing through P, which is concentric with, 
and similar to, the surface ABC. 

In other words, the direction of sensible gravity, that is, of 
the weight, of a particle on the surface is normal to the surface, 
and of a particle inside, normal to the surface of equal pressure 
which passes through the particle. 

In the same manner if the free surface, ABC, have one of the 
possible forms, we can imagine a concentric shell of liquid added 
to the mass, and having its outer surface of the same form, or 
of the other possible form. 

In the former case, ABC will still be a surface of equal 
pressure, but, in the latter case, ABC will cease to* tie a surface 
of equal pressure, since the new surfaces of equal pressure will# 
be similar and similarly situated to the outer surface. 

S 193. If a fluid mass be set in motion, about an axis through 
its centre of mass, with an angular velocity such as to make the 
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value of g> 72 t rp greater than the limit obtained in Art. ( 188 ), it 
does not follow that the fluid cannot be in equilibrium in the form 
of a spheroid, for it may be conceived that the mass will expand 
laterally with reference to the axis, taking a more flattened shape, 
until its angular velocity is so far diminished as to render the 
spheroidal form possible. 

If the mass consist of perfect fluid, its form will oscillate 
through the spheroid of equilibrium, but if, as is the case in all 
known fluids, friction be called into play by the relative displace- 
ment of the particles, the oscillations will gradually diminish and 
at length a position of equilibrium will be attained. Employing 
the principle that the angular momentum of the system, 
relative to the axis, will remain constant, we can determine the 
final angular velocity, and the form ultimately assumed. 

Considering the question generally, suppose the mass of fluid 
set in motion in any way, and then left to itself; the centre of 
mass will be either at rest or moving uniformly in a straight 
line, and all we have to consider is the motion relative to the 
centre of mass. 


Draw through the centre of mass the plane, in the direction 
o f whic h the angular momentum is a maximum ; then, however 
during the subsequent motion the fluid particles act on each 
other, this plane, which may be called the ‘ momental * plane, will 
remain fixed, and when the motion of the particles relative to 
each other has been destroyed by their mutual friction, the axis 
perpendicular to this plane will be the axis of rotation of the 
fluid mass in its state of relative equilibrium. 

Let H be the given angular momentum of the system, and g> 
its ultimate angular velocity. 


Taking c and c \/(l + ^ 2 ) for the axes of the spheroid of equi- 
librium, and M for the mass, the expression for the angular 
momentum is £ifc a ( 1 + X 8 ) &> ; 

we have also f tt/>c* (1 + \ a ) = M, 

and from these two equations, combined with the equation 
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From the first two we obtain 


o) a 25# a (47rp)i 2 


( 3 + X 8 ) 


tan -1 X - 3X , 
~X* 


u +*•)*- 


2527 1 /4irp\4 

6JC V3iLf/ 


is the equation which determines X. 

The equation always has a root, for the left-hand member 
vanishes and becomes infinite with X, so that it ought to take a 
value equal to the positive constant on the right-hand side for 
some value of X between zero and o© . It can be shewn moreover 
that there is only one positive root, for the derivative of the left- 
hand member can be shewn to be positive always. Therefore 
regarding H and M as given quantities there is one spheroidal 
form and only one, towards which the oscillating fluid mass 
continually approximates. 

This discussion may be .found in Laplace's Mtcanique GSleste , 
Tome II. p. 61; Pont^coulant’s Systtme du Monde , Tome n. p. 409; 
and in Tisserand’s Mecanique Celeste, Tome II. p. 96. 


/ 194. Jacobi's Ellipsoid. It was discovered by Jacobi that 
an ellipsoid with three unequal axes is a possible form of relative 
equilibrium for a mass of rotating liquid. 

The following proof of Jacobi’s theorem is taken from a paper 
by Liouville in the Journal de Vficole Poly technique, Tome XIV. 


Taking the axis of rotation for the axis of z , suppose, if 
possible, that the surface of the liquid is of the form given by 
the equation 


a* 

1 + X 9 


+ 


t 

1 + X' 2 


+ 2 a = 


& 


( 1 ). 


Then, if M be the mass of the liquid, the resultant attractions 
on a particle at the point {x, y, z) of the surface are respectively 
Ax, By, and Cz*, where 

,3 Mf 1 u'du 

c 8 J 0 (l + XV)jST 

* 3 M f 1 u*du 
m C 3 Jo (1 + H * 

n 3M[ l u*du 

Cm 

* See the Mtcanique Ctlette, Tome n. ; Duhsmel’s Court de Mtitaniqur, 
Minqhin’a Static* f Vol u. p. 806. 
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H representing the expression 

\A(TT\v) ( lTv v). 

The differential equation of the free surface is 

(Ax - oPx ) dx + (By - aPy) dy + Czdz = 0, 
and therefore, if the free surface be the ellipsoid (1), 

(A - a P) (1 + X 3 ) = (B - w 2 ) (1 + A' 2 ) = G (2). 

Eliminating aP t we obtain 

(1 + X 2 ) (1 + V 2 ) (A~B) = C(\'* - A 2 ), 
and, substituting for A, B, and C , this reduces to 


Rejecting the solution V = X, which leads to the case of an 
oblate spheroid, and transposing, we obtain 

J„ ~ ~° (3) ’ 

an equation which, if A, be assigned, determines A'. 

Assigning a positive value to A 2 , the left-hand member of the 
equation is positive if A' = 0, and is negative if X' = oo ; hence 
there is a positive value of A' 2 which will satisfy the equation. 


Moreover, from the equations (2), 


a)>=sA 


0 

1 + A 3 


_ 3A/ T 1 A a (l -u 2 )u*du 

“ c 3 Jo(i + x 2 )(i+AV)ir { h 

and o) a is therefore a positive quantity. 

Hence it is ^completely established that an ellipsoid with three 
unequal axes,, the smallest of which coincides with the axis of 
station, is k .possible form of the free surface. 

From equation (3) it is clear that we must have A 2 A' 2 > 1, 
otherwise the integrand would be positive throughout the whole 
range of integration and cduld not vanish. Hence either A* or A' 2 
naust be > 1, and therefore a /c or b/c must be greater than V2, so 
*that the ellipticities of a Jacobian ellipsoid cannot both be small 
b. h. , 16 
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&95. The resultant action of gravity at the surface is the 
resultant of the forces (-4 - © s ) x, (B - © a ) y, and Cz , and is there- 
fore inversely proportional to the perpendicular from the centre 
on the tangent plane. 

Also, bearing in mind that the attractions of the liquid on 
an internal particle are Ax, By, and Gz, and utilizing Leibnitz's 
theorem, it is easily shewn that the resultant stress across any 
central plane section is perpendicular to that plane, and propor- 
tional to 'its area. 

v 196. It was pointed out by Mr Todhunter, and demonstrated 
in the following manner, that the relative equilibrium of the 
rotating ellipsoid cannot subsist when the axis of rotation does 
not coincide with a principal axis. 

Referred to the principal axes, let l, m, n be the direction 
cosines of the axis of rotation, M any point (x, y , z) of the mass, 
and N the foot of the perpendicular from M upon the axis. 

Then ON = lx + my + nz, 

and, if ON * v, the co-ordinates of N are lv, mv, nv. 

The acceleration (o 2 MN, when resolved parallel to the axes, 
gives rise to the components 

© a {x - lv), a>* (y — mv), to 2 ( z — nV) ; 
therefore the differential equation of the free surface is 
{©*(a? - lv) ~Ax\ dx 4- {©* (y - mv) - By J dy 4- [a) 2 (z- nv)-Cz] dz = 0 ; 
hence the form of the free surface is given by the equation 
©* (a? 4- y % 4- z a ) - (o 1 (lx 4- my 4- nz) 2 - Ao? - By 2 - Cz 2 = constant, 
and this cannot represent an ellipsoid referred to its principal 
axes, unless two of the quantities l, m, n vanish. 

Mr Greenhill remarks that a particle of the liquid at the end 
of the axis of rotation will be at rest under the action of the 
attraction of the liquid alone, since the expression ©V vanishes 
at that point. 

Hence the attraction on the particle must be normal^ to the # 
surface, which is only the case at the end. of an axis. 

•^197. The following demonstration of Jacobi's theorem was 
given by Archibald Smith in the first volume (page 90) of the 
Gcmbridgd Mathematical Journal, in 1838. 
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If a mass of liquid revolves, as if rigid, about the axis of B with 
the angular velocity o>, and if X, F, Z are the components of the 
attraction at the point (x, y, z), the equation of the free surface is 

(X — g> 3 #) dx + ( F— to a y) dy + Zdz = 0. 

Now, if the free surface is an ellipsoid, 

X = Ax, 7 » By, Z = Gz y 
where A, B, G are independent of #, y , z . 

Hence, if a, b, c are the semi-axes of the ellipsoid, we have 
if possible to identify the equations 

(A — to 2 ) xdx + (B - to 9 ) ydy + Gzdz = 0, 

~dx + fdy + ^dz = 0 . 

-a 2 b 2 * c 9 


We must therefore satisfy *he equations 

A — a)' 2 = ■—, i? - to 3 = ^ , G = - , 
a 9 b*’ c 9 

from which, by the elimination of X and a> 3 , we obtain 

a 2 6 * (B — A) — (a 2 - 6 2 ) c^C = 0 (a). 

Now, if 2) = {(a 3 + u) (b 2 4- u) (c 3 + u)}^, 
and if M is the mass of the liquid, 


A± 


f F 


du 

(a? + u)D' 


B 


'X 

= | M 

Jo 


du 

(b r +u)D' 




du 


(f + u)D 
The equation (a) then becomes 
'* du 


/ o du 




a'V & 

](a s + uj(b' + u) c a + ttj 

If a is different from b, the relation between the axes must 
satisfy the aquation 


r^H+w)- 0 <» 


If a and 6 are given, this is an equation for determining c, and, 
since the left-hand memW* is negative when c =» 0, and positive 

* See Kelvin and Tait’s Natural Philosophy , Art. 494 n, or Minohin’s Statics, 

^oln.p.808. * * 


16—8 
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when 6= oo , there must be one real value of c which satisfies the 
equation. 

Since ujD* is positive, and since 

111 u 
a? + b* ~ ? + 

is positive if u is large enough, it follows that, when u is small, 
this last expression must be negative, v ffc 

Hence it appears that 

1 1 1 
c 2 > a 2 + b 2 * 

and therefore that c is less than the least of the two quantities 
a and b. 


To find the angular velocity, we have 
© 2 (u 2 — fr 2 ) = Aa 2 - Bb 2 


= f M (a 3 - b 3 ) f 
Jo 


— udu 

(a 3 + u)Jb 3 + u)D' 


and therefore, if a is different from 6, 



udu 

(a 3 + u) ( b 2 + u ) D 


(y)> 


and, this expression being a positive quantity, a possible value 
of ft) is obtained, and it is established that an ellipsoid with three 
unequal axes is a possible form of a mass of liquid rotating about 
the smallest axis. 


v 198. 

follows : 


That c must be the least axis may also be seen as 
, a? A - &C „ 


2a 3 j 0 c 3 + tt) D 

_ 3Jf . # .f* udu 

2a 3 {a } Jo (a* -f «) (c 3 4- u) D 

which shews that for © to be real, we must have c < a, and 
similarly c<b. 


199. We notice that the forms given for A, B, C in Art. (197) 
can bS reduced to those given in Art. (194) by writing c* (i;+ V) 
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for a*, c 3 ( 1 +\' s ) for 6 J and &jv? for c a -f u, so that equations (ft), 
(7) of Art. (197) are the same as (3) and (4) of Art. (194). ’ If the 
mass of the fluid M be given, we have also an equation $irpabc = M, 
and this equation together with (£), (7) of Art. (197) may be 
regarded as determining a, b y c in terms of M , p and <0. 

These equations were investigated by C. 0. Meyer*, and a full 
discussion will also be found in Tisserand’s Traite de MJcanique 
Cdeste, Tome 11. Chap, vn.f, shewing that the maximum value of 
aPfiirp that will make a Jacobian ellipsoid a possible form of 
equilibrium is *18709, and that for this particular value the 
ellipsoid is one of rotation coinciding with one of Maclaurin’s 
spheroids. It is further shewn that this value gives a unique 
maximum to the function on the right-hand side of equation (7) 
of Art. (197), and that for smaller values of o^j^irp there is one 
and only one ellipsoid. 

To summarize our iesults relating to Maclaurin’s spheroids 
and Jacobi’s ellipsoids, we have : 

if <o a /27rp > *2247, no spheroidal or ellipsoidal form, 

if *2247 >o)*/27r/) >*18709, two oblate spheroids, 
and if *18709 >m 2 /2 irp, two oblate spheroids and one ellipsoid 
with three unequal axes. 

200. We have seen (Art. 194) that the ellipticities of a 
Jacobian ellipsoid cannot both be small, in fact that one of the 
axes is, in every case, at least V2 times the axis of rotation. In a 
complete discussion of the Jacobian ellipsoids containing numerical 
tables and diagrams}, Darwin remarks that the longer the ellipsoid 
the slower it rotates ; that, while the angular velocity continually 
diminishes the moment of momentum continually increases, and 
that the long ellipsoids are very nearly ellipsoids of revolution 
about an axis perpendicular to that of rotation. 

J 201. Elliptic cylinder. It can also be shewn that, theo- 
retically, ^n elliptic cylinder is a possible form of the surface of an 
infinite foa ss of homogeneous gravitating liquid, rotating, as if 
rigid, about the axis of the cylinder. 

# Crelle’t Journal , Tome xxiv. (1842). 

t For an abstraot of the*analysis see Appell, Traite de Mtcanique RationneUe, 
Tome hi. p. 170. 

t “On Jacobi’s Figure of Equilibrium for a rotating mass of fluid.” Proc. Royal 
Fbc. Vol. xli. (1887), p. 819, or Scientific Paper*, VoL in. p. 119. 
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If a and b are the semi-axes, the components of the attraction 
at the' internal point x, y are 


krrpbx 
a + b 


and 


4)7rpay 
a + 6 


(Kelvin and Tait, Art. 494 p), and the equation of the free 
surface is therefore 


/4 7rpb 

U + & 


■ 0)^j 


\a + b 



Identifying this equation with 


xdx 


we find that 


+*#. o 


o> 8 s s 47 rpab/(a -f 6) 8 . 

This determines o> where p, a, b are given ; but if o>, p are 
given we see that since 



an elliptic cylinder will not be a possible form of equilibrium 
unless ©*< up. 


202. Poincare* Theorem. We have seen that a Jacobian 
ellipsoid is an impossible form of relative equilibrium if 
ft> 3 /27rp > *18709, 

an oblate spheroid is impossible if (o 2 /2irp > *2247, and an elliptic 
cylinder is not a possible form if tf/Zirp > 5 ; Poincar^ has proved 
that if apfiirp > 1 there is no figure of equilibrium possible*. For 
a necessary condition of equilibrium is that at every point of the 
free surface the resultant of the attraction and centrifugal force 
should be directed towards the interior, otherwise a part would be 
detached. Let V be the potential of the attracting forces and r 
the distance from the axis, and let 


U= F+ £g>V 8 . 


0(7 

The resultant outward normal force is and, for equilibrium, 


0(7 

at every point of the free surface must be negative/ By 
Green's Theorem Jj^cUS=sJJjv a U dxdydz, where the first 


* Bulletin Attroru Tome n. p. 117, or Figuret (Tiquilibre d'vne maui/Utide, p. 11. 
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integral is taken over the surface and the second throughout 
the volume of the fluid. And 

V 2 U= V*7 + 2 o> 2 = - 471? + 2o) 3 . 

Therefore JJ fa ^ = 2 (&> s - 27rp) x volume, 

and if to 3 > 2irp, the left-hand member is positive, which implies 
that at some points on the surface the resultant force is directed 
outwards and therefore equilibrium is impossible. 

203. Other equilibrium forms. In addition to the* forms 
that we have considered, the annulus was first considered by 
Laplace* in connection with the theory of Saturn’s rings, and has 
since been the subject of much investigation. 

In the second edition of Kelvin and Tait’s Natural Philosophy , 
§778" a number of results relating to the stability of the forms 
already discussed were announced without proof. In attempting 
to establish these results, Poincar^ was led to write a celebrated 
paper which appeared in the Acta Mathemaiica, 7, Stockholm, 
1885. In this paper the problem of figures of equilibrium is 
discussed in a more general manner. It is shewn that possible 
figures of equilibrium form linear series, that is, series depending 
on a single parameter, such as the angular velocity, and such that 
to each value of the parameter corresponds either one and one 
only, or else a finite number of figures, and such that these figures 
vary in a continuous manner when the parameter is varied. 
Thus the Maclaurin’s spheroids form a linear series, and Jacobi’s 
ellipsoids form another. It may happen that the same figure 
belongs to two distinct linear series; such a figure is called a form 
of ‘ bifurcation.’ Thus’there is a particular member of the series 
of spheroids which at the same time belongs to the series of 
Jacobi’s ellipsoids. Poincar6 also considered, in this paper, the 
question of the stability of forms of equilibrium, and shewed that 
if a series^ of figures are stable up to a form of bifurcation then 
•beyond that point the figures are unstable, the stable figures now 
belonging to the other series involved in the form of bifurcation. 
Thus Maclaurin's spheroid is stable only so long as its eccentricity 

* Mieanique C4UsU } Tome ii. p. 155 . See also Tisserand, MScanique Ctleste , 
Tome n. Chapters ix, x, xn, where the researches of Laplaoe, Clerk Maxwell, and 
Mme KowalewBki are discussed. 
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is less than *8127, which is the point of bifurcation, and at this 
point Jacobi’s ellipsoids become stable. In attempting to find 
points of bifurcation in the series of Jacobi’s ellipsoids by the use 
of Lamp’s functions, Poincar^ found that there are an infinite 
number of series of figures of equilibrium. All the figures are 
symmetrical with regard to a plane perpendicular to the axis of 
rotation ; they all have at least one plane of symmetry passing 
through the axis and some of them are figures of revolution. 
Among these figures only one is stable and it has only two planes 
of symmetry ; it is the form that arises from the first bifurcation 
in the series of Jacobi’s ellipsoids and has been called the pear- 
shaped figure of equilibrium, because of the resemblance to a pear 
of the figure sketched in Poincare’s paper * Further investigation 
however has shewn that the true form has less resemblance to a 
pear than was at first supposed ; it has been discussed by Darwin 
in two papers f, and its form determined to a second approximation. 
At the point of bifurcation the axes of the Jacobian ellipsoid are 
aa 65066:81498:188583, and (cfiftrrp = ‘14200 ; and the pear- 
shaped figure represents a small departure from this Jacobian 
ellipsoid, which takes the form of a protuberance at one end of its 
longest axis, and a blunting of the other end. 


B 




* Loc, eit. p. 347, also Figures d'tquilibre (Tune masse fiuide, p. 261. 

4 *' 0 x 1 the pear-shaped figure of equilibrium of a rotating mass of liquid,” 
Phil, Trans, Vol. 198 A (1901), p. 301, or Scientific Papers , Vol. m. p. 2§8, and 
w The stability of the pear-shaped figure of equilibrium of a rotating mass of liquid/* 
Phil Trans, Vol, 200 A (1902), p. 251, or Scientific Papers, Vol. in. p. 817. For a 
simple account of the stability of these figures see also an interesting paper by the 
same author on “ The Genesis of Double Stars/’ being Chap/ xxttn. in the 'volume 
Darurip and Modern Science . 
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In the accompanying figures taken by permission from the 
second of Darwin’s papers just referred to, the dotted line repreSents 
the Jacobian ellipsoid, and the other curve the pear-shaped figure; 
the upper is the equatorial section, and the lower is the meridional 
section in the plane of symmetry. 


204. The following expressions for the attraction of a solid 
homogeneous ellipsoid of small ellipticities are often of use in 
discussing the forms assumed by masses of rotating liquid ; viz. if 
a, b, c, the semi-axes, are such that b = a (1 - e) and c = a (1 — rf), 
then the component attractions at an internal point (x, y , z\ are 
Apx, Bpy , Cp 2 , 
where A = |tt (1 - §« - ft,), 

C = fir(l-fe + $if)* 


J Example. A mass tr of homogeneous liquid and a distant 
sphere of mass M revolve in relative equilibrium about their centre 
of gravity with a small uniform angular velocity &>; shew that the 
free surface of the liquid is an ellipsoid of small ellipticities with 
its longest axis pointing to M and its smallest axis at right angles 
to the plane of motion, and that the ratio of the ellipticities of the 
principal sections passing through the line joining the centres of 
gravity of the hdies is 4 M 4- m : 3J/f . (Math. Tripos, 1888.) 

If d is the distance between the bodies, the centre of gravity 


0 


of the mass m has an acceleration 


pM 


and 0 may be reduced 


to rest if we apply this acceleration reversed to every element of 
the liquid mass. 

If A is the centre of gravity of the mass M , and P any point 
in the liquid mass, the forces at P are 

■p— towards A, parallel to AO, P 

the force due to the self-attraction of < r/ 

the liquid and the centrifugal force. /$ 

*xt uilf ^ G A. 

■Wow along PA is equivalent to 

jjy .P0 along P0 and . 0A parallel to 0A. 


* See Routh’a A n alytical Stati cs. Vol. n. § 221 (2nd edition), 
t Problem* of~ thi* class wpre discussed by Laplace in the third book of the 
Mtcanifut C fasti. 
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The former 

_ /iMr 

{d* + r* — 2 dr cos d}% 
to the first order of r/d. 

The latter combined with 

AO* 


pMr 

~¥ 


fiMd fiM nM[, t 3 r a 

= — o - Sr = -tt i 1 + -7 cos 0 - 1 

^[cP + r* — 2drcos$}^ d d* d 

3 fiMr cos 6 
: d> ‘ 


parallel to OA. 


If we assume an ellipsoidal form and take the axis of x along 
OA, and Oz for axis of rotation, we have 


dp _ 


P 


o* (xdx + ydy) - Apxdx - Bpydy - Cpzdz 

-*f r dr+ ^ d 

d> d 3 


And the free surface must be of the form 


* ("’ - Ap + % r ~^) +y2 ^ - if ) 

- z* [(Jp + - const. 

{ Ap ~ *3 ?" to> ) = bi i Bp + t w~ “j = * { cp + 3?) ■ 

Now since the masses are rotating about their centre of gravity 
0 with angular velocity a>, 

... 

but (M + m) OG = Md ; 

n(M+m) 

■■ V • 
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and 


a? A —c?C=^ ja 2 ^1 + 


™ \ + < * * 1 . 
M + ml + M + m) 9 


. (1 — 2e)(l -J-fg-fg) _ ra + 3 M - (1 — 2e ) m 

(1 “ h - fa) “ (1 “ 2i/)(l - Je + $iy) ” to + 3 M+ (1 - 2rfjM ’ 


e = 3¥ 

’ ?? m + ‘ 


EXAMPLES. 

1. A thin spherical shell of radius a is just not filled with 
gravitating liquid of density p. If the liquid be rotating in 
relative equilibrium with angular velocity o> about a diameter, 
prove that the tension in the shell across the great circle at right 
angles to the axis of rotation is at any point in that circle equal 
to w a pa 8 / 8. 

2. A rigid spherical shell is just filled with gravitating fluid 
consisting of a nucleus surrounded by a shell of lighter fluid. 
The whole is made to rotate about a diameter. Shew that an 
oblate spheroid is a possible form for the surface of separation. 

3. A rigid spherical shell contains two liquids which do not 
mix, and the whole system rotates as if rigid about an axis through 
the centre of the shell. Find the greatest angular velocity for 
which the common surface is spheroidal and does not touch the 
shell, and prove that, when the angular velocity does not exceed 
this value, the eccentricity of the spheroid is independent of the 
radius of the shell. 

* 

4. A mass of liquid of density p x is surrounded by a mass of 
liquid of density p and the whole completely fills a case in the 
form of an oblate spheroid of small ellipticity e ; if the case 
rotates about its axis with small uniform angular velocity g>, 
prove that a* possible form of the common surface is an oblate 
•Spheroid of ellipticity e l given by 

lO0) 8 /167T5= €]/>! H- § (^l — *)p* 

5. A case in the form of a prolate spheroid of small ellipticity 
• % * is filled by a fluid nucleus of density p + <r surrounded by a fluid 
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of density p. Shew that, if it rotates round its axis of figure 
/8 

with angular velocity ( ^ 7rp€j , a possible form of the common 
surface is a sphere. 

6. A mass of homogeneous liquid of density p completely 
fills a case in the form of the ellipsoid a?/a 2 + y 9 /6 2 + ^/c 2 == 1, 
and rotates as a rigid body about the line xll = yjm — zjn with 
uniform angular velocity &>; shew that if is the greatest 
excess pf the pressure at the centre over the pressure at a point 
on the surface, 



A - \/a 2 a>* B-\/b* a > 2 a-\/c 2 V 

where Ax, By, Gz are the components of the attraction at an 
internal point. 

?^7. A uniform sphere formed of ordinary attracting matter 
and of radius a, describes a circle with small uniform angular 
velocity a> about a distant centre of force, which attracts inversely 
as the square of the distance. Prove that if the sphere is 
completely covered with water whose self-attraction can be 
neglected, the volume of the water must be greater than 

lOTTcoW/Sg, 

where g is the value of gravity at the surface of the sphere. 

8. Two gravitating liquids which do not mix, and whose 
densities are p,a(p> <r), are enclosed in a rigid spherical envelope, 
and the whole rotates in relative equilibrium with a small uniform 
angular velocity o> about a diameter of the sphere. Shew that a 
possible form of the common surface of the two liquids is an 
oblate spheroid of ellipticity co 9 /tt (p + \<r). 

9. An infinite homogeneous cylinder of meqn radius a, of 
small ellipticity e and density p, is surrounded by a mass of 
homogeneous liquid of density <r. The whole resolves abopt 
the axis in relative equilibrium under its own attraction wify 
uniform angular velocity <w. If a is the mean radius of the foe 
surface, prove that a possible form of tfye free surface is an elliptic 
.cylinder of small ellipticity 

ira 4 (p - <r) e/{ 2 tt (p'~~ <r) a 8 + it <ra* - «V| 
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10. A given mass of gravitating fluid of density p can rotate 
in relative equilibrium with angular velocity ft with its f?ee 
surface in the form of* an ellipsoid with three unequal axes, 
the greatest semi-axis being a. A rigid vessel of this form is now 
made and the fluid in it is set rotating with the vessel in relative 
equilibrium with angular velocity a about the least axis. Prove 
that the pressure at any point of the surface is 

2 )(tf 2 + y 3 ) or £p(a) a -ft 2 )(^ + t/ 2 -a 2 ), 
according as w is greater or less than ft. 

*+11. A solid sphere of mean density p is covered by a thin 
layer of liquid of uniform density <r. The whole rotates with 
small uniform angular velocity « about an axis through the centre 
of the sphere; the solid sphere attracts according to the law 
of the inverse square as if concentrated at a point on the axis at 
a small distance c from its centre, and the liquid also attracts 
according to the law of the inverse square. Shew that the outer 
surface of the liquid is approximately a spheroid of ellipticity 
15 uP/Stt (5 p — 3<7), with its centre at a distance pc/(p — <t) from the 
centre of the sphere. 

J 12. A solid gravitating sphere of radius a and density p is 
surrounded by a gravitating liquid of volume J7r(6 3 — a 8 ) and 
density a. The whole is made to rotate with small angular 
velocity a>. Shew that the form of the free surface of the liquid 
is the spheroid of small ellipticity e given by 

r = 6(l-feP 2 ), 

, 15ft> a 6 8 

Where € — Sir (5 (p — <r) a* + 2<r6 , l ’ 

and P 8 is Legendre’s coefficient of the second order. 

13. A mass of homogeneous liquid, of density p , and volume 
$ir(kP — a*) % sttrrounding a fixed solid spherical core of radius a and 
density <r, rotating as if solid with small angular velocity o> 
• about *t he polar axis, under its own attraction, that of the core, 
and the attraction of a particle of small mass M situated on the 
polar axis at a distance 9 from the centre of the sphere. Deter- 
mine 'the form of the free surface, no portion of the sphere being 
uncovered; and prove that the volume of liquid on the half 
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of the sphere nearest to M is greater than if M were not 
present by 

8jfT(-ir,J5 - 

** o win + 1 . * a 5 4/m 

(, -^ + 4n+l 

Discuss the case when p is nearly equal to cr. 


14. A homogeneous gravitating fluid just does not fill a rigid 
envelope in the form of an oblate ellipsoid. The fluid is rotating 
in relative equilibrium round the polar axis with kinetic energy E. 
If it 'rotates with kinetic energy E x the envelope is a free surface 
of zero pressure. Prove that, for all values of E whether greater 
or less than E u the tension per unit length across the equatorial 
section of the envelope is 

15 E**E l 
32 A ’ 

where A is the area of a polar section of the ellipsoid. 


15. A nearly spherical solid of mass M, the equation to 
whose surface is r = a(l + aP 4 ), has a mass m of liquid on its 
surface, the solid and liquid attracting according to the Newtonian 
law, and the whole rotates about the axis of the harmonic 
with angular velocity w. Shew that the equator will be uncovered 
if m< 9ai//(12\ — 4) — 5&)V/(10\ - 6), and that the poles will be 
uncovered if m< 6aJ//(3\- 1) + 5o>*a s /(5\- 3), where \ is the 
ratio of the density of the solid to that of the liquid. 

16. Assuming the Earth to consist of a fluid surrounding 
a solid spherical nucleus, prove that the ellipticity, supposed small, 
is given by 

D/p 

W 4/5 + 2(Dlp-iy 

where m is the ratio of the centrifugal force at the equator to the 
gravity there, D is the mean density of the whole Earth, and p the 
density of the fluid. 

Deduce the cases of 

(1) a completely fluid Earth, e * f m ; 

(2) a very shallow sea on a solid nucleus, e » 
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1.. A quantity of elastic fluid whose particles attract one 
another according to the law of nature fills a sphere in whose 
centre resides a central force p/p. The radius of the sphere is c 
and the mass of fluid (2/e - p) c, where p/e = p. Shew that the 
conditions of equilibrium are satisfied if p varies inversely as r*. 

2. A sphere (radius c) is just filled with water, and rotates 
about a vertical axis with angular velocity <o, such that 3co> 2 = 2 g ; 
prove that the pressure in the surface of equal pressure which cuts 
the sphere at right angles is 3^pc/4, p being the density of 
water. 

3. A mass of liquid is contained between three co-ordinate 
planes, each of which attracts with a force varying as the distance, 
and the absolute forces of attraction p, p\ p" are in harmonic 
progression. Half an ellipsoid is fixed with its plane face against 
one of the co-ordinate planes, and its surface touching the other 
planes, its axes being parallel to the co-ordinate axes and inversely 
proportional to 

vV, V/*". 

If there be not sufficient fluid quite to cover the ellipsoid, the 
uncovered part will be bounded by a circle. 

4. A mass of liquid is subject to the mutual gravitation of its 
particles, and to a repulsive force tending from a plane through 
its centre® of gravity and varying as the perpendicular distance 

'from that plane ; shew that the conditions of equilibrium will be 
satisfied if the surface be a prolate spheroid of a certain ellipticity, 
provided the repulsive force be not too great. 

5. A triangular area is immersed in a fluid with one side in 
the surface ; the ellipse of largest possible area is inscribed in it ; 
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shew that the depth of the centre of pressure of the remainder of 
1 

the triangle is gg^g" ygw of the lowest P°^ nt * 


6. Fluid self-attracting, according to Newton’s law, just fills a 

vessel in the form of the ellipsoid - + ^ + - = 1 ; find the pressure 

at any point, and the points of maximum and minimum pressure 
on the vessel 


* 7. Ifi a, &, 7, S be the depths of the corners of a quadrilateral 
area which is wholly immersed in liquid, and h the depth of its 
centre of gravity, the depth of its centre of pressure is 

J(a + # + 7 + S)— ($7 + 7a + off *f 4- j3B + 7$). 


,8. A conical vessel of height h, vertex downwards, is filled 
with liquid the density of which is \x , x being the depth. This 
is poured into another vessel in the form of a surface of revolution, 
and it is found that the new density is /at 2 . Prove that the form 
of the vessel is given by the equation 

y' l + z*=^x(h - 


H 


tan a a. 


9. An embankment of triangular section ABC supports the 
pressure of water on the side BG : find the condition of its not 
being overturned about the angle A when the water reaches to B, 
the vertex of the triangle : and shew that, when the area of the 
triangle is reduced to the minimum consistent with stability for a 
given depth of water, 


tan (7 = 


V* 3 + 2s + 9 
3-s 


tan A 


+ 2 * + 9 


8—1 


where 8 is the specific gravity of the embankment. 

/ 10. A mass of fluid is in equilibrium under the action of its 
own attraction : prove that the pressure at any point (x, y, z) is 
given by the equation / ^ 

where p is the density $t (x, y, z). 
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An infinite mass of fluid such that p=*kp\ where ^ is a 
constant, surrounds a rigid spherical shell and is in equilibrium 
under its own attraction, the pressure at infinity being II : find 
the pressure at any point. 

H. A bridge of boats supports a plane rigid roadway AB in 
a horizontal position. When a small moveable load is placed at 0 
the bridge is depressed uniformly ; when the load is placed at a 
point G the end A is unaltered in level ; when at D the end B is 
unaltered in level ; and when at P the point Q of the roadway is 
unaltered in level. 


Prove that AG . GG = BG . GD = PG . GQ ; and that the 
deflection produced at a point R by a load at P is equal to the 
deflection produced at P by the same load at R. 


12. A cup floats upright in oil, and is ballasted with water; 
find its form and sketch it, when the difference of level of the two 
liquid surfaces is the same for all degrees of immersion. 

13. If a liquid be inclosed in a vessel of any form and be 
allowed to run into another vessel of different form, and if p. be 
the pressure at x, y , z, in either of the vessels referred to 
rectangular co-ordinates independent of them, the difference 
between the two values of JJJpdxdydz differs from the work 
done by the liquid in running from the upper to the lower 
vessel by the work required to bring the surface of the fluid 
in the lower vessel to the same horizontal plane with the original 
surface in the upper. 

14. A vessel in the shape of a paraboloid of revolution 
contains some fluid which is rotating about the vertical axis of 
the paraboloid. Find ^hp angular velocity when the fluid begins 
to spill, and shew that, if this is ^g/l, the vessel must have been 
half full of fluid. 

If the paraboloid be not of revolution but of the form 

+ 77? ^he axis of z being vertical, and if z l) z % be the 

* lit 

greatest and least heights of the curve in which the surface of 
the fluid meets the vessel, prove that 


11 a) 3 ,, n 

= JT— (l~ l ), 

z 2 z x 2gc 

where c is the distance between the vertices of the two paraboloid^ 


B. H. 


17 
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15, A cylindrical diving-bell is suspended with its axis 
vertical at a depth such that the water rises half-way up the 
bell: find the least distance of the centre of gravity of the 
bell from the centre of its upper surface, consistent with the 
condition that the equilibrium may be stable with reference to 
afi angular displacement of the axis. 


16. Incompressible fluid is at rest under the action of forces 
a* ’ ¥ 9 c* ’ 


respectively parallel to the axes, and a particle, the density of 
which is less than that of the fluid, is placed anywhere in the 
surface 


x 2 y- z 2 

+ fz + 

a 2 6* c* 


= m ; 


prove -that, neglecting the resistance, the velocity of the particle 
when crossing the surface defined by the quantity in! varies as 

Vm' — m. 


17. An elastic spherical envelope is in equilibrium when it 
contains air at twice the atmospheric density, and its radius is 
twice the natural size ; if the barometer fall l/w th of an inch, find 
the time of a small oscillation in the magnitude of the envelope. 


18. A right cone rests in a vessel containing equal depths of 
two given fluids, with its vertex fastened to the bottom and its 
axis vertical. Find the condition for stable equilibrium. 


19. A straight uniform rod consisting of matter attracting 
as (dist-V" 1 is surrounded by fluid at rest subject to its attraction 
only ; shew that the differential equation to the meridian sections 
of the surfaces of equal pressure can be put in the form 


da 


f + log p 


0 , 


r, r' being the distances of the point (a, y) from the ends of the rod, 
and y/r the angle subtended by the rod at that point. 


20. A portion of a paraboloid, latuS rectum 4 a, ia cut off 
by a plane perpendicular to the axis at a distance 3a from 
the vertex ; if c the vertex of the paraboloid be fixed at a depth 
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~2 a beneath the surface of a liquid, shew that it will rest with 

the focus in the surface if the ratio of the density of the liquid to 
that of the solid be 729 : 232. 


21. A mass (M) of fluid, in which the density at any point is 
the sum of a given constant quantity and a quantity bearing a 
given constant ratio to the pressure at that point, revolves about 
a fixed axis with a given constant angular velocity, and is attracted 
to a point in that axis by a given force which varies as the 
distance: find the form of the free surface; and shew that its 
least semi-diameter (b) is determined by the equation 

f b ^ 

M = m j e c x*dx, 

Jo 

where m and c are given constants. 

22. A centre of force, repelling inversely as the square of the 
distance, lies below the surface of a homogeneous inelastic fluid, 
which is also acted on by grav : ty and is at rest: the intensity 
of the force, at a point in the surface of the fluid vertically above 
its centre, is equal to that of gravity: prove that the external 
surface of the fluid has a horizontal asymptotic plane, and that 
the centre of force is environed by an internal cavity, the summit 
of which is at the external surface of the fluid. 

Find the volume of the cavity in terms of its length. 

23. A right prism on a square base has another prism,' also 
on a square base, attached to it, so that their axes are coincident 
and sides parallel, and the whole floats on a fluid with their 
common plane in the plane of floatation. If the sides of the bases 
of the two prisms are iA the ratio 2:1, find their limiting heights 
in order that the equilibrium may be stable. 

24. A heavy cube is moveable about an axis, which passes 
through, anct bisects, the opposite sides of one face; this axis 
being fixed horizontally within an empty vessel, so that the cube 
is suspended in the position of equilibrium, find the depth to 
whicfi fluid must be poured in, so as to render, the equilibrium 
unstable, and the greatest ratio of the densities of the cube and 
fluid, that this may be* possible. 

Supposing the cube half immersed and the equilibrium stable, 
find the time of a small oscillation. 


17 — 2 
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25. • A cylinder whose axis is vertical is floating in a fluid in 
which the density at any point varies as the n th power of the 
depth; the cylinder is depressed till its upper end just coincides 
with the surface of the fluid, and on being let go it rises just out 
of the fluid ; shew that, when the cylinder was floating, the depth 

i 

immersed was to the height of the cylinder as 1 to (n + 2) B+1 . 

26. The height and latus rectum of a uniform paraboloid 
of revolution are h and l, and its specific gravity with respect 
to a fluid in which it is floating is s ; shew that there will certainly 
be only one position of equilibrium with the vertex immersed if 

U (2 - 3s‘) < 31. 


27. If a vessel of thin material, in the shape of a para- 
boloid of revolution, contain liquid, shew that the equilibrium 
will be always stable, provided the density of the fluid inside 
be greater than that without; the weight of the vessel being 
neglected. 


28. A frustum of a cone floats with its axis vertical in a 
liquid of twice its own density. Prove that the equilibrium will 
be stable if 


h'< 


m- 1 ’ 


where m = 


2i(o 4 + 6 4 ) 

(a a + 6*)^ 


h being the height of the frustum, and a, b the radii of its ends. 


Also if it float with its axis horizontal the equilibrium will 
be stable if 

3 (fl+>r(tf +&»> 

a 3 + 4a b 4* 6* 


29. A vessel in the form of a cube of side 12a containing 
liquid is placed so aa to rest on the top of a perfectly rough fixed 
sphere of radius 5a; neglecting the weight of the vd&sel, prove # 
that for displacements in planes parallel to the vertical faces there 
will be stability provided the depth of the liquid is between 
4a and 6a. 

30. An isosceles triangular lamina, of which the sides AB> 
AQ ase equal, floats with the angular point downwards in a liquid 
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of which the density varies as the depth : if AD be perptndicular 
to BC, prove that if the lamina can float with the line AD inclined 
at an angle 0 to the vertical, 6 is given by the equation 

81(7 sin - 1 6 = 64 p cos 3 a (sin 2 6 — sin 2 a) 2 , 

where 2a is the angle BAG, a is the density of the lamina, and p 
is the density of the liquid at a depth equal to AB or AC. 

31. A solid of revolution floats with its axis vertical, and 
is sunk to different depths by placing weights at a ‘fixed point 
of its axis. Find the form when the equilibrium is always 
neutral. 


32. If a body float at rest, shew that for any displacement, 
consistent with the condition that the weight of the fluid dis- 
placed be equal to that uf the float, the difference of the distances 
of the centres of gravity of the float and of the fluid displaced 
below the surface of the fluid will, in general, be a maximum 
or minimum according as 'A\e equilibrium is unstable or 
stable. 

Moreover if Z be this difference, and the body be symmetrical 
with respect to a vertical plane, perpendicular to the line about 
which the displacement aforesaid is made, and 6 be the inclination 
of any fixed line in the body and in that plane to the vertical, 
the time of a small oscillation will be that of a simple pendulum 

of which the length is J--^, where k is the radius of gyration 

about a line through the centre of gravity parallel to the axis 
of displacement. , • 

Mention any conditions which limit the generality of these 
theorems. 


33. 4n ellipsoid floats with the least axis (2c) vertical in 
a fluid *qf twice its density, and makes small oscillations in 
a vertical plane about a point in the major axis (2a) which is 
fixed. Shew that the period is 



8 c 5 * a + q 8 + c 8 
15 g 4/e 3 + a 3 - c* ’ 


where tc is the central distance of the fixed point*. 
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34. cA pneumatic railway carriage can move freely without 
friction in a tunnel which it exactly fits. It is placed at rest at 
one end, and an engine begins to exhaust the air at the other, 
pumping out equal volumes in equal times. Shew that at time t 
the distance of the carriage from the end to which it is travelling 
is determined by an equation of the form 

d*x , dx , 
x ^ + b + n (x + bt) = na. 

35. ,A solid of revolution possesses this property. A portion 
being cut off by a plane perpendicular to its axis and immersed 
vertex downwards in a liquid and then displaced through a small 
angle, the moment tending to restore equilibrium is independent 
of the amount cut off. Shew that, if y -f (x) be the generating 
curve, to determine / we have 

[/(*>p-p[ i + ( 

p being the density of the solid compared with the fluid. 

36. From a solid hemisphere, of radius r, a portion in the 
shape of a right cylinder, of height h , coaxial with the hemisphere 
and having the centre of its base at the centre of the hemisphere, 
is removed. Into this portion is fitted a thin tube which exactly 
fits it. The solid is placed with its vertex downwards in a fluid, 
and a fluid, of density p, is poured into the tube. Find how much 
must be poured in, in order that the equilibrium may be neutral ; 
and if the tube be filled to a height 2 h, shew that 

p =s 2b ~ 

8 b 4 * 

8 being the density of the solid. 

37. A solid body is floating in a liquid of variable density 
and its position is slightly changed so that the mass of liquid 
displaced remains unaltered. If f(z) be the density at a depth z , 
and ( x } y, z) the co-ordinates of any point in the immersed surface 
of the body, referred to the surface as the plane fcy, prove 
that the point in the plane of floatation about which the body 
turns is the centre of gravity of that plane treated as a lamina, 
the density of which at the point (x, y) is /('*). 

38. A cup whose outside surface is a paraboloid of revolution 
of latus rectum l, and whose thickness measured horizontally is the 
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same at every point and very small compared with i has a 
circular rim at a height h above the vertex, and rests on the 
highest point of a sphere of radius r. If water be now poured in 
until its surface cuts the axis of the cup at a distance h from 
the vertex, and if the weight of water be four times that of the 
cup, shew that the equilibrium will be stable, if 

h r - 21 
i < 2r + T 

39. An isosceles triangular lamina AGB is at rest jvith its 
plane vertical, and its vertex C fixed at a depth c below the 
surface of a liquid, the density of which varies as the depth. 
If the density of the lamina be the same as that of the liquid 
at the depth d } and if 0 be the angle which the altitude h of 
the triangle makes with the vertical, prove that 

Hdh* cos 2 (0 + ol) cos 2 ( 0 -a) — 3 c 4 cos 2 a cos 0, 
the angle ACB being 2a. 

40. A hollow cylinder of height 2A and radius c with both 
ends closed contains water, and is placed with the centre of its 
base in contact with the highest point of a rough sphere of 
radius r; the weight of the water is equal to that of the cylinder; 
shew that the equilibrium will be stable if the water occupy a 
length of the cylinder which lies between the roots of 

2®* — 4 (2?' - A) x + c 2 = 0. 

41. A weightless shell in the form of a paraboloid of revolution 
rests in a similar shell, the parameter of which is double that of 
the former, and contains fluid whose density varies as (depth)". 
Find the depth of the fluid in order that the equilibrium may be 
neutral. 

42. If when the barometer stands at 30 inches, the specific 
gravity o£ Inercury being 13 596 referred to water, of which a 
cubic inch*weighs 252*77 grains, a cubic yard of atmospheric air 
is compressed into a vessel containing a cubic foot, find approxi- 
mately the numerical measure of the energy stored up therein. 

« 

43. The expansions of water and glass are given by the 
formulae 

F f *F 4 |l+a(f-4) a ), and F, = F 0 (l + 5a*), 
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where t is the temperature centigrade. If a water thermometer 
be constructed and graduated in the same way as the common 
mercurial thermometer, prove that except at the freezing and 
boiling points it will always give too low a reading; that that 
reading will be negative from 0° to a little over 13° ; and that the 
error will be a maximum when 5 at 9 + 2 1 — 100. 

44. A quantity of air, whose density is p and pressure p, is 
enclosed in a spherical vessel. Shew that if a centre of force fxD n 
be placed 'at the centre of the sphere the density at a distance r 
from the centre will be 

3 

n+4 \ n + l 

V? * - P(n+l) r 

p(n + l) e 

1 UTi; 

the intensity of the force being supposed so great that the density 
of the air in contact with the vessel may be neglected. 

45. The pressure and density of the atmosphere at the earth’s 
surface being p 0) p 0 and the temperature at higher points varying 
inversely as the nth power of the distance from the centre of the 
earth, prove that the pressure p at a distance r from the earth’s 
centre is such that 

, l gp M n ~'-r n -') 

g Po (n — l) p 0 a n ~ 2 ’ 

where a is the radius of the earth. 

If n=l, shew that a spherical balloon of material equally 
extensible in all directions will have its volume greatest when r is 
given by the equation 

/ 2\L 

— — — — 1 

where m = \ is the modulus 

Vo 

unstretched radius of the balloon, it being just filled and # un- 
stretched when it leaves the ground. 

46* A balloon is at a certain moment ab a height h, descending 
with velocity V, and moving horizontally with a velocity V* equal 
to the t velocity pf the wind at that height. If the velocity of 



of elasticity, and c is the 
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the wind be proportional to the height, and if with a v^ew to 
descending at a particular spot the escape of the gas be regulated 
so as to keep the velocity of descent constant, prove that a 
miscalculation dh in the initial height will produce in the point 
reached an error 

{l + K-e^O + c)}, where c = ^. 

•'"'47. Prove that the work done during the (n + l)th stroke of 
a Smeaton’s air pump, supposing the expansion to be isothermal, 
is equal to 

A being the volume of the receiver and B that of the barrel. 

48. The condensation being isothermal, find the work done 
during the ?ith stroke of a condenser. 


49. Prove that if a receiver of volume A is charged with air 
by a condensing pump of capacity B so rapidly that the loss of 
heat by conduction may be neglected, the pressure of air in the 
receiver after n strokes will be (1 + nB/A)v times the pressure of 
the atmosphere; and determine the temperature in the receiver 
and the work done in compressing the air. 

Determine also the pressure of the air in the receiver after 
thermal equilibrium by conduction is re-established. 


s 50. A solid spherical nucleus of given mass and radius is 
surrounded by a gravitating atmosphere of elastic fluid (p = tcp). 
Prove that the equation determining the pressure is 
d >/«r 2 dp\ 4nr „ A 

Tr[p£) + ^ r P = 0 - 

A 

Find the conditions that the pressure may be of the form — . 


51. Assuming that the surfaces of equal density in the 
•interior of ‘the earth are concentric spheres, and that the pressure 

18 oonnected with the density by the formula p = ^{p*-pa)> where 
Pa is the density at the*surface, prove that 

a sin 4iTTT* lie 

p m p a -= =, 

rsin v4nra* k 
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where « is the radius of the earth, and r the distance of the 
point under consideration from the centre. The gravitational 
unit of mass is here used, and the effect produced by the earth’s 
rotation is neglected. 

52. A solid is composed of two cubes, symmetrically joined 
together, but of different material and size. It floats with the 
common plane in the surface of a fluid. Find the condition of 
stability. 

53.. A solid in the form of a paraboloid of revolution floats 
with its axis vertical ; if the centre of gravity coincide with the 
metacentre, prove that the equilibrium is stable. 

54. A solid in the form of a paraboloid of revolution floats 
with its axis vertical in a liquid, the density of which is n times 
that of the paraboloid. If the height h of the paraboloid is such 
that its centre of gravity is above the rnetacentre at the height c, 
prove that there is a position of equilibrium in which the axis 
is not vertical, and the base is entirely out of the liquid, if 
c< h(l 

55. A ship of mass M has its sides in the neighbourhood 
of the water’s edge vertical: the depth of the centre of gravity 
of the water displaced is z. A small extra load 6M is placed 
symmetrically on the ship, which sinks through a distance Z\ 
and z becomes z + Sz. Prove that, retaining the squares of small 
quantities, 

Sz^Z-ez + fflZ-beZ. 

56. A homogeneous ellipsoid floats in a liquid with its least 
axis COC' vertical, and a weight w, $ of that of the ellipsoid, 
fixed at the upper end 0, such that the plane of floatation passes 
through the centre. Prove that, if it be turned about the mean 
axis (6) through a finite angle 6 , the moment of the pouple which 
will keep it in that position will be 

w {c — ae 3 cos 0 (1 - & cos 2 6) ~ £} sin 6, 
where e is the eccentricity of the section (a, c), 

57. A mass of m tons placed amidships at the distance c 
from the medial line on the deck of a vessel, whose total dis- 
placement is p tons, is observed to heel it over through a small 
angle $ ; shew that for the unloaded ship the height of the meta- 
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centre above the centre of gravity is approximately »qual to 
me/ fid; and that this expression may be made correct to the 
second order by adding to it 

m /, 1 dl\ 

A IdhJ’ 

where b is the height of the centre of gravity of m above the 
water line, h is the depth of the keel, and A and I are the area 
and moment of inertia of the section at the water line, supposed 
to be approximately known. ( Tripos , 1886.) 

58. A small spherical cavity (radius = R) in an attracting 
mass is filled with homogeneous incompressible fluid, and the 
attraction at the centre of the sphere is evanescent: prove that 
the fluid pressure at the centre cannot be less than -$pcR 2 , 
and the total pressure on the surface of the cavity not less than 
— (c + $ 7 rp) 2irpR\ where p is the density of the fluid, and, U 
denoting the potential of the attracting mass, c is the least 

d 2 U 

algebraical value of at the centre for an element ds drawn 
in any direction from the centre. 

59. An infinite mass of homogeneous incompressible fluid is 
at rest subject to a uniform pressure 11, and contains a spherical 
cavity of radius a, filled with gas at a pressure mil ; prove that, 
if the inertia of the gas be neglected, and Boyle’s law be supposed 
to hold throughout the ensuing motion, the radius of the sphere 
will oscillate between the values a and na, where n is determined 
by the equation 1 + 3m log n - /i 8 = 0. 

If m be nearly equal to 1, the time of an oscillation will be 

77 /y/ ~ , p being the density of the fluid. 

60. Tw*o spherical closed balloons of equal weight and radius 
a, one iqade of inextensible material, the other of extensible 
material whose modulus of elasticity is E } are filled with equal 
amqunts of the same kind of gas at atmospheric pressure II. 
They are supported at the same height at the ends of a light 
string which passes over a smooth pulley. If the string be cut, 
shew that the difference of the heights of the balloons when in 

equilibrium will be — log - . where r is the real root of the 
' 9P * a 
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equation r* — ar* - = 0 ; T is the tension of the string, and 

p the density of air at pressure IT, the temperature being supposed 
constant. 


61. An elastic unstretched circular membrane is attached 
by its circumference to a rigid ring, and, being acted upon on one 
side by fluid pressure, takes up the form of a surface of revolution. 
It is found that any small square traced on the unstretched 
membrane' with one side along a radius is distorted into a rectangle 
with its sides in a constant ratio ; prove that the new form of the 
membrane must be a cone, and find the law of the fluid pressure 
upon it. 

62. Given that the surface tension T of water is 81 dynes 
per centimetre at 20° C., and that dT/dt = -TI 550, investigate 
the coefficient of expansion of a soap-bubble as the temperature 
t rises. 

63. A drop of viscous fluid rotates uniformly about an axis 
through its centre, and is under the action of no forces beyond its 
surface tension. Assuming that the form is that of a surface of 
revolution, and measuring y from its centre along the axis of 
revolution, prove that the meridian curve is given by the 
equation 

dy _ ( a j* + c 2 ) 

dx ~ Va a (a a + + c T ) a ’ 

where a is the equatorial radius. 

64. A tube in the form of a right circular cylinder of natural 
radius a is made of a perfectly flexible material, which is 
inextensible along the generating lines but elastic along the 
generating circles. Two discs just fitting the tube are firmly 
fastened to it at its ends and then gas of a given pressure is forced 
in, the discs being free to approach each other; proye that the 
differential equation of the meridian section is 

2' a S +2 K£) a=m(y " o) © ,> 

where m is a function of the elasticity and pressure. 

For all pressures the principal radii of curvature of the tube 
at the discs are in the ratio of 2 to 1. 
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For different initial lengths of the tube, the maximum 
curvature of the meridian section at the broadest point is 

— — m) ’ °^ er principal curvature being 

a \2 ml 

65. A spherical soap-bubble of mass m contains air which 
obeys Boyle’s Law : and the tension (t) of the film does, not vary 
for small changes of radius. The film is performing* small 
oscillations about its position of equilibrium. If the film be not 
distorted from the spherical form, shew that the time of an 

oscillation is \ where the inertia of the air is neglected and 

the bubble has been placed in a vacuum. 

66. A closed surface is formed by the revolution of a catenary 
of parameter c round a chord parallel to the directrix and distant 
k from it. If it be filled with liquid of density <r which rotates 
round the axis with uniform angular velocity &>, and be immersed 
in the same liquid, a small aperture at one of the angular points 
allowing communication between the exterior and interior liquid, 
prove that the principal tensions at the distance r from the axis 
will be 

aa ijV 8 ( k — r)/8c, and aw-r 3 (4 k — 5r)/8c. 

67. If the particles of a spherical soap-bubble, of radius r and 
tension t , repel each other according to the law of the inverse 
square of the distance, and if V be the potential, prove that 
F* = 167rr*. 


68. Into a spherical brass shell, of radius a, water is forced 
until the radius of the shell is found to expand to r. Having 
given thafr the coefficient of elasticity of the shell for stretching 
*is fi } and tliat the compressibility of water is shew that the 
quantity of water in the shell is 

• ar 4 

s wT- ^Xfi (r - a) 

where p is the density of uncompressed water. 
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In jbhe previous question you are given a = 4, r = 5 centims. : 
and the following data: — 

The compression of water for 1 atmos. (1 megadyne per sq. 
cm.) = 10“ 5 x *5 ; thickness of shell = *5 mm., and a brass wire of 
1 sq. mm. section requires a force of 9000 megadynes to double 
its length, if its elasticity remain constant. Determine the 
measures in c.G.s. units of the quantities involved, and thence 
shew that the mass of water in the sphere = 535 grams approxi- 
mately. # 

69.* A hemispherical bubble is floating on water. Assuming 
that its radius is such that the ratio of the difference of the 
internal and external pressures to the external pressure is a small 
quantity whose square may be neglected, And the form of the 
water surface inside the bubble, and shew that its greatest 
depression below the external water surface is 



where r is the radius of the bubble and a 2 the ratio of the surface 
energy for air and water per unit area to the weight of unit 
volume of water. (Mr Burnside.) 


70. Giffard’s freezing machine consists of two cylinders, the 
pistons of which work on to two cranks on the same shaft, driven 
by an external source of power, and of a large air reservoir which 
is always maintained at the temperature of the external air. 
In the first cylinder air is compressed till its pressure is the same 
as in the reservoir, when valves open and the air passes, as the 

stroke is completed, into the reservoir. ‘Phe second and smaller 

cylinder acts as an engine receiving compressed air from the 
reservoir for such a portion of the stroke that being expanded 

for the remainder of the stroke it is discharged at. atmospheric 
pressure, but at a lower temperature. If V l and 7 a be *t|)e volumes 
of the cylinders, and if the compression and expansion be supposed* 
adiabatic, prove that the work done during each stroke in the 


first cylinder is 117! . 

7-1 


V, 


, and in the second cylinder 


is II — ( V l - V 3 ), II being the atmospheric pressure. 

(Dr Hopkineon.) % 
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71. A spherical homogeneous solid earth, supposed to be 
■fixed, is surrounded by a shallow sea, which is attracted by 
a distant fixed body ; prove that, neglecting the attraction of 
water on itself, the surface of the sea will remain spherical, but 
that its centre will deviate from the centre of the earth by a 
distance amounting to the same fraction of its radius that the 
attraction of the disturbing body is of the attraction of the earth 
on an element of the liquid. 

' If the earth he supposed spherical and covered with an 
ocean of small depth, and if the attraction of the particles of water 
on each other be omitted, the ellipticity of the ocean spheroid 
will be given by the equation, 

__ centrifugal force at the equator 
force of gravity at the earth's surface ’ 

73. A small quantity of fluid is spread over the surface of 
a material prolate spheroid. Shew that the free surface of the fluid 
is also a spheroid, and that the depth of the fluid at the equator is 
to the depth at the pole as the major axis of the spheroid to the 
minor. 

' 74. If the earth be completely covered by a sea of small 
depth, prove that the depth in latitude l is very nearly equal to 
H (l — e sin a Z), where H is the depth at the equator, and e the 
ellipticity of the earth. 

75. If the particles of a mass of liquid, rotating uniformly 
about a fixed axis, attract one another according to such a law 

that the surfaces of eqflal pressure are similar coaxial oblate 
spheroids, prove that the resultant attraction of a spheroid, the 

particles of which attract according to the same law, is the 
resultant of two forces perpendicular to the equator and the 

axis of revokftion respectively, and varying as the distance of the 

attracted poftit, respectively, from the equator and the axis. 

* • 

W. In the case of Art. (194), prove that the mean pressure 
throughout the liquid is $ of the pressure at the centre of the 
ellipsoid : and if the equation of the free surface is 

x'/a? + iff 6 a + z*/ c a = 1, 
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and tjie mass of the liquid is M , prove that the kinetic energy of 
the system is 

-hM{2Cc-Aa-Bb}, 

where A, B, C are the forces at the ends of the axes of x, y , z due 
to the attraction of the liquid, the rotation being round the axis 
of z. 

' 77. In the case of Art. (188), find the pressure at any point of 
the interior of the liquid mass when \ is so small that powers 
beyond A 3 may be neglected. 

In this case, if n is the ellipticity, prove that the 
pressure on the equatorial plane will be approximately equal to 
(5 - 67i)(7rpa 2 ) 2 /15 astronomical units of force, where a is the 
equatorial radius. 

78. An infinite mass of uniform gravitating liquid of density 
p surrounds an infinitely long thin rigid cylinder of which the 
section is an ellipse of axes 2a and 26'. The liquid and the 
cylinder rotate with uniform angular velocity w about the axis 
of the cylinder ; prove that a possible form of the free surface of 
the liquid is a confocal elliptic cylinder of axes 2a and 2b, such that 

a)' (a + b) 2 = 4>7t p (r ib — a'b'). 

. 79. A mass ( M ) of homogeneous liquid revolves in relative 
equilibrium about a fixed axis with a uniform angular velocity 
such that the ellipticity (e) of its surface is small. If the part pM 
of the mass were collected into an infinitely dense material point 
at the centre, and the density of the remaining part (1 - p) M 
were diminished in the ratio of 1 —p to 1, find what would be 
the ellipticity of the new surface of equilibrium, supposing the 
time of rotation to be the same as before. 

80. A solid ellipsoid of uniform density being supposed to 
revolve round its least axis of figure, and to carry, with it a sur- 
rounding envelope of homogeneous liquid of different density, the 
entire mass attracting according to the law of nature, it is required 
to find the conditions requisite for the permanent assumption of^ 

the ellipsoidal form by the free surface. (Prof. Townsend, Math, 
of Ed. Times, Vol. xxxv.) 

81. A number of solid spheres of density p + <r are in # 
equilibrium iq a fluid of density p, the whole filling a hollow 
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sphere. Prove that, if the whole mass be gravitating, the jentre 
of mass of the spheres must be at the centre of the hollow 
sphere; also that, if there be only two spheres, the pressure 
between them at their point of contact is 

where a, b are the radii of the spheres. 

82. In the interior of an otherwise solid homogeneous ellip- 
soid there exists a concentric spherical cavity full of incompressible 
and homogeneous fluid, the whole matter attracting according 
to the law of nature. Shew that the surfaces of equal pressure 
are conicoids; and that, if P be any point of a determinate 
surface of the system, the resultant fluid pressure across the 
plane drawn through the centre 0 perpendicular to PO is 
H + K/OP 2 , where H y K are constants depending on the surface 
of equal pressure chosen. 

83. Shew that a diving bell sfispended by a chain and 
totally immersed in the water will not remain with its axis 
vertical unless 

is positive, where W and W' are the weights of the bell and the 
fluid displaced by the air inside, V the volume of the air inside, 

$ the s. G. of the substance of the bell, Ah 2 the moment of inertia 
of the cross section at the level of the water inside, d and d the 
depths of the centre of gravity of the bell and the volume V 
below the point of the bell to which the chain is attached. 

84. A diving bell, bounded internally by a paraboloid of 
revolution: its height is b and the radius of the base a. When 
the depth of the base below the surface is l, prove that the water 
will have risen a distance h in the bell, where 

Hh('2b-h) = {l-h){b-h)\ 

•H being the height of the water barometer. 

Also if the bell, supposed wholly submerged, be displaced 
through a small angle 8 , prove that the righting moment is 
{G - tt( rga?\b - hf (46 8 - 46A 4- 3a 2 )/126 a ) 8 , 
where C is a constant, independent of h , and a the density of 
wat$r. 
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8{>. A number of liquids of densities p u p 2 , p n are in 

equilibrium in a gravitational field of force. Prove that the work 
done against the fluid pressure in slowly pushing a solid sphere 
whose volume v is small in comparison with that of each of the 
liquids, and which is originally completely immersed in the 
outermost liquid p n , until it is completely immersed in the 
innermost liquid p,, is approximately 

vKV-Wp^W-Mp,* 

+ (n— 2 Pn-1 — n— 1 Pn) Pn- 1 + («-i Pn “ V') p n \ , 

where P, P' are the potentials at the centre of the sphere in 

its new and original positions, and x V it 2 P 3 , n^Pn,' are 

the potentials at the surfaces of separation. 


86. Two homogeneous spheres, of radii b and b' and of 
densities a and a, are immersed at rest in an incompressible 
homogeneous fluid of density p, the masses being measured 
in gravitational units. The whole mass is enclosed in a rigid 
spherical envelope which just contains it. Prove that all the 
forces of attraction and pressure on the sphere of density 
<r can be combined into a repulsive force tf-7r*p(p-o)bi i c from 
the centre of the enclosing envelope, and a repulsive force 

from the centre of the other sphere; where 


c, d are the distances of the centre of the sphere considered from 
the centre of the envelope and the centre of the other sphere. 


87. An attracting mass of which the surface is an equi- 
potential surface is surrounded by fluid whose attraction on itself 

is neglected: prove that the pressure at a’n/ point is less than the 


pressure at the surface 


by 4 t tuM. 


j IJ pR'dxdydz, 


where R is the 


resultant force, M the total attracting mass, p the constant of 
attraction, and the integration is throughout the voliftne between 
the two surfaces of equipressure. 


88. A homogeneous gravitating solid of volume Jtt h* and 
density p + cr, in the form of the very nearly spherical ellipsoid 

S = aa? + by 3 + cz % + 2 \fyz + 2 gzx + 2 hxy =* 1 , 
is surrounded by gravitating liquid of volume f 7 r(if 3 - h l ) .and 
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density p. Shew that a possible form of the free surface when the 
system is in equilibrium is the ellipsoid 

x 1 + y* + z* — H* =* \ {ti*S — ( x 2 + y 2 4- z 1 ) j , 
where A = - Shfcr/H' 2 (2H*p 4- 5 h*a). 

89. A small arbitrary displacement is given to a perfect fluid 
at every point of it, the components of the displacement of any 
point parallel to the axes being By t Bz\ where By, Sz are 
arbitrary continuous functions of xyz. Prove that the total work 
done by the pressure throughout the volume is 

!ih^ + 't! +d ^) dx(bjdz; 

where p is the pressure at any point and the integration is taken 
throughout the volume. Hence prove that the condition for the 
equilibrium of the fluid is 

dp — p (Xdx + Ydy + Zdz ) ; 

where p is the density and X, Y, Z the components of the 
attractive force per unit mass. 
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